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f>JlEFACE TO THE SECOND EDITION 


The second edition of this book consists largely of a reproduction 
of the first edition, with additional theorems and examples. The 
arrangement of the first seven chapters, as well as of Chapter IX., 
has undergone very little alteration ; to the eighth chapter a dis- 
cussion of the solution of linear differential equations of the second 
order has been added. Chapter X. of the first edition (“ Complex 
Series and Products ”) has been broken up into two chapters, 
X. and XL, the first of these containing the general theory of 
complex series and products, and the second dealing with special 
series and functions. The principal new feature of the latter 
chapter is a discussion of elliptic function formulae. 

Chapter XL of the first edition (“ Non-Convergent and Asym- 
ptotic Series ”) now becomes Chapter XII. Here the entire dis- 
cussion of the theory of summable series, apart from the historical 
introduction, has been omitted, as Dr. Bromwich felt that an 
adequate account of the subject with its later developments would 
require more space than could be given to it in the present volume. 
The part of the chapter devoted to asymptotic series has been 
enlarged, and contains, among other new matter, an exposition of 
the asymptotic expansions of the Bessel functions. Room has also 
been found for a discussion of trigonometrical series, including 
Stokes’s transformation and Gibbs’s phenomenon. 

The alterations in Appendix I. are slight, but Appendix 11. has 
been expanded to make room for an account of Napier’s invention 
of logarithms. Appendix III. (“ Infinite Integrals and Gamma 
Functions”) was originally written in connection with the dis- 
cussion of summable series, and might therefore have been omitted. 
As, however, this Appendix contains much material not otherwise 
accessible in English text-books, it has been decided to include a 
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verbatim reprint of it in tliis edition. The set of “Harder Mis- 
cellaneous Examples ’’ has also been omitted, but some of these 
examples will be found in the collections of examples throughout 
the book. 

Dr. Bromwich, unfortunately, has not been able to supervise the 
passing of the final proofs of the new edition through the press. 
When these came into my hands the entire book, except Appendix 
III., was already in type, and my share of the work has been con- 
fined to matters of detail. Many errors have been eliminated, and 
it is hoped that the work has not suffered seriously from the absence, 
at the final stages, of the guiding hand of the author. 

THOMAS M. MACROBERT. 


(vLASOOw, October, 192;’). 


Note. — The numbering of some of the articles referred to in the Preface to 
the First Edition has been altered in the Second Edition : Arts. 19, 20, 23, 
149, 150, 151, 163 become Ai ts. 21, 22, 20, 143, 144, 145, 161 and Art. 83 is 
now replaced by Arts. 86 and 87. 



.PREFACE TO THE FIRST EDITION 


This book is based on courses of lectures on Elementary 
Analysis given at Queen’s College, Galway, during each of the 
sessions 1902-1907. But additions have naturally been made 
in preparing the manuscript for press; in particular the whole 
of Chapter XL and the greater part of the Appendices have been 
added. In selecting the subject-matter, I have attempted to 
include proofs of all theorems stated in Fringsheim’s article, 
Inaiiondlzahlen und Konvergem unendlicdier Pmme,* with the 
exception of theorems relating to continued fractions. 

In Chapter I. a preliminary account is given of the notions of a 
limit and of convergence. I have not in this chapter attempted to 
supply arithmetic proofs of the fundamental theorems concerning 
the existence of limits, but have allowed their truth to rest on an 
appeal to the reader’s intuition, in the hope that the discussion may 
thus be made more attractive to beginners. An arithmetic treat- 
ment will be found in Appendix I., where Dedekind’s definition of 
irrational numbers is adopted as fundamental ; this method leads 
at once to the monotonic principle of convergence (Art. U9), from 
which the existence of extreme limits f is deduced (Arts. 6, 150) ; 
it is then easy to establish the general principle of convergence 
(Art. 151). 

In the remainder of the book free use is made of the notation and 
principles of the Difierential and Integral Calculus ; I have for some 
time been convinced that beginners should not attempt to study 
Infinite Series' in any detail until after they have mastered the 

* Enayhhpadk der MaihemcUmhen Wmenackaften, Bd. I., At 3 and Gt 3 (pp. 47 
and 1121). 

t Not only here, but in many other plaoeB, the proofs and theorems have been 
made more oonoiae by a systematio use of these maximum and minimum limits. 
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differentiation and integration of the simpler functions, and the 
geometrical meaning of these operations. 

The use of the Calculus has enabled me to shorten and simplify 
the discussion of various theorems (for instance, Arts. 11, 61, 62), 
and to include other theorems which must have been omitted 
otherwise (for instance, Arts. 45, 46, and the latter part of 83). 

It will be noticed that from Art. 11 onwards, free -use is made 
of the equation * 

^ /I N 1 

although the limit of (l-f-l/i^)'' (from which this equation is com- 
monly deduced) is not obtained until Art. 57. To avoid the 
appearance of reasoning in a circle, T have given in Appendix II. a 
treatment of the theory of the logarithm of a real number, starting 
from the equation 



The use of this definition of a logarithm goes back to Napier, but 
in modern teacliing its advantages have been overlooked until com- 
paratively recently. An arithmetic proof that the integral repre- 
sents a definite number will be found in Art. 163, although this fact 
would naturally be treated as axiomatic when the subject is 
approached for the first time. 

In Chapter V. will be found an account of Pringsheim’s theory 
of double series, which has not been easily accessible to English 
readers hitherto. 

The notion of uniform convergence usually presents difficulties to 
beginners ; for this reason it has been explained at some length, and 
the definition has been illustrated by Osgood’s graphical method. 
The use of Abel’s and Dirichlet’s names for the tests given in Art. 44 
is not strictly historical, but is intended to emphasise the similarity 
between the tests for uniform convergence and for simple con- 
vergence (Arts. 19, 20). 

In obtaining the fundamental power-series and products constant 
reference is made to the principle of uniform convergence, and 
particularly to Tannery’s theorems (Art. 49) ; the proofs are thus 
simplified and made more uniform than is otherwise possible. 
Considerable use is also made of Abel’s theorem (Arts. 60, 61, 83) 
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on the continuity of power-series, a theorem which, in spite of its 
importance, has usually not been adequately discussed in text-books. 

Chapter XI. contains a tolerably complete account of the recently 
developed theories of non-convergent and asymptotic series ; the 
treatment has been confined to the arithmetio side, the applications 
to function-theory being outside the scope of the book. As might 
be expected, a systematic examination of the known results has led 
to some* extensions of the theory (see, for instance, Arts. 118-121, 
123, and ^rts of 133). 

The investigations of Chapter XI. imply an acquaintance with 
the convergence of infinite integrals, but when the manuscript was 
being prepared for printing no English book was available from 
which the necessary theorems could be quoted.^ I was therefore 
led to write out Appendix III., giving an introduction to the theory 
of integrals ; here special attention is directed to the points of 
similarity and of difference between this theory and that of series. 
To emphasise the similarity, the tests of convergence and of uniform 
convergence (Arts. 169, 171, 172) are called by the same names as 
in the case of series ; and the traditional form of the Second Theorem 
of Mean Value is replaced by inequalities (Art. 166) which are more 
obviously connected with AbeFs Lemma (Arts. 23, 80). To illus- 
trate the general theory, a short discussion of Dirichlet’s integrals 
and of the Gamma integrals is given ; it is hoped that these proofs 
will be found both simple and rigorous. 

The examples (of which there are over 600) include a number of 
theorems which could not be inserted in the text, and in such cases 
references are given to sources of further information. 

Throughout the book I have made it my aim to Iceep in view the 
practical applications of the theorems to every-day work in analysis. 

I hope that most double-limit problems, which present themselves 
naturally y in connexion with integration of series, differentiation of 
integrals, and so forth, can be settled without difficulty by lining the 
results given here. 

Mr. 6. H. Hardy, M.A., Fellow and Lecturer of Trinity College, 
has given me great help during the preparation of the book ; he has 

• While my book haa been in the preas, three books have appeared, each of 
which contains some account of this theory : Gibson’s Gcdcidns (oh. xxi., 2nd ed,), 
Carslaw’s Fourier Series and Integrals (oh. iv.), and Pierpont’s Theory of Functions 
of a Real Variable (chs. xiv., xv.). 
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CHAPTER 1. 


SEQUENCES AND LIMITS. 

1. Infinite seqaencea: convergence and divergence. 

Suppose that we have agreed upon some rule, or rules, by which 
we can associate a definite number with any assigned positive 
integer n ; then the set of numbers 

^1* ••• > ^n» ••• » 

arranged so as to correspond to the set of positive integers 
1, 2, 3, 4, n, will be called an infinite sequence, or 
simply a sequence. We shall frequently find it convenient to 
use the notation (a^) to represent this sequence. The use of 
the word infinite simply means that every term in the sequence 
is followed by another term. 

The rule defining the sequence may be eicpressed either by some 
formula (or formulae) giving a„ as an e 2 q)licit function of w, or 
by some verbal statement which indicates how each term can 
be determined, either directly or from the preceding terms. 

Bz. 1. If a^=2n - 1, we have the aequecoe of odd numbers 1, 3, 5, 7, ... . 

b. 8. If a„ = 1/n, we have the hannonio sequence 1» 1 

Bz. 8. The set consisting of the rational positive proper fractions, 
arreinyed tfi order of magnitude, is not a sequence. For if a is any fraction 
of the set, Ja also belongs to the set ; and since is less than a, we must 
place |a before a. Thus there can be no first number of the set ; and so 
this mode of arrangement does not lead to any correspondence between 
the set and the positive integers. It is, however, possible to arrange these 
fractions as a sequence, by adopting a different mode of arrangement ; for 
ezample J, etc., in which the fractions are arranged, first, 

according to the magnitude of their denominators, and, secondly, according 
to the magnitude of their numerators. 

B.I.B. \ 
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The most important sequences in the applications of analysis 
are those which tend to a limit. 

The limit of a seauence (a„) is said to be if an index m can 
be fownd to coffespond to every positive nwnher e, however small, 
such that Z-e<a„<Z+e, 

provided only that n > m.* 

It is generally more convenient to contract these two inequalities 
into the single one • 

where the symbol |a;| is used to denote the numerical value of x. 
The following notations will be convenient abbreviations for 
the above property . 

Z= lim On ; or Z=lim ; or I ; 

n--> 00 

the two latter being only used when there is no doubt as to what 
variable tends to infinity. 

Amongst sequences having no limit it is useful to distinguish 
those with an infinite limit. 

A sequence (a„) has an infinite limit, if, no matter how large the 
number N may be, an index m can be found such that 

an>N, 

provided only that n > m=m{N). 

This property is expressed by the equations 

lim a„=oo ; or lim a„=ao ; or oo . 

n-> 00 

In like manner, we interpret the equations 

lima„=— 00, lima„=— 00, a„->— oo, 

00 

In case the sequence (a„) has a finite limit I, it is called convergent 
and is said to converge tolas a limit ; if the sequence has an infinite 
limit, it is called divergent.'\ 

* It u evident that m depends on e, a fact which is often mdioated by writing 
the inequality for n in the form 

n >m=m(c). 

It may happen that a„ involvee another variable x, in which case we may write 
n e). 

tSome writers regard divergent as equivalent to non-convergent •, but it seems 
convenient to distinguish between sequences which tend to infinity as a limit and 
those which oscillate. We shall call the latter sequences oecUlaUyry (Art. 5*2). 
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El. 1 hi8. With a^—2n-\ (tho Bequenoe of odd integers) wo have 
00 ; a divergent sequence. In general m will be the integral part of 

Ex. 2 bis. With a„ = l/n (the harmonic eequenco) we have a^^O; a 
oonvergemt sequence. In general m will be the integral part of 1/e. 

El. 8 his. If the sequence consists of the rational proper fractions 
arranged in any definite order no limit (finite or infinite) can exist. For, 
no matter how far we go in the sequence, there will always remain an unlimited 
number of*termB as close to 0 as we please ; .and also an unlimited number 
as close to 1 as we please. 

We shall find it convenient sometimes to represent a sequence 
graphically, indicating a term by an ordinate (y) equal to 
and an abscissa {x) equal to w ; the sequence may then be 
pictured by joining the successive points with a broken straight 
line. In the case of a convergent sequence, the representative 
points lie wholly within a horizontal strip of width 2s, after x 
exceeds a certain value ; if the sequence is divergent, the points 
lie wholly above (or below) a certain level, after x has passed a 
certain value. 

The graphical representation of the initial terms in the three 
sequences already considered is given below. 



Fio. 1. Fig. 2. Fig. 3. 

It will be seen at a glance that the few terms represented in 
the diagram shew that the first sequence is likely to diverge, the 
second to converge, and the third to oscillate (see Art. 5*2). 

1*1. Notations for limits. 

The arrow symbol -> has been adopted in many recent books 
and papers as a convenient abbreviation for tends to or approaches 
(some limiting value) ; it was originally introduced for this purpose 
by the late Dr. J. G. Leathern.* It will be convenient to use the 

* No. 1 of the Cambridge Mathematical and Physical Tracts (1st edition, 1905). 
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same symbol in a somewhat extended form, following a later sug- 
gestion of Dr. Leathern’s. Suppose, for instance, that the sequences 
(a„), (6«), although not necessarily convergent, have the property 
that (a^—bn) tends to a definite limit I ; this property is usually 
indicated by 

but it will occasionally be more convenient to Write this property 
in the form b^+l («.) 

particularly where we have to deal with a succession of suoh* relations. 

It is sometimes not possible to give quite such a precise statement 
as is contained in equation (a). Thus we may only know that 
ajbn tends to a definite limit V ; this property can often bo written 
more compactly in the form * 

when 6^ are somewhat complicated functions. 

In cases when we know even less than is implied by (^S), we may 
still be able to shew that, for n greater than some value no, |an| is 
less than Kb^, where (b^) is a positive sequence, and K is independent 
of n ; then we may write 

««=0{6„), (y) 

Or again, we may find that ajb^ tends to zero ; and then is 
said to be of lower order than b„, or in symbols, 

an=o(b,), {S) 

The use of the symbols 0, o was suggested by Landau, and has 
proved of great use in modern investigations on the analytical 
side of prime-number theory.f 

Ex. As an illustration, suppose that 

+ 3)/(n - 2). 


Then we can write 

o„-^in+2. 

(“) 

or 


(/J) 

or 

«n=0(»). 

(7) 

or 


(S) 


each lino giving leas precise information than the preceding. 

* The use of the symbol ^ to denote difference is nearly obsolete ; and by 
nicans of the symbol | a- - ?; ! to denote the numerical value of a ~ h, we can dis- 
pense with this older use nl The modern use as defined in (^) is substantially 
duo to {]u Reyinoiid. 

t For a fuller account the reader may consult Prof. G. H. Hardy’s tract, “ Orders 
of Infinity,” No. 12 of the Cambridge Mathematical aiid PhyeiceU Tracts* 



M. 1-2] 


NOTES ON THE DEFINITIONS 


5 


Naturally it usually is casu»r to establish a result sueh as (/9) 
rather than (a) ; and similarly (y) than (/iJ) ; or (<S) than (y). 


1*2. Notes on the definitions. 

(1) The definition of a limit is often loosely stated as follows : 
The sequence (a„) approaches ilic limit J, by taking n large 
enough, we can make iJ— a„| as small as we please. 

Such a definition does not exclude the possibility of oscillation, 
as may b€ seen from the sequence 


1 1 S I :» 1 I 1 R 1 rt 

Y* Ti » \H» T» T* T» h 'tT* ir> T? T» • * • » 


in which a„=2/(n+4) if n is even. 

Here, by taking n large enough, we can find a term which 
is as small as we please ; but the sequence oscillates between 
0 and 1, because a„=(n+l)/(n+3) when n is odd. 

(2) Infinity* 

It is to be remembered that the symbol oo and the terms infinite, 
infinity, infinitely great, etc., have purely conventional meanings 
in the present theory ; in fact, anticipating the definitions of 
Art. 4, we may say that infinity 7nust be regarded as an upper 
limit which cannot he attained. The statement that a set contains 
an infinite number of objects may be understood as implying that 
no number suffices to count the set. 

Similarly, an equation such as liin a„=oo is merely a conventional 
abbreviation for the definition on p. 2. 

In speaking of a divergent sequence (a„), some writers use phrases 
such as : The numbers an become infinitely great, when n increases 
without limit. Of course this phrase is used as an equivalent for 
tend to infinity ; but we shall avoid this practice in the sequel. 

(3) It is evident that the alteration of a finite number of terms 
in a sequence will not alter the limit. 


The two sequences 


have the same limit zero. 


1,2, 3, 4. },},}, I,. 

h hhlh h hh- 


Further, it is evident that the omission of any number of terms 
from a convergent or divergent sequence does net affect the limit ; 
but such omission may change the character of an oscillatory sequence. 


* For a fuller account the reader should consult Art. 143 of Appendix I. 



6 


SEQUENCES AND LIMITS 


[OH. I. 


Ex. 2. Thufi the sequences 1, 5, 9, 13, ... and 1, have the same 

limits as those considered in Exs. 1, 2 of Art. 1. But the omission of the 
alternate terms in the sequence 

4 . h h h h h *»..■ 

changes it from an oscillatory to a convergent sequence. 


(4) In a convergent sequence, all, an infinity, a finite number or 
none of the terms may be equal to the limit. 

Examples of these four possibilities (in order) are given by : 

1 1 . ,1 , 13,2 1 .• * 

the limits of which are, in order, 1, 0, 0, 0. 


(5) We shall usually employ € to denote an arbitrarily small 
positive number ; strictly speaking, the words arbitrarily small, 
or no matter hm small, or however small (which are frequently 
added to e) are redundant, but serve to emphasise the statement 
that the variable is less than e. 

We shall also use N (or 0) to denote an arbitrarily great 
positive number ; here again the adjectives great or large are 
unnecessary, but are usually added to emphasise the statement 
that the variable is greater than N, 

By using e to denote any positive number, we could dispense 
with N ; but it avoids confusion to use two distinct symbols. 
However it is sometimes convenient to use 1/e for N, 


(6) It is often convenient to shew that a sequence (a„) tends to 
the limit I, by reasoning on the following lines : 

Suppose that we can prove that 

I ■“ M </(^> when n > m, 

and suppose further that, as n->oo , the function /(n, m) tends to 
the limit F{jm), which can be made less than e, by a suitable choice 
of in«m(e). 

Thus we can determine no>w, where Wo==Wo(m, €)=no(e), and 
such that 

l/(n, m) -^*(^1)1 < €, if w > Wq. 

Hence /(n, m) < 2e, if n > n^, 

and so |a„-J|<2e, ifw>?io; 

from which it is clear that a^ -> Z. 

A somewhat similar process can be applied if we know that (an) 
converges to some limit Z, but we do not know the value of Z ; then, 
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if we can shew that |a„-c|<€, for all values of n greater than 
m=m(€), an index which does not occur in I or in c, we shall have 

For Z-c«lim(a„-c), 

and so | J - c | ^ e, if n > w(ff) ; 

now e is arbitrarily small, and n is not present in Z or o ; so that the 
last inequality can hold only if Z =c. 

[Compare Bxs. 3, 4 of Art. 2 below.] 

(7) It Should be observed that if (a„), (6„) are convergent 
sequences such that it may easily happen that 

lim a„=lim 

For the difference b^—a^y although constantly positive, may 
converge to 0 as a limit. Thus the correct conclusion from the 
inequality a„ < is 

lim On ~ lim 6„. 

2. Monotonic sequences; and conditions for their con- 
vergence. 

A sequence in which an+i=<^n for all values of n is called 
an increasing sequence; and similarly, if for all 

values of n, the sequence is called decreasing. Both increasing 
and decreasing sequences are included in the term monotonic 
sequences. 

The first general theorem on convergence may now be stated : 

A monotonic sequence has always a limits either finite or infinite ; 
the sequence is convergent provided theU |a„| is less than a number A 
independent of n ; otherwise the sequence diverges. 

For the sake of definiteness, suppose that and 

that a„ is constantly less than the fixed number A. Then, 
however small the positive number e may be, it will be 
possible to find an index m such that a^Ka^+e, if n>m; 
for, if not, it would be possible to select an unlimited sequence 
of indices j?, g, r, s, ..., such that ap> Oy+e, aq> Oy+e, 
a,.>ag+€> etc.; and consequently, after going far 

enough* in the sequence p, q, r, Sy , we should arrive at an 
index v such that > A, contrary to hypothesis. 

* The number of terms to be taken in the sequence p, q, r, a, . . would be 
equal to the integer next greater than {A 
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ThuB, if we employ the graphical representation described in 
the last article, we see that all the^ points to the right of the 
line x = m will be within a strip of breadth €] and that the 
breadth of the strip can be made as small as we please by going 
far enough to the right. From the graphical representation it 
appears intuitively obvious that the sequence approaches some 
limit, which cannot exceed A (but may be equal to this value). 
But inasmuch as intuition has occasionally led to serious blunders 
in mathematical reasoning, it is desirable to give a proof depending 
entirely on arithmetical grounds ; such a proof will be found in 
Appendix 1. Art. 143. 

Ez. 1. As an example consider the increasing sequence 

h Ih i-., 

which is represented by the diagram below. 



0 12 3 4 5 6 7 

Fig. 4 


In this case we may take ^4 —1, and there is no difficulty in seeing that 
the limit of the sequence is equal to A ; but of course we might have taken 
i4 -2, in which case the limit would be less than A. 

Ez. 2. A second example is given by the -cquencc (1 +1 /h)’’, w'hich has 
for its iirsl six terms the approximate values 2, 2*25, 2-37, 2-44, 2-49, 2-52. 



Fio. 6. 

The reader U probably aware that this sequence always increases, but 
that its terms are always less than 3 ; the limit obtained is the number 
c =2’71828.,, . A formal proof of the monotonio property is given in 
Appendix II. Art. 166 ; and the limit is evaluated in Art. 67, 

Similarly (1 -!/»)-♦» steadily decreases; starting with n=2, the first siz 
terms in this sequence are approximately 4, 3 * 38 , 3 * 16 , 3 - 05 , 2*99, 2*94. 
The limit of this sequence is also equal to e. 

But in case no number such as A can be found, so that, 
however great A may be, there is always an index m, such that 
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a,„ > A, then it is plain that the sequence diverges to +oo . For 
we have A, if w^wi. 

The reader will have no difficulty in modifying the foregoing 
work so as to apply to the case of a sequence which never increases, 
so that 0^+1= a„. 


Ex. 8. Consider the sequence for which =r^. 

If 0 < f < 1, the sequence (a^) steadily decreases but the terms are always 
positive; and consequently approaches a definite limit I, such that 
1 > 0. * Thus we can find m to correspond to €, so that 

Z<r’*<Z+€, ifw>m = m(€). 

Hence < r{l + e) ; 

and consequently I < < r(l +€) 

or Z(l-r)<rc. 

Since this inequality is true, however small c may be, the limit I must be 
zero. 

When r > 1, it follows from the last result that l/r”-> 0, and hence we can 
determine m so that 1/r” < c, if w > m-m(€). 

Thus we find r” > 1 /c, if w > m, 

and consequently oo . This result can also be established from the mono- 
tonic property of the sequence ; or by direct reasoning, as in Ex. 1, Art. 6. 

If r is negative^ we have = ( - 1)^ . |r 

and so the behaviour of the sequence can be determined from the results 
already obtained. 

Summing up, we conclude that : 

If - 1 < r < 1, 0 ; ifr = l, r”~l; and if r > 1 , oo , 

In all other cases the sequence oscillates, and : 

If r < - 1, r^~^cc , - oo ; if r - - I, = 1, = - 1. 


if n > r. 


if n > m = m(€). 


Ex. 4. Take next = r^jn I . 

If r is positive, the sequence (a„) decreases steadily, after n exceeds the 
value r ; and since is positive it follows thr t Z ^ 0 

Now . .JL ...^< ' < * if»>r. 

n + l n + 2 2n 2n 2 

Thus we can find m so that 

Z<a-<Z+€i 

- " . f, itn>m = fn(eK 

and fls,. <r^nJ 

Hence, proceeding as in Ex. 3, we obtain 

Z < i(l + €) or Z < €. 

Again it follows that the limit Z must be zero. 

When r is negative, we obtain the same result by writing 

Thus for all values of r we have 

r** 

lim^=0 

nl 
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3. General principle of convergence. 

If a sequence is not monotonic, the condition that remains 
constantly less than a fixed number is by no means sufficient to 
ensure convergence ; this may be seen at once from the sequence 
of rational proper fractions given in Example 3, Art. 1, for which 
0 <a„< 1. 

The mcessary and sufficient condition for convergence is that it 
may be possible to find an index m=m(e), corresponding to any 
positive number e, such that • * 

for all values of n greater than m. 

Interpreted graphically, this implies that all points of the sequence 
which are to the right of x—m, lie within a strip of breadth 2e. 
The statement is then almost intuitive, since the breadth of the 
strip can be made as small as we please, by going far enough to 
the right; an arithmetical proof will be found in Appendix I. 
Art. 143. 

Ex. Consider the sequence 



c 1 2 3 4 5 6 7 E 


Fig, 6. 

for which it is easily seen that the limit is 1. The diagram is as indicated ; 
and it will be seen that m may be taken greater than or equal to 2/c. 

Caution. The reader must be warned not to regard the above 
test of convergence as equivalent to a condition sometimes given 
(even in books which are generally accurate), namely : 

The necessary and sufficient condition for convergence is that 
limK+p-o„)=0. 

W — > 00 

This condition is certainly necessary, but is not sufficient, unless 
p is supposed to be an arbitrary function of w, which may tend towards 
infinity with n, in an arbitrary way. 
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For example, suppose that =log n ; then 

lim (a„+^ - a„) =lim log (1 +p/w) =0, 

II 00 M — fc- ® 

if p is any fixed number. But the sequence (a„) is divergent, as may be 
seen from Appendix II. Art. 164. 

The reader will have no difficulty in proving that the elementary 
rules for calculating with limits are ae follows : 

liin(a^ ± b„) =lim ± lim 
' • lim(an X 6„) =lim a^ x lim 6^, 

provided that the sequences (a„), (6«) are convergent. 

lim(a^/6n)=linfi a„/lim 

provided that (a„), (h^) are convergent and that lim is not zero. 
And generally that 

lim/(tfn, Cn, ...;=/(lima„, lim6„, limc«, ...), 
where /denotes any combination of the four elementary operations, 
subject to conditions similar to those already specified. 

If the functional symbol f contains other operations (such as 
extraction of roots), the equation above is sometimes a theorem (as 
for example when we assert that lim -\/an = \/J, if lima„ and I is 
positive) ; but it may also be a definition of the right-hand side (as 
in the theory of irrational powers and indices, when developed from 
certain points of view). Thus where c is positive, may be 
defined* as lime®", when a„ tends to \/2 through an appropriate 
sequence of rational indices (such as, 1, g, l i, •••)• 

It is to be remembered that the limits on the left may • be perfectly 
definite without implying the existence of lim and lim To illustrate 
this possibility, take «,» = (- 1)"» + 1/^)- 

Then «n +^n=( 

= - (1 + 1/n) and 

^nlK= -nl{n-^l) and (aJK)-^ 

so that these three limits are quite definite, in spite of the non-existence of 
lim and lim 

If (aj is convergent and we cannot infer that ajh„- 

without first proving that ajbn has fixed sign. 

If and 6n~>0, the quotient ajb^ may or may not have a 

limit (see Appendix I. Arts. 147-149). 

‘ For more details, the reader may consult Appendix 1. Art. 142. 
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Thus with =1, ~( vvc bchj tliat b,^-> 0, but ajb^ =( - l)**n and 

Bu oscUkiU'H betvvecu - x' and -i- « , 

Again, with “ 1/n, &„ = ( - 1 )"/», the vaJue of ajb^ oscillates between - 1 
and +1. 

When one of the sequences diverges (say a„-> oo ) and the other 
converges (say to a positive limit) it is easy to see that 

(a«±6J->oo; an/t„->oo; 0; 

the only case of exception arising when 
sequences (a„6„) and (ajbn) need special discussion. • 

Again, if both and 5„ diverge to oo , we have 
(a„+&«) Qo ; oo ; 

but both (a„— 5„) and (<x„/6„) have to be examined specially (see 
Appendix I. Art. 147). 

If 00 and oo , there are three distinct alternatives with 
respect to the sequence {ajb^), assuming that it is convergent * 

(i) ajb^-^ 0 ; (ii) k>0 ; (iii) ajh^-^ co . 

In case (i), diverges more slowly than and a,,=o(6„) ; in 
case (iii) diverges more rapidly than 6^- In case (ii) it is often 
convenient to use the notation (Art. 1-1) 

when are complicated expressions. 

Ellies are given in Appendix I. (Arts. 146-148) for the determi- 
nation of lim (ajbn) in a number of cases which are important in 
practical work. 

4. Solution of numerical equations by means of sequences. f 

It is often possible to calculate a root of an equation of the type J 

x=f{x), 

by constructing a sequence (a„) defined by 

®n+l=/(®n)‘ 

If the sequence converges to a limit a, then x=a is a root of the 
original equation. 

♦ Even when and \ are both monotonio, the aequenoo a„/h„ need not con- 
verge (Appendix I., Art. 147, Ex. 4). 

t An Intereating example of this method has been given by Prof. W. B. Morton 
{Phil Mag, (6), voL 37, 1919, pp. 282, 283). 

X Hero J[x) is any fairly aiinple function r in moat practical applications it is 
usually possible to take the values of J{x) directly from tables. 
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3 . 4 ] 


The construction of the sequence may be illustrated by drawing 
a succession of zig-zags between the line y=a; and the graph of 
y=f{x). Two 'examples are sketched below; and the reader is 
advised to construct other typical figures for himself. 




It will be seen that in Fig. 6 (a), the sequence (a„) converges to- 
wards the larger of the two roots indicated in the diagram ; and 
this conclusion follows however close a© may be to the other root 
yS. Of course if Oq were to coincide exactly with we should find 

ai=/(«o)=/(/8)=^. 

and so all the terms of the sequence would coincide with 

But in wgrking with tables, exact coincidence is usually impossible ; 
and the smallest difference between Oq and will lead to the limit ct 
for (a„). 

The last remark is illustrated by an example constructed by Lord Kelvin,** 
in connexion with Laplace’s Theory of the Tides. 

Taking /(r) =6 -1/x, the values of a, are the roots of »*-6r + l=0; 
and 80 a =3+^8 =6*828427. 

=3 -<s/8 =0 171673. 

Taking Oq = 0*1716 (agreeing with ^ to four significant figures) it is calculated 
that 07=6*8284 =08 =a, 

retaining four figures throughout the calculations. 


Bfathematiail wnd Phy^cal Papers, vol. 4, pp. 244, 246. 
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In order that this method should lead to an effective solution, 
it is generally necessary that f(x) should he numertcaUy less than a 
positive constant k {less than unity) for all values of x within a range 
which includes a, the root to be ailculated. 

The reader will find it easy to convince himself of the necessity for this 
condition, by drawing various typical diagrams ; and then attempting to carry 
out the process as indicated in Figs. 6 (a), 6 (h). 

To prove that the condition is sufficient we note that if and ol both belong 
to the range indicated, then, by the Mean>Value theorem, « 

l/(®n) “/(®)l < A? |®n "'^1* 

Hence "«•!» 

and so in general |a„ -ol| < Aj”|ao - ol], which tends to zero as n tends to 
infinity. 

It follows also from the Mean-Value theorem that there is only one root of 
X =f(x) within the range specified. For if there were two such roots ol, we 
should have |/(^) _/(^)| < fc - olI, 

which contradicts the hypotheses 

/(/8)=/3 and /(ol)=.x. 

It is necessary, however, that Uq should not be too far away from ol ; in fact, 
the above argument will only apply when falls within the range for which 
|/(a;)| < k. 


On the other hand, it may happen that f'{x) is numerically greater 
than N (greater than unity) for ail values of x within a range which 
includes a root ^ of x=f{x). We can then proceed similarly to 
find j8, by reversing the order of the sequence and taking the equation 

The numerical determination of from offers no difliculty 
when f{x) is given by one of the ordinary mathematical tables.* 


In the example quoted above from Lord Kelvin's Papers, we can obtain 
P by writing 

^ ~ b 6^6 ■ 


For instance, taking =5*8284, 

BO that &o agrees with a to four decimal places, it appears that 

67=0*1716=68, 

giving P to four decimal places. 


To illustrate the application of the method, we may take the 
equation jr-=121ogioa;, 

•It might be troublesome in an example such as /{z) = 3^+2lxi but it would 
be easy to deal with, say, /(a:) = logioa?. 
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which leads to a figure of the type sketched m Fig. 6 (a). It is 
easy to see that the root oc. maybe expected to lie between a;= 13 , 
a ;=14 : then, taking ao= 13 * 5 , and using the sequence 
®n+i=12 logio®n» 
it will be found that ^3 = 13*60 =a4, 

which is accordingly the value of a to four significant figures. To 
obtain we use the sequence reversed, writing 

* ^n+l > 

and with 63=1*4, it appears that 

64=1*278=63, 

which is therefore the root jS to four figures. 

It does not follow that convergence can be assured for any initial 
values of these sequences. For example, if (Zq is isss s*y 

ao=l’2, it will be found that is negative and the sequence breaks 
down. Again, if 63 is greater than a., say 6 o= 14 , it will be found 
that 64 > 100, 63 > 10® ; and so on. 

It is therefore necessary as a rule to obtain first approximations 
to the roots by graphical or other rough methods, so as to avoid 
the risk of obtaining a divergent sequence owing to a faulty choice 
of the initial value. 

It should also be noticed that in some cases the sequence given by 
leads to two values u, v, which are such that 

An example with f{x)=k^ is given in Ex. 11 (iv) at the end of this chapter. 
The reader will find it instructive to discuss this case by means of the curve 
y-l^; although the method indicated on p. 13 leads more directly to the 
correct results. 

5*1. Upper and lower limits of a sequence. 

If a sequence (a„) has a greatest term* H, this term is called the 
upper limit of the sequence ; and similarly, when there is a least 
term 6, it is called the lower limit 

But if a sequence has no greatest term, it follows that no matter 
how large n may be, there is always a larger index p, such that 
Op ^ Further, there is an infinite number of such indices p ; 
otherwise there would be a greatest term in the sequence ; thus 

* A sequence ia said to have a greatest term H, when there is a term H which is 
greater than all but a finite number of the terms which are equal to H. 
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to make p aeiinite we suppose p to be the least index satisfying 
the required condition. Hence the terms of the sequence which 
fall between and Op are all less than On and o^. 

Choose now a succession of values of p such that 

P1>1. 2>a>A. 

and for simplicity denote Op^ by &r. Then we have constructed 
an increasing sequence b^, 63, and this sequence has a 
limit (Art. 2), either a 6nite number ff or 00 . If lim^,|S=£r, we 
can find m so that bm lies between H—e and H, no matter how 
small e may be ; and consequently we have 

H— e < Opy < H, provided that r ^ m. 

H is then called the upper limit of the sequence ; and clearly H is 
greater than any number beUmgmg to the sequence. 

Similarly, if lim bn=^<x> , we can find m so that 
Op^ > N, provided that r^m, 
no matter how large N may be. 

If the upper limit of the sequence is whether attained of not^ 
the sequence has the two following properties : 

(i) No term of the sequence is greater than H, 

(ii) At least one term of the sequence is greater than ff— e, however 
small € may be* 

But if the upper limit of the sequence is co, the sequence has the 
property : 

An infinity of terms qf the sequence exceed N, no matter hoiq great 
N may be. 

It is easy to modify these definitions and results so as to refer 
to the huter limit (& or —00 ). 



The diagram gives an indication of the mode of selecting the 
sub-sequences for H and h ; these are represented by dotted ^es. 

* If // uot attAined, there will be an infinite number of suoh terms. 
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6 * 1 , 6 - 2 ] 

Ez. 1. (Art. 1) a^=2n-l. 

Here w© have = and so the upper limit is x ; because 1 is 

the least number in the sequence. 

Ez. 2. (Art. 1) a^-l/n. 

Her© H -1, because this is the greatest number in the sequence ; and ft is 
seen to be 0, which is not actually attained by any number of the sequence. 

Ez. 8. (Art. 1) i, J, it, J, I S, I i, ... . 

Here .the sequence (h^) is 8» J, ... and gives H =1 ; and similarly 
h is found from the sequence J, J, J, ... to be 0. These sequences arc^ 
indicated in Fig. 3 of Art. 1 by the dotted lines. 

6 *2. Maximum and minimum limiting values of a sequence. 

We have just seen in Art. 5*1, that any infinite sequence has 
an upper and a lower limit. Consider successively the sequences 

( 12 , <* 3 , « 4 , 0 ^ 5 , ... , 

® 4 > ^ 6 > • * • > 

^3, (l^j d^y ... , 

^ 4 , ... , 

and so on. 

Let the corresponding upper and lower limits be denoted by 
j ^ ^8 i ^ 4 j ^4 > and so on. 

Then we may have H^=ar^y in which case Oj must be the greatest 
term in the sequence (a„), and so H^H 2 ; otherwise we shall have 
Hence in all cases Thus 

and so the sequence (H„) is decreasing and tends to a limit (? or —oo 
(Art. 2). Similarly , and therefore (A„) has a 

limit ^ or -f 00 . It may be noticed that G can only bo -f- oo, in case 

=...= + 00 ; 

and g can only be — oo , if Aj=Aj=A3=...=— oo . 

It is important to notice that Gy g can be obtained as the 
limits of two sub-sequences* properly selected from (a„). For, cither 
Hiy H2, H3, ... all belong to the sequence (a„), in which case 
the Bub‘Sequence for G is coincident with (ff„) ; or else, after a 
certain stage, we have = 6 ?, and then 

is itself the limit of a certain sub-sequence selected from (a^), 
so that this same sub-sequence defines G, An exactly similar 
argument applies to g, 

B.1.8. 


j; 
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Again no converge^U sub-sequence selected from {a^ cm have 
a limit which is greater than G or less thm g. For since 
lim Hn=G, we can find m so that matter how small 

€ is ; but, by the definition of we have 

if n^w, 

so that ^n = ®+^> if n^w. 

Thus, if { is the limit of any convergent sub-sequence selected 
from (a^), we must have Z^6r+€ ; and, as e is arbitrarily small, 
this leads to 1^0. In like manner we prove that m' can be found 
to make a^^g—e, if n^m\ and we deduce that l^g. 

The two properties just established justify us in calling G the 
maximum limit and g the minimum limit of the seqvmce (a„) ; in 
symbols we write 

6r= Urn a„=lim g= lim a,j=lim a„. 

n -► 00 -► eo 

The S 3 mabol lima„ is used to denote either the maximum or 
minimum limit ; thus the inequality / < ^ ^ implies that 

f <g and G <F. 

If it happens that 6r=oo , we have Hn=oo , and consequently 
there must be an infinity of terms a„ greater than any assigned 
number N, however great; similarly when g=—ao, there must 
be an infinity of terms less than —N. On the other hand, if 
it is easy to see that limo,j=--oo; and similarly 
if lim A„=+oo we must have lim a„=+oo . 
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FlO. 8. 

From what has been explained it is clear that every seqvmce 
has a maximum arid a minimum limit ; and, these limits are equal, 
if, and only if, the sequenee converges. 

It is convenient to call sequences oscillatory when the maximum 
and minimum limits are unequal. We shall call these limits the 
extreme limits of the sequence, in case we wish to refer to both 
maximum and minimum limits. 
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It will be evident that the maximum limit coincide with the upper 
limit, except when the latter is acttially attained by one or more terms 
of the sequence ; and similarly for the minimum and lower limits. 

The diagram gives an indication of the process defining G and g. 
The points and h^ are marked with © and are joined by 
dotted lines. 


Ez. 1. In the sequence (Ex. 3, Art. 1) 

, h 

we have = 1, -0 ; bo that G = l,g =0. 

Here it is plain that convergent sub-eequonces can be selected to give 
any limit between the extreme limits. Thus 

h h ?» t»---Rivea the limit J ; 

and I, ... given the limit jg : 

the latter being the successive convergents of the continued fraction 

J_ J_ 1_ 

1+ 2-f- 2 + 2 + >*>* 


Ex. 2. With 
we get 
and 
eo that 
Ex. 3. With 
we find 


2. -ea. -5. s.- 

/A=2, i/. =//, = ?,... 

“‘i* ^3 — ^4“ » 

Gf = l, (jf=.-l. 

1, -2,3. -4, 5, -6,...a„ = (-ir“*// 


and so CJ' = co,gr=-oo. 

In Exs. 2, 3 it will be seen that no sub-sequences can be found to converge 
to limits other than the extreme limits. , 


6. Sum of an infinite series ; addition of two series.^ 

Suppose that a sequence a^, a^, ^3, . . . , an> • • • i® given and 
that we deduce from this sequence a second s^, S3, ... by addition, 
80 that «j=ai, s,=ai+a„ «8=«i+ag+08. 


»» -(h +«»2+a8+ • • ■ +o«. 

Then if the sequence (s^) is convergent and has the limit S, the 

infinite series ^ „ 

a^+a^+a^+ . . . =2>a« =2:a„ 

1 

is called< convergent ; and 8 is called the sum of the series. 


* Here, as in several places of the introductory matter, a sketch of the argument 
is given rather than a full discussion. Readera who wish for a more detailed 
account may consult § 76 of Prof. G. H. Hardy’s Cowrse of Pure Maihemaiica. 
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80 that tlio relation between x,y]& equivalent to 

If /it = A., prove that (p -«)* +4gr=0, and that 8=k-ra.; deduoe that 
now the relation is equivalent to the form 

-L_=_J_ a 

y-cL x-a. A,* 


If X, fi are complex so that (p - s)* -h4gr < 0, we can write 
X//x = e~^*®, cL=Ae^^, 

so that 4o08*^=(p+.<)2/(p«-^r), and p - 2 Jr cos (o, q= -rJ^. 


Then shew that 


y= 


_A{xBin(0+ii))- A sin^} 
~ :rain J 8in(^-a)) 


4 . Apply the formulae of Ex. 3 to discuss the sequence where 


ra^ +s 


Ip - ra! 
13 = 0 .. 


<\p-rf3\. Shew 


and prove that -*■ cl, when a, /? are real and 
also that <x, when {p -a)^ + 4qr =0, so that 

If p + tf = 0, shew that is always equal to one or other of two fixed values. 
If (p - ay +4qr < 0, shew that (a„) has no definite limit ; but that when 
(^fv IS rational, (a^) repeats itself in certain periods. 

Discuss the same problem by considering the hyperbola y=(px +g)/(fa; + a) 
and the straight line y=x. 


6. Simple examples of the t 3 rpe 8 discussed in Ex. 4 may present themselves 
in connexion with topics which are often discussed with the aid of continued 
fractions. Two illustrations are given by r 

(i) A conductor A is charged by successive contacts with a second con- 
ductor Bf which is always re-charged to the amount E. If the charge left 
on A after the first contact is a, prove that the charge on A tends to the limit 
Eej{E -c). 

(ii) A system of n convergent thin lenses, each of focal length/, is arranged 
on an axis, so that the distance between consecutive lenses is a ; prove that 
the focal length of the system is equal to / sin ^/sin n^, if a =4f sm*^^. 

6. If 0, prove that 6“« -► 1, where h is any positive number ; and deduoe 

that if a, o“»‘ 6". If oo , h"** -► 0 or oo . 

7. If Un+i where k, I are positive, prove that aja^ converges 

to the limit (a 2 ~ai/ 3 )lcL{oL-~ (3), where a. is the positive and {3 is the negative 
root of x*—kx -f-i. 

If h 4-1 = 1, prove that (^a +iOi)/(l +1). In particular, if each term 
of a sequence is the arithmetic mean of the two preceding terms, the two 
sequences a^, Og, as, ... and a^, a^, a«, ... are separately monotonic and con- 
verge to the common value ^( 20 , +ai). 

Examine similarly the cases in which the geometric and harmonic means 
are taken. 
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8 . If a„ 4 .i=i(an+tfi)» K+i-y/i^n+M* where o„ are positive, the 

sequences (a„), ( 6 ,^) are monotonic and converge to a common limit. If 
ai =cos 6, bi = 1 , the common limit is (sin 6)10 ; and if - cosh a, h, = 1 , the 
common limit is (sinh u ) lu * [Borchardt.] 

9. If =«A* 80 ^^ 8 *^ <*n+i» K +1 respectively 

the arithmetic and harmonic means of a^, then the sequences (a„), {h^) 
are monotonio and converge to the common limit ^/(al 6 l), where &i are 
positive. 

10. If anfi==t(a„+&„). 6 „+i=\/(oA)» 8 o that are respectively 

the arithmetic and geometric means of and b^, then the sequences (a^)^ ((n) 
are monotonio and converge to a common limit 1. 

This limit was called by Gauss the arithmetico-geometrio mean of Oi, &i, 
and can be applied to calculate elliptic integrals by means of the formula 
— which follows from Landen’s transformation — 


fi* d 6 cW 

Jo (o,*oo 8 *^ jo (o„*co 8*6 + 6„*Bin*tf)i 
[The convergence of the sequences (a„), (5^) to 2 is usually quite rapid ; 
for instance, with =^2 = 1 *41421356 (p. 396), 6 ^ - 1, a* =64 = 1 *198140 =2. 

r -i 7 p^\= f*' fir - = li = ^ ’31 10288. 

Jo >/(!-»*) Jo V(l+coe»6>) a 

The method indicated enables us to calculate certain integrals very quickly.] 


11, If a^i k>0, a number of alternatives arise; we can write 

the condition in the form loga^i=Aa„, if A = log 2?. 'By means of the 
curve y =log x and the line ^ = Ax we can prove that 

(i) if A > 1/e, (a„) is a divergent monotonio sequence ; 

(ii) if 0<A<1/6, the equation Ax=logx has two real roots a, (say 

that ol </ 3 ); then the sequence {a„) is monotonic, and a„->a 
if «! < /J ; but if Oi > « . 

When A is negative, the equation log x = Ax has one real root (a.) ; but 
the sequence (a„) will be seen to be no longer monotonic. To meet this 


difficulty we may write log (log ) =log ( - A) + and use the curve 

y=log^log-4 and the lino y=log( -A)+Ax. It can be proved that then 


the sequences (o^n)* separately monotonic, and 

(iii) if - c < A < 0, cl ; 

(iv) if A<- 6 , a 2 „->v, if Oi<a; but a^-^u, v, 

' if a| > OL ; and a„ -a, if —a.. 

Here u, v are such that u < a < v and P* = v, P* 

This problem was discussed in the special case ai=k by Seidel (Abhand- 
lungen der k, Akad. der Wisaenacho xii Miinchen, Bd. 11, 1870), who was the 
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SERIES OF POSITIVE TERMS. 


7. If all the terms (aj, Og, ...) of an infinite series are 
positive, the sequence («„) steadily increases, where, as in Art. 6, 
we Write ^,1 = (ij + dg + • • • 

It follows from the principle of convergence for monotonic 
sequences (Art. 2) that the series must be either convergent or 
divergent'; that is, oscillation is impossible. It is therefore clear 
(from the same article) that : 

(1) The series 2a„ comerges if s^ is less than some fixed number 
for all values of n, 

(2) The series diverges if a vahe of n can be found so that s^ is 
greater than N, no matter how large N is. 

Ex. 1. Consider the series given by = 1/n ! , so that 

1 . 1 . 1 . .1 


...+rT- 


% 1 + 

Compare with the sum 

111 ^ _ 1 . 

It is clear that 3!=3.2>2^; 4I=4.3.2>2*; 
and so on, n ! =w . (n - 1) ... 3 . 2 > 

Thus, from the third term onwards, every term in is greater than the 
oorresponding term in ; and the first and second terms in the sums are 


equal. Thus 

But 
so that 




i„«r„<2. 


Consequently the series is convergent and its sum cannot exceed 2. 
If the sum is denoted by e ~ 1, as usual, we can prove simUarly that 
fi-1 -s«< l/{m(ml)}. 
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By direct calculation to 6 decimalc we find that 1 +«, lies between 2'71822 
and 2 71828 and that l/{7(7!)} is less than -OUOOS, so that e lies between 2 7182 
and 2-7183. Further calculations have shewn that 
e =2-7182818286... . 


Bs. 2. Consider the harmonic series (a„ - 1 /n), for which 
Then aTr 9 ,nge the sum into groups thus : 

««=(i+l)+Q+j)+Q+j+i+y+Q+...+j^) 

+ (Y^ + ...-f^)+... + (2„_,^^+...+^), 

where the last term in each group is a power of 12, and n =2^. Now compare 
with the sum 

"■»=(^+^) + (5+i)+6+S+8+D^(^+-+l^) 

^ 32 ^ i" ) ’ 

where the number of terms in each group is the same as in the corresponding 
group of ; but all the terms in any group of are equal to the last term 
of the group in 

Then > or„, by inspection. 

But each group in o-^ (after the first) is equal to } ; for the group contains 
2^"^ terms each equal to 1 /2*'. 

Hence (r„ = l +i(m-l) = i(m + l), 

and so s„>J(w + l). 

Thus N, if la ^ 2N - 1 ; and consequently the series diverges. 

Since all the terms are positive, we need not stop to discuss for cases 
when n is not a power of 2 ; of course if some terms in the series were negative, 
this would be necessary in order to make sure that the series could not 
oscillate. 

If we take similarly 


+ (^1 + - + 2 ^) - 


we can prove that > s^. 

This gives < m + 1 ; and so the divergence is very slow. For instance, 
the sum to a million terms is less than 21, because * 

230 =( 1024)3 > 108 . 


* The results of Art. 11 shew that the sum of a million terms is given approxi- 
mately by 6 log. 10 + *677... BS 14*4 nearly. 
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We note that einoe 


the series H-^4'j4-f + ... ia also divergent. 

The method used here can easily be applied to discuss the two series 

,. 1 . 1 . 1 . , 1 . 1 . 1 . 


14 .I+L+I + 


2 log 2 3 log 3 4 log 4 ' 


But the disoussionB in Art. 11 are as easy and have the advantage of being 
more easily remembered. 


The method used in Ex. 2 can be put in the following rule (often 
called Ccmchy's test of Cimdmsaivm ) : 

The series 2o« comerges or diverges with ^Nay, if N=2^ and 
^n = ®n+iJ ®iid it is easy to modify the proof given above so as 
to shew that we may take N as the integral part of 4”, where k is 
any number greater than 1. 

(3) It is clear also, from the results of Art. 2, that if we can find 

Wj, so that > h {where h is a fixed positive constant), no matter 

how large n may he, then the series must be divergent. 

For we can then select a succession of values no, ni, no, n^, 
no, . . . , such that 

Sn-s^>h, Sn-s^>h, s^-Sr,>h, s^-8^>h, etc. 

Thus, on adding, we find that 

^ Sn^’\‘rh, 

and therefore can be made arbitrarily large by taking r suffi- 
ciently great ; and so the series diverges in virtue of (2) above. 

As an example, consider Ex. 2 above ; we have then 

because contains terms ranging from l/(» + l) to 1/ni ; and 

so, by taking = 2n, we get - «„ > J. 

(4) If S is the sum of a convergent series of positive terms, 
the sequence (5„) increases to the limit S ; the value of s^ cannot 
reach, and a fortiori cannot exceed S. Thus 8 must be greater 
than the sum of any number of terms, taken arbitrarily, in the 
series ; for n can be chosen large enough to ensure that s^ includes 
all these terms. 

On the other hand, any number smaller than 8, (say 8-^e), 
has the property that we can find terms in the series whose sum 
exceeds S— e. 



7 . 8 ] 


SERIES OF POSITIVE TERMS 


29 


It is now clear that a series of positive terms remains convergent 
even if an infinite number of its terms are removed. 

Also if a series can be proved to converge when its terms are 
grouped in brackets, it will still converge when the brackets are 
removed, provided that all the terms are positive. 


8. Oomparison test for convergence (of positive series). 

If the series C1+C2+C8+... contains only positive terms and 
is convergent, and if another series 01+02+®$+ -*- property 

0^On=c„ 

(at any rate for values of n greater than some fixed value), 
then is also convergent. 

For, if when n> m, we have 

®tn+l+®m+8+---+®n = ^in+l+Cm+2+-*-+<^n < ^9 


if T is the sum 

Thus 8 ^ < s^+T ; 

so that Sn is less than a constant (independent of n), which 
establishes the convergence of 2 o„. 

In case the inequality holds for all values of n, we have 
s^n<T ; BO that the sum cannot exceed T. 


The condition that aU the terms must be positive in and may 
be broken \f there are no rwgative terms after a certain stage. For the oon- 
vcrgence of the series will not be affected by the omission of a finite number 
of terms at the beginning of the series. 

But if there are negative terms left, however far we go in the series the 
test is not svfficient. For instance, take the series 


1.2^2 2.3^3 3.4^4 4 . 5 ^' 


and compare it 'vritb 


* ^"^2 3'^4 4 '^‘" 


Every term in the second series is numerically greater than, or equal to, 
the corresponding term in the first series ; and the second series converges 
to the sum 0. But the first series diverges ; for in this series wo find 


1 1 1 1 1 

1 . 2 ""? 2 2.3 3 3.4 4’ 

80 that and 


giving lim ^lim a^=sco» (Ex. 2, Art. 7.) 
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9. The oomparison test may be stated in the following form, 
which is often easier to work with : 

Let the eeries S(l/C„) he convergent ; then will converge, 
provided tJuU itaiKC.) 


18 not infinite^ if both series contain only positive terms. 

For, when this condition is satisfied, we can find a constant G 
independent of n, such that 

0<aJ)n<G. 

Hence is less than 6r/(7„, which is the general term of a 
convergent series. 

It is useful to remark that there is no need to assume the existence 
of the limit lim (UnCn) I this may be seen by considering the 


convergent series 


12 12 12 
t/2 ^3 '-'4 


for which a„C„ is alternately equal to 1 and 2. 

Further, the test is sufficient only and is not necessary ; as we 
may see by taking C„=nl and then anCn>nl2, 

BO that lim(o„0„)=QO . But converges (see Ex. 1, Art. 6.1 
The corresponding test for divergence runs : 

Let the series 2 (!//)„) be divergency then will divergCy provided 
ihaC ^ 


both series containing only positive terms. 

The proof is practically identical with the previous investigation, 
when the signs of inequality are reversed. We note also that the 
limit lim(a„£)„) need not exist ; and that the test is not necessary. 

It follows immediately that the following conditions are necessary 
but not sufficient : 

for convergence, lim(a„Z>„)=0 ; 


for divergence, Um (aJJ^) = ^ • 

But, in general there is no need for the limits of {a„Dn) or of 
(UnCn) to exist ; and the condition, lim (an^n)=^> sometimes given 
as necessary for convergence, is incorrect. 

Ex. Let o„ = l/n*, except when w is a squared integer, and let 
when n is a square. 

Thus the series is 
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9 , 10 ] 

If we take D„ =n, we find 

lim(a„D„)=0, Bm (o„i>„)=oo, 

so that lim does not exist. But yet the series converges, as 

will be seen in Art. 11. 

It is easy to see that if the terms steadily decreasey the condition 
lim (wa„)=0 is necessary for convergence ; but even so, the general 
condition lim (o„Z)„)=0 is not necessary. 

For if is convergent, we can choose m »m(e), so that 

-a^+i+»n»+2+ • • • <^> if w > m. 

Now each of these (n-m) terms is greater than or equal to o„, 
BO that (n— m)a„ < e, if w > m. 

But, since a„->0, we can choose v (> m), so that 
if n> V. 

Thus na„<2€, if n> i^, and consequently 
lim (naj=0. 

That this condition is not sufficient follows from Abel’s example (Art. 11), 
a^^{n log n)~^, which gives a divergent series, although lim {na„) =0. 

No condition such as lim(a„2)„)=0 is necessary for convergence if 
bends to <x> more rapidly than n ; and examples of convergent series for 
which (anD„) has no definite limit will be found in an article by Pringsheim 
(Math, Annahuy Bd. 36, p. 343), Of course, if the limit exiatSy its value 
must be zero for convergence ; but convergence does not imply the existence 
of a limit for (a^D^), 

10. If the series 2a„ is compared with the geometric series 
2r”, we can infer Cauchy’s test, which is theoretically of funda- 
mental importance : 

1 

If lim <\y the series converges ; 

1 

if lim 1, the series diverges. 

It is of great importance to remember that, in contrast with 
the ratio-tests of Art. 12, these conditions both relate to the 
maximum luniting value; and that the condition lim > 1 
is not necessary for divergence. 

Further, to ensure divergence, it is not necessary that 
should be ultimately greater than unity, in spite of what is 
sometimes stated in text-books ; and if oscillates between 
limits which include unity, the series diverges. 
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To prove these rules, suppose first that 

1 . 

Take any number p between G and 1 ; then wo can find m so that 
</»<!, if n > m. 

Hence, after the mth term, the terms of are less than those of the 
convergent series Sp**; that is, is convergent. And the remainder 
after p terms is less than p^/(l -p) provided that p>m. 

But if > 1, there will be an infinite sequence of values of n (say 

such that *< 

> 1, if n^Upf * 

and therefore > I, if n=n^. 

Thus the sum taken from 1 to must be greater than p ; and p may 
be taken as large as we please, so that diverges. 

We know from Art. 149 that lim lies between the extreme 
limits of (fltfl+i/On) I the series converges if lim (a„+i/an) < 
and diverges if ^ > 1. This shews that d'Alembert’s 

test (Art. 12*2) is a deduction from Cauchy's. 

But on the other hand, since we only know that limo„’/'‘ falls 
between the extreme limits of (a„+i/«n)> cmnot 

deduce Cauchy's test in its full generality from d'Alembert's, 

If we consider a power-series (in which a„ and x are supposed 
positive), Cauchy’s test will give : 

x<lf for convergence, and x> 1, for divergence, 
where 1 /Z =iim a^^^^ . 

Thus X’^l gives an exact boundary between convergent and 
divergent series, supposing I to be different from zero and finite. 
If this maximum limit is 0, the condition for convergence is satisfied 
for all positive values of x ; but if the maximum limit is oo , the 
series will diverge for all values of x, except zero. 

On the other hand, if we apply d'Alembert's test to the power- 
series, we can only infer that 

^<9 gives convergence, and x>G gives divergence, 
where g=lim (anl(^n+i) (®n/«n+i) ; 

so that when g and 0 are unequal (as they may easily be), we 
can obtain no information as to the behaviour of the series if 

g<x<0. 

In spite of this theoretical objection, d'Alembert's test is sufficient 
to establish the region of convergence of the most useful power- 
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series ; and, on account of its simple character, this test (with 
its extensions in Art. 12*2) is of frequent use in ordinary work. 


11. Second test for convergence; the logajrithmic scale. 

Suppose that the terms of a positive series are arranged in order 
of magnitude, so that > 0. 

If we write it may happen that the function f{x) is 

also definite for values of x which are not integers, and that/(a;) 
never incf eases with x. Then, if x lies between (n— 1) and w, it 
is plain that a„_i ^f(x) =a„>0. 

Thus, from the definition of an integral, we have 

fn Tw fit 

1 /(a:)<fo=| a„dx, 

Jn-^ Jn~l Jii-1 


or 


««-!= f(x)Ax^a„. 

Jn-1 

Write now f «==| f(^) dx, and we find, on addition for n= 1 , 2 ,..., 

= ^+®3 + * • * +®n» 

or Sn-a^ = In = Sn-(h- 

Hence ~ 

Further [ f(x) dx^O, 

Jn~l 

and therefore the sequence whose mh term is increases ; 

and since its terms are contained between 0 and the sequence 
must have a limit (Art. 2) and 

^Thus, the series converges or diverges with the integral* 
J f{x) dx ; if convergent, the suM of the series differs from the integral 

by less than Oj ; if divergent, the limit of (5„— /„) nevertheless exists 
and lies between 0 and o^.t 

For more details as to the connexions between and 7„ the reader 
may consult Art. 161 of Appendix II. 


* The integral converges or diverges with the sequence (/„) ; for further details 
see Appendix III. 

t This test was originally given by Maolaurin {Fluxions, 1742, Art. 350), and was 
rediscovered by Cauchy ; for an extension to other types of series, see Bromwich 
Proc. Land. Math. Soo.* vol. 6, and G. H. Hardy, ibid. vol. 9. 

B.I.8. 0 
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Sk, If a»=l/n(7i+l), /'(j:)='l/A'(a:+l), and. ^/(a?)eir=log2. 

OD 

And = which is contained between the values log 2 and j^+log2» 
in agreement with the general result. 

The reader may find it instructive to consider the geometrioal significance of 
these inequalities, in connexion with the curve y^f{x). It is easy to see 
that (s„ - Oi) represents the sum of the shaded area ; while 

represents the sum of the corresponding areas above the curve. • 



It is then obvious that the sequences (T„) and (U„) both increase with n, 
and since the sum of corresponding terms (T„-hU„) is equal to («!-»„), 
it follows that each sequence has a positive limit (less than a^). 

Applications to special series. 

(1) Conflider where o„=n-i’. 

Here, if ^ is positive, the rule applies at once, and gives 

f(x)=>x-P, |y{a;)da!=j^(a;i-J’-l); 

thus the integral to oo is convergent only if p > 1. Thus the infinite 
series ^n^^ converges only if f>\\ and the sum is then contained 
between the values l/(p— 1) and p/(P“l). 

If p » 1, the integral is equal to log which shews that the har- 
monic series is divergent (see Art. 7) ; but we infer also that the limit 

exists and lies between 0 and 1. This limit is Euler’s or Maschermis 
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constant. The value of the ooustant is 0*57721... (see Art. 106), 
and will be denoted usually by C, 

[The notation y is used in some works on analysis.] 

In accordance with the notation explained in Art. 1*1, it is often 
convenient to write 

. + ^->logri+C. 




n 


The convergence of the series considered in Art. 9 

can now bo inferred. 

For the first n terms are included in 8^ -r where 

o 1 1 1 1 1 

7 n = 1 + A + A + •* • + * 

4^ 16^ 

and so the sum of these n terms is less than + T^, 

Now by (1) <2, T^< 4, 

and so i8f„ + T„<6. 

Hence the given series converges to a sum not greater than 6 (Arts. 2, 7). 

(2) Consider J (log 2)*“^'+i(log 3)'^+ J (log 4) . . . , 

for which ai=0 and a„=n“"^(logn)“^. 

Here f{x) =x " * (log x)~p, 

and so 


or 


f{x) <ia;=[(log xY -»— (log 2)*-»']/(l -y) 
=log (log as/log 2), 'd p= 


1 . 


Thus the given series converges if p > 1 and diverges if p — 1 ; 
it should be noted that if p=l, the divergence is very slow, the 
sum of a billion (=10^*) terms being less than 5. 

(3) It can be proved similarly that if we omit a sufl&ciont number 
of the early terms to ensure that all the logarithms are positive, 

^ Un=(wlogn)-^(loglogn)“P, 

or (n . log n . log log w)“^ [log (log log w)]”^, 

the series converges if p > 1, diverges if p= 1. 

(4) Since |[^’'(a?)/J'(a;)](i®=log[i^(a;)], it is clear that the two 
integrals 

1 [F{x)/F(x)]dx, and 1 F\x)dx 
converge or diverge together; now if we suppose that ^{x) is 
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positive but decreases to zero as a limit, the same will be true of 
F\x)IF{x\ because 

d F^)^F''{x) {F\x)Y 

dxF{x) F{x) 

and this is negative, because F'*{x) is negative, and F{x) is supposed 
positive. Thus we deduce the result : 

The series 2F'(w)/^(n) converges or diverges according as the 
series 'ZFXn) does. Similarly, when llF'{n) is divergent, the series 
^F'{n)l{F{n)Y converges p> 1, but diverges 
This result shews that the succession of series begun in 1, 2, 3 
can be continued without stopping ; but for ordinary work, the 
two types 1, 2 are sufficient. 


The following results, which are independent of the Calculus, have a 
field of application substantially equivalent to (4) : 

Let (M^ denote an increasing sequence such that. Um = oo ; then 

and 

are divergent series, while is convergent if p>\. 

For, if we take the sum of as n ranges from q to r, we 

r 

see that its value is greater than 2(^rt+i - =(^r+i - 

because in the summation M^< We can choose r large enough to 

make Mr^\ ~ ; and so this sum is greater than J, no matter how large 

q may be. Thus the series diverges. (Art. 7 (3).) 

Similarly, is divergent. 

If 0=2, the third series reduces to ~ !="■>-, and so is con- 

Ml' 

vergent ; thus if p > 2, the terms arc less than those of a convergent 
series, and so the only case left for discussion is given by 1 < p < 2. 

From Ex. 20, Ch. I., we have the inequality 

l-c^>i;(l-c) ifO<ife<l. 


Thus, if we write 


k=p-\, 


i__.J \ 

r‘ 


A- 


From this it is plain that the given series has its terms less than those 
a convergent series. 


121. Ratio-tests for convergence. 

The ratio-tests depend on the quotient aja^^i, obtained by 
division of two consecutive terms of the series ; and in the case 
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of many series of practical importance, this quotient is found to 
be simpler than the general term Then the following tests * will 
often lead to a rapid determination of the conditions for convergence 
of the series 

If is a divergent series and if 

®n+l 

then (C), is convergent, if IJm > 0, 

• -- — 

(D) is divergent, if lim < 0. 

In particular, if Tn tends to a definite limit I, then 
{0) 2a„ is convergent, if l> 0, 

(D) 2 a^ is divergent, Z < 0. 

For, if the minimum limit g is positive, and if ^ is any positive 
number less than g, an integer m can be found such that 

^n+1 

Thus if 

or adding, we have 

+ ... + aJ. 

fjence "h 2 “h • • • “h ^ 

and the last expression on the right does not involve 7t; so 

tliat remains always less than a fixed number, and there- 

fore 2a„ is convergent. 

On the other hand, if the maximum limit is negative, all the 
expressions Tn must be negative after a certain stage : and 
thus we can find m, so that 

if 

or if n^m. 

Hence <^n^n > H 71 > lU, 

and so the terms of 2a „ are, after the ?7ith, greater than 
those of the divergent series Thus 2a„ is also 

divergent. 

* Originally due to Kummer ; but arranged in the present form by Dini. See 
the historical note on p. 38. 
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I'be ivador will nuiico iliaU in tbc disousaiou of the convergaU X)a8o alcove 
uo U'ie is made uf the i>ro])cri>' that w is a divorgont series; and at iirst 
eight it may bo expected that some advantage could be gained by stating the 
condition for convergence in the form 

limP„>0, where tr„=/„^-/«+i, 

®n+i 

and/^ is ant/ sequence of positive numbera. 

However, ifyj, is taken to be of the type where is convergent, 

it will be evident that when lim > 0, there is some value of m, such that 

®n+l 

Thus “nf7«><»n+A+i><»„+,C„4.>.... ifnSm. 

and consequently, after a certain stage, remains less than a fixed number 
K, so that a,^<KlC^, Ck)nsequently the series must converge wore 

slowly than 2a^, if the f7„-test is to be effective to establish convergence ; and 
so we run the risk of introducing unnecessary restrictions by making an 
unsuitable choice for C^, 

For instance, if and if we ohoose we find that 

«n+i " ” 

Thus tends to a positive limit only if p>2; and the test would give 
convergence only when /? > 2. But a reference to Ex. 2 below (with a =0) 
shews that the true condition for convergence is /? > 1 ; and this can be 
deduced from the T„ form by taking D„=w, which makes ~ 1 =1. 

A further reason for preferring the form lies in the fact that the same 
function is used to test for divergence as well as for convergence ; and 
this advantage disappears if we introduce the form in dealing with con- 
vergence. 

Historical Note. Kummer himself gave the test in the form 
Jim > 0 

for convergence, wliere is an arbitrary sequence of positive 
numbers, subject to the restriction lim 0(7i)a„=:O, a condition 
which was proved to be 8upei*fluous by Dini. Dini also was the 
first to obtain the condition in the form given above, where 
the same expressions are used to test both for convergence 
and for divergence.* Further extensions have been given by 
Pringsheim. 

♦ Some variations of the tests have been given by different writers ; but Dini*s 
are imcloiibtedly the most convenient in practice. 
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12'2. Special ratio-tests of importance. 

It is easy to deduce from Art. 12*1 certain special tests which are 
of constant use in the applications of the theory. 

( 1 ) d'Alembert^s test 

Let ; then the conditions are 

(C) lim (aja„+y) > 1 ; (D) lun (On/On+i) < 1- 

This should be compared with Cauchy’s test of Art. 10. 

Ez. 1. If this test is applied to the series 1 +2a; +3a?* +4a;® + ... we see 
that it converges if x < 1, diverges if a; > 1 ; but the test gives no result if 
x-l, although the series is then obviously divergent. 


(2) Raabe^s test ; to be tried when lim (an/®n+i)=L 
Let Dn —n, then the conditions are 

(C) lm{nK/a„+i-l)> > 1 ; (D) fim{»(a„/«„+i~l)} < 1. 


Ex. 2. 


If we take 


1 + 


l+a.,(l 4-a)(2-h a) 

1+^ a+j8)(2+i8r 


we find 


\«„+i } 


and so the series converges if /? > cc + 1, diverges ifj3<cx. + l. If/? = a + l 
the test fails, although the series may then be seen to diverge by comparison 
with 21 /n. 


(3) If the limits used in (2) are both equal to 1, we must use 
more delicate tests, found by writing 

=n log n, n log n log (log n), and so on. 

These functions are of the form /(n), where /(x) is continuous and 
tends to zero as x tends to infijiity. Then Kummer’s test 

becomes lim /»„ > 0 ; (D) Um < 0, 


where 
For we have 


■ 


*'n+l 


/(n + 1) -/(») -/'(») = I [/'(» +») -/'(«)]<**=/' dxj‘r{n+t)dt. 

Now we can find v so that |/'(^) | < c, if ^ and so th<* last integral 
is easily seen to be less than if n > v. Thus 

f(n 4* 1) -/(n) -f{n)^, as w-^co . 

Writing/(n + l) and/(w) for and in Kummer’s test, we are Jed 
at once to the form given above. 
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In parti(5ular, it’/(£r)=a;loga;, 
we ftnd ^+1» ‘ 

thus we find de Morgan's and Bertrand' s first test^ 

(C) lhnp„>l; (D) limp„<l, 

where + 

®n+i ^ nlogn 

Tlieir further tests, given by /(a;) =a; log a? log (log x), etc., are of 
less importance. » * 

(4) It is sometimes more convenient to replace the last test 

by the following : __ 

(C) lim o-„ > 1 ; (D) lim cr^ < 1 , 

where log -^ = -+-^5-. 

n nlogn 

After a certain stage, we have 1 < < 1 +(2/??) ; 

also 0<^-log{l + ^)-^ <i^2, if ^>0; 

thus we see that 0 < f)y^ -(r^<2 (log n)Jn^ and so 0 (Art. 160). 

(5) The most important cases in practical work admit of the 
quotient a«A/n+i being expressed in.the form 


a« .1 n \n^ / 


where // is a constant, p an index greater than 1, which is usually 
equal to 2 ; and the notation 0 is explained in Art. M. 

It is then easy to see that d’Alembert’s test fails ; Raabe’s test 
gives convergence if /x > 1, divergence if /x < 1. To discuss the 
case /x=l, apply the test (3); then 


But lim(logw/n^^^)— 0 (Art. 160), 

so that lim p„=0 < 1. 

Thus /x=l also gives divergence. We may sum up these results 
in the working rule (essentially due to Gauss in his investigations 
on the Hyper geometric Series) : 

If it is possible to express the quotient aja^^^ in the form 

the series is divergent /x ~ 1, convergent if /ix > 1. 
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If we ai>ply the results of Art. 39, Ex. 4, to the quotient 
wa„/(w+l)a„ 4 .i, it is not difficult to prove that, when 
he expressed in the form above, the condition lim (na„)=0 is necessary 
and sufficient for convergence (in contrast with the results for series 
in general, Art. 9). 

Ez. 3. Consider the Hypergeometric Series 

a..i8 a(ou+l)ff(;8 + l) „ a(a+l)(a + 2)Wj5+l)(j8+2) 

^l.y, + 1.2.7(y4-l) 1 . 2 . 3 . y{7 + l)(7 + 2) ' 

By using* d’Alembert’s test this series is easily seen to oonverjre if 
0 < ;<; < 1, and to diverge if a; > 1. If a? = 1, consider 

_ (y^ + l)(y + «) _ , n(y + l-a-/?)+y-a/^ 

which gives /x~y + l -cL-fitp ^2, so that the series converges if y > a + 
and diverges if a. +/3- 

It will appear from Art. 60 that the series converges if - 1 < a: < 0 ; and 
from Art. 19 that it converges also for a; — - 1, if y + 1 > cl +13* 

Anticipating the results proved in Art. 42, we can reduce the 
majority of series covered by the ratio-tests to the type dis- 
cussed in Art. 11. 

The method* will be easily understood by considering the 
following example : 

Ez. 4. Suppose that 

_a(oL-l-l) ... (0L-h7i- ... (^4-w -1) 

®« y(y+J)...(y + J«-l)fi(5 + l)..r(S + H-l) 

which reduces to the Hypergeometric type when 5 = 1. 

From Art. 42 we see that as w ->oo , 

«.(a. + l).,. (oL+w-l)'-A(?i«-i.?i!). 
where A is a certain constant depending on 

Hence a„ ~ (ABn«+^)/(C7Z>7iVH «), 

or a„'^Kn^^P-y-K 

Hence converges if y + 5 - (a. -f /?) > 1, 
and diverges if y + 8 -(oL+jSj^l- 

it is easy to confirm these results by using Gauss’s rule. 

13. Notes on the ratio-tests. 

It is to be noted that d' Alembert' $ test does not ensure the con- 
vergence of a series if we only know that aja^+i > 1 for all values 
of n, 

* This method was suggested to me by Prof. A. E. JolUffe. 
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For, if = it will not be xK>88ible to find a number h such 

ILat , 

“ - 1 > 4 > 0, for n ^ m, 

«n+i “ 

In particular^ if o„ = l/n, a„/a„ 4 .i = l +l/n > 1 ; and yet the series is 
divergent. 

Secondly, it is not necessary for the convergence of the series 
that an/»n+i should have a definite limit 

For it will be seen in Art. 26 that the order of the terms does not affect 
the convergence of a series of positive terms ; but of course a oliange in the 
order may affect the value of lim 

El. 1. The series a + 1 +a3 + +olM . . . 
is a rearrangement of the geometric series 1 +«. +ol* -i-rx.* + ... , and so is con- 
vergent if 0 < a < 1. But in this series the quotient aja^^j is alternately 
OL and 1/a*. 

El. 2. Theseries 1 +a-f jS2-l-a3 + /3^ + a'> + /3‘^ + ... 
is convergent ifO<a<^<l; as is plain by comparison with 
l+i8+/3* + i8»+iS4+.... 

In this series we have 

lima«/^i=0, JimjS'*/a.'^'=®. 

BtU even when the terms are arranged in order of magnitude, the convergence 
of the series So„ does not imply the existence of the limit of • 

El. 3. Theseries 1 +ia+Ja+Ja“ + Ja»+Ja* + }a®+... 
has its terms arranged in order of magnitude, if 0 < a < 1 ; and it is then 
convergent, by comparison with 1 + a + a + a* + (x.® + a* + a® + . . . . 

But yet Urn =:l/a, lira = 1. 

Thirdly, if the quotient aja^+i has maximum and minimum limits 
which include unity, the whole scale of ratio-tests will fail. 

For, if lim (aja^^^)=.0 > 1 > g^^iaja^^^), we can take K, Tc such that 
Q>K>\>k>g, 

and then a«/a„+i is greater than K for an infinite set of values of n, while 
it is less than k for a second infinite set of values. 

If n belongs to the first set of values, we shall have 
»^(®n/a|i+l “ 1) > - 1) ; 

but if it belongs to the second set, 

-1) < -w(l -fc). 

Hence limn(a„/a„+, - 1) = + 00 , Iim»(a„/a„+, - 1) = -o© , 

and therefore Raabe^s test fails entirely. It is easy to see that the failure 
extends to all the following tests. 
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If we a[>ply liuabo'u test to Ex, 3 above, we find 

lim n - 1 ) - ' 1 « . Jim (»»/«n+i “ 1 ) - A i 

and passing to the next stage wo get 

fim(logn)[n(a„/a„+, -1) -1]= +oo, lim(logn)[n(a„/a„+i - 1) - 1]=0, 
so that the ratio-tests can give no information. 

It will be seen from the foregoing remarks that the ratio-tests 
have a comparatively limited range of usefulness ; and it may 
reasonably •be asked, why should we trouble to introduce them at 
all, and not be content with the more general comparison-tests ? 
The answer to this is that, in practice, the quotient is often 

much simpler than and then it is easier to use the ratio-tests 
(if they apply) than any others. 

14. Ermakoff’s tests.* 

The series 2/(w), in which f(n) is subject to the conditions of 
Art. 11, is 

(i) convergent if Hm <1> 

(ii) divergent if lim > 1. 

For. in the first cose, if p is any number between the maximum limit and 
unity, we can find ^ so that 

«*/(«*) < />/(*)» a; > g. 

Thus ^f{^) da;<pf f{x) cLv, if X > f , 

or, changing the independent variable to e* in the left-hand integral, we havej 
/j f{x)dx <pf^ /(r)dx, 
where 2:=e*, f=et. 

That is, (1 - p) f^f(x) <ir < p | f{x)dx- f(x) oJ® j 

or < p ^j^f(x)dx- /(®)rf.rj. 

Or, again, since the last term in the bracket is positive (because Z is 
greater than X), we have 

(1 -P ) /j /(x)dx < p Ax) dx. 

* Bulletin dee Sciences MaiMmatiques, 1S71 , t. 2, p. 260. 

t The reader is advised to use the goomotrical representation of / /{t} dx as the 
area of the curve y^f{x) when following out the argument. 
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As this inequality is tme for any value of X greater tlian it is olear that 
tho infinite integral j f{x)dx must converge; and, therefore, so also does 
the series 2f(n), by the integral test of Art. 11. 

In the second case, ^ can be found so that 

if 

As above, this gives 


or /(■v)d:v^J^ /(f)dx’, if X> I 

This indicates that the integral / f(x) dx is divergent, because, no matter 

f z 

how great X may be, a number Z=e^ can be found such that / f(x)dx is 

greater than a certain constant K ; compare the argument of Art. 7 (3). 
Thus the series S/(n) is divergent. 

ErmaJeoff's tests include the whole of the logarithmic scale. 

For example, consider 

/(*)==!/{* . log x . [log (log a:)]"} , 
then =e®/{e® . x . [log xY) . 

Thus e<‘f(e^)lf(x)= flog (log x)y/[lo^xy-\ 
and so lim e®/( 6 ®)//(ir)= 0 , if 1 , 

X ->00 ' 


or ==co. if p^l. (Art. 160.) 

That is, the series S/(n) converges if ^ > 1 and diverges if 1. 
It is easy to see that if </> (x) is a function which steadily increases 
with X, in such a way that ^(x)>x, the proof above may be 
generalised to give Ermakoff’s tests : 

(i) convergence, it lim — f (x ) — 


(ii) divergence, if lim ’> 7 -' , —— 
® /(*) 


> 1. 


16. Another sequence of tests. 

Although the following sequence is of less importance than the ratio-tests 
in ordinary work, it is of theoretical interest, giving a continuation of Cauchy’s 
test in Art. 10. 

We have seen in Art. 11, that if 2F'(n) is divergent, 2F'(w)/[F(n)]^ con- 
verges only if p > 1. This gives the following test : 


converges if 
and diverges if 


log[-^'(w)K] 
log [>’(»)] 
log [/’'(«)/“«] 

log [/’’(»)] 


I where 1 ^( 71 ) is positive 
j but tends gteatUfy toO. 
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For, in the first ease, as on previous oooasions, we can find a value of p > 1 
aud an index m such that 


or a„ < /”(»)/[/’(«)]»', if w > wt. 

This shews that converges, by the principle of comparison. 
But, in the second case, there is an index m suoh that 


log[/*^(n 

log[F( 


F\'ii)\a^ = if > wi, 

or a^^F(n)IF(n)^ if n>m. 

This shews that diverges. 

Special examples of this test are given by 

(1) F(n) =n i and the function to examine is 

iQg(lK) 

log» 

(2) F{n) =]og n ; and the function is 


log(l/7i a^) 

log(logw)‘ 

(3) F{n) =]og (log n ) ; then the function is 

log{l/(M.Iogw.aJ } 

“TogTiogTiog^Jr 

and so on. 

The test (1) can be transformed into another shape, first given by Jainet, 
in which the relation to Cauchy’s test is easily recognised. 

If we write A =log (1 /a,j). it is easy to see that 

t 

1 ~ A/n < <1/(1 + \/n), 

1 

so that A > w(l - a„”) > A/(l + A/w). 


____ _____ ^ \ 

Thus we have lim = lim i (1 - «n" )> 

— log n — log w 

provided that lim (A/n) =0 ; and, if this condition is not satisfied, Cauchy's 
test will settle the question. So in all cases of practical interest, the test 
irill be 

Similarly it can be proved that test (2) can be replaced by 


lim ^ 


r [n(l log n]gl. 


— log (log 

For example, this form proves that the series 2^1-^logn^ diverges if 
0 ^ ar < 1, but converges for a; > 1. 


16 . General notes on series of positive terms. 

Although the rules which we have established are sufficient to 
test the convergence of all series which present themselves natu- 
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rally in elementary analysis, yet it is impossible to frame any rule 
which will give a decisive test for an artificially constructed series. 
In other words, whatever rule is given, a series can be inverUed for 
which the rule fails to give a decisive result. 

The following notes (1H3) and (8) shew how certain rules which 
appear plausible at first sight have been proved to be either incorrect 
or insufiS-cient. Notes (4H*7) shew that however slowly a series 
may diverge (or converge) we can always construct sjsries which 
diverge (or converge) still more slowly ; and thus no test of com- 
parison can be sufficient for all series. 

Other interesting questions in this connexion have been con- 
sidered by Hadamard (Acta Mathematica, t. 18, 1894, p. 319, and 
t. 27, 1903, p. 177). 

(1) Abel has pointed out that there cannot be a positive function 
(n) such that the two conditions 

(i) lim 0 (n) . a^ =0, (ii) lim 0 (n) . > 0 

are sufficient, the first for the convergence, the second for the diver- 
gence of any series Sttn* 

For, if 80 , 2[</i(n)]""' would diyerge ; and therefore, if 

the sequence would be an increasing sequence tending to x . 

Hence the series would diverge also (Art, 11) ; but 

BO that lim <t> (n) [M^ - =0, 

contradicting the first condition. 

(2) Pringsheim has proved that there cannot be a positive function 
0(n) tending to oo , such that the condition 

lim0(n). (6^=0) 

is necessary for the convergence of In fact, for any such 

function <f>(n) and for any convergent series, the terms of the series 
can be so rearranged that 

lim ^(w).o„=oo . 

See Math. AnnaUn, Bd. 35, p. 344. 

(3) Pringsheim has proved that there cannot be a positive 
function ^(w) such that the condition 

lim tp(n) . a„> 0 

is necessary for the divergence of In fact, for any function 
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^(») and aay divergent series, the terms of the series can be so 
arranged that 

provided that the terms of the series tend to zero. 

See MtUh. Annalen, Bd. 35, p. 358. 

(4) Abel remarked that if is divergent, a second scries 
can be found which is also divergent, but such that 

lim(6JaJ=xO. 

For, wiite* if,j=Oi+a,+... +a„, 

The series diverges by Art. 11 ; and 

lim (bja^) =lim (l/MJ =0. 

(5) du Bois Reymond shewed that if is convergent, a second 
convergent series can be found which has the property 

lim (&«/<*»)=«• 


For, write =«! + a, + . . . + « s=lim 

l/M„+^■^a-g„=a„+^+a^^+... to®. 
Then ao ; and consequently the eeriee converges if 
b„ =(lf„+, -if =o„if„'-’. 


provided that ^ is positive (see Art. 11). 

But if (/ < 1, it is evident that bja^-^ x . 


(6) Stieltjes shewed that if Wj, Wg, ... is a decreasing sequence, 
tending to zero as a limit, a divergent series Sdn found so 

that i® convergent. 

For, write if„ = lX; then if -ifj/ifn+i the series is 


divergent (Art. 11). But 


-^2±L^ 


1 1 


so that converges to the sum l/Jfcf, =«!. 


(7) Stieltjes also proved that if ••• i® mcreasing 

sequence, tending to infinity as a limit, a convergent series can 
be found so that i® divergent. 


For, write c„=.l/t;^ -l/e„+j, which makes » convergent series ; then 
^n<^n^(^n+i-^n)K+v is divergent. 

(8) Finally, even when the terms of the series 2®^ steadily decrease, 
the following results have been found by Fringsheim : 

However fast the series may converge, yet there are always 
divergent series 2®« such that limc„a„=0. 
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However slowly ^(w) may increase to oo with w, there are always 
convergent series 2a„, for which lim n. ^(w) . a„=oo (although 
limn, a,=0 by Art. 9). 

See Maih, AnnaUn, Bd. 35, pp. 347, 356. 


EXAMPLES. 


1. Teat the convergence of the aeriea where o„ is given by ^e following 
expreasions : * 


1 1+n 1 1 

1+7i 2’ (logn)'*’ 

{n ! y ^ ^ m(m + 1 ) . . . (wt + - 1 ) 

(2a)l^ * nl* n\ * 


(Arts. 8, 9) 
(Art. 12*2) 


1 7l« 1 _ 1 1 

,^a+6/n» (7i + l)P+fl’ (logTl)”’ [log (log ’ 

a^/« - 1. (Ex. 21, Oh. I., and Art. 11.) 


1 

(Art» 16) 


2. Prove that if 6 - 1 > a > 0, the aeries 

a a(a + l) , a(a+l)(a + 2) 
b(b^iy 6 ( 6 + 1)(6 + 2 ) ^ 
oonveigea to the sum (6 - 1)/(6 - a - 1). 

Shew also that the sum of 



is a(6 -l)/(6 -a -1)(6 -a -2), if 6 -2 > a > 0. 

[If the first series is denoted by Uo + t£ 2 +Ut + ... , we got 
(6 + n)Mn+,=(a + n)w„, 

which gives (6 - a - l)w,n-i = (« + »)% - (a + » + 1 )Un^y 

Hence (6 - a - l)(^n ““*^ 0 ) hy addition. But when is 

convergent we see that lim (ni^^)=0 by Art. 9, since the terms steadily 
decrease. Hence lim can be found. 

The second series can be expressed as the difference between two series 
of the first type.] 


3. Prove that the series 

, ^a + 1 . (a+l)(2a + l) . (a+l)(2a+l)(3a + l) . 

“^6 + r (6 + 1)(26+ T )‘^(6 + 1)(26 + ])(36+1)"^- 

converges if 6 > a > 0 and diverges if o ^ 6 > 0. 


4, Prove that the series 


^2 3 ^ 2,4 



1 . 3.6 1 
2 T 4 . 6 ' 7 '^ 


converges. 
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n.] 


Shew also that 

oonvergeB ifp>2, and otherwise diyerges (Art. 12. 2). 

6. Prove that, if 0 < < 1, converges for any positive value of ». 

6. Prove that converges if ol> j8>l, but that 

the ratio of two consecutive terms osciUates between 0 and oo (Art. 10). 

7. If is a divergent series of positive terms and /(x) is subject to the 

conditions of Art. 11, prove that converges if J f(x)dx is con- 
vergent ; and that diverges if the integral is divergent. 

[de la Vall^ PoussiN.J 

8. If can be expressed as the quotient of two polynomials in n, 

P{n)lQ{n), of the same degree Jc, whose highest term is n^, and if the highest 
term in Q{n) -P{n) is prove that 2o„ converges if A > 1, diverges 

if A<1. 

9. Test the convergence of the series Sa„, where 

a„=(2--e)(2 -e^)(2- e^)...(2 -e^). 

10. Find limits for the sum 

n n . n 


“ n« 1 + n*'*' (n -T)»+ 7»‘ 


by means of the integral 


f” n dx _ P dl 

Jo 


and deduce that Jtt. 

11. Prove that if p approaches zero through positive values, 
lim p5I»“<'+p) = 1 ; 

i »->0 1 

and that liin (f) 

where C is Euler’s constant. 

[To prove the latter part, note that (as in Art. 1 1) if 


[Dirichlet.] 


1 


•/; 


’ d.v 


f , tv 

f{v) is positive but less than 1/v. The desired limit is that of 

11 1 r*' dx 

/(i)=l+2T+p+3r+?+***+(y ji 

If we now let p 0, we obtain the result 


lim/(l) = l-f-^-l-...+--log v+lim/(v). 

y— ►O " ^ 
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Now the right>haad side contains v, which does not appear on the left ; and 
if we make oe , the right-hand side O. 

Thus lto/(l)=C. 

Accordingly the maximum and minimum limits of /(I) are both equal to C; 
or in symbols jim f^i ) - (vj 

j»-^0 

12. More generally, if if^-an+h^ (where is less than a fixed value, 
and is never zero), « 

lira a|) = 


( ® +p I \ 

2! - “ I exists and is finite. 

1 pj 

If tends steadily to infinity with n, and 

lim(p2^nM„-^) = l, 
^-►oX 1 ' 


then 


[Dirichlkt.] 


if 


or =(1 - l/c)/log c, if -► c > 1, 

or =0, if -► 00 . 

[Pringsheim, Math. Annalen, Bd. 37.] 
Interesting examples are given by M^=n^, 2", n ! . 

18. Utilise the Theorem of Art. 1 47 (Appendix) to shew that if ( w„) decreases 
steadily, the condition lim (n%)=0 is necessary (Art. 9) for the convergence 
o^-««' by 'Siting a„=(S„K)-n, 6„ = l/u„. 


SO that 


-f=S„-nv,„, 


a„ -a„_ 

V. 


9-j=« , 

h - A ”n-l* 
Un "n-1 


[CebXro.] 


If ^1 h>gn^ , prove that lim(nw^)=l, and deduce the divergence 
of (compare Art. 16). 

14. If are both convergent, so also is 2(a„6„)^. But 2o„, 2)6^ 

may both diverge and yet 2)(a„6„)^ may converge ; a fact illustrated by 

If converges, so also does 2;(a„a„+i)i ; but the converse is not true, 
as may be seen from either of the two series just written down. 

On the other hand, if (a„) is monotonies the convergence of 
implies that of [Pringsheim.] 

16. T'^se the preceding example to prove that if 2Io„* is conveigpot, so 
also is 2)a^/w. 

16. If the function /(x) is positive from x=0 to oo, and if the integral 
^ {/(a:)}* da? is convergent (at the upper limit), prove that the two integrals 

( and ( {<^(.r)}*rf.' 
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are both oonveigent, where is the “ ayerage” otf{x) defined by 

[Hardy.] 

For <j} =a/ + (</» -/), so that ^ 2/* + 2 (</> -/)*. Also + c/> =/, and so 

we find that 

Thus the previous inequality can be arranged in either of the forms 

giving j^^dx 

and rpd.v-2X{<l>(X)}^^4 i^pdx. 

From these inequalities the convergence is obvious. 

17. If is positive and the series is convergent, prove that the series 
and are both convergent, where is the arithmetic mean of 
Oil «!» ... . so that wh„=Oi+Oi+...+a„. [Hardy.] 

[Apply the method of the last example, making a, bio correspond to/, «j!>, 
respectively, and using the identity It will be found 

that 

(i -4'l) J)an’+2(B„_1- B„) < 4«„»+2(B„-,-P„), 

where =n*b„*l{n + 1 ). 

Hence, on summing for 2, 3, . . . , n, we find 

lV + lb,*+lb,*+... + {l-~)b„><4{a,»+a,> + ...+a„») + iS{B,-B,) 

< 4(ai*+a,*+... + a,,*) + 6i*. 

Multiplying by 2, we see that 

6i* + 6a* + 63* + ...+2»„*<8(Oi»4-a,*+...+a„«) + (36i» + iM* 

Hence S&,i* is convergent. The convergence of follows becaubo 

2n-^i(l0g?i + O+l0g 2, 
where C is Euler's constant (see Art. II). 

10. By using Ex. 18 or otherwise, prove that 

2 r?e(47i2 - 1 )]- * = 2 log 2 - 1 , 2 [w (9n* - 1 )]"i = g (log 3 - 1 ). 


18. If 

shew that 
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20. Shew that, with tiie notation of Ex. 18, 

Deduce that 2 ^^^3^ — f j = “ 3 + 1 log 3 + 2 log 2. [Math. Trip. 1 905.] 

91. Prove Bimilarly that 

and that log 2. [MaUf. Trip. 1896.] 

92. Shew that 

28. Examine the convergence of where x is positive ; in particular, 

if + + or if </>(»)= log w, prove that the series converges 

if « < l/«. [Art. 15.] 

24. Shew that 

1 1 w. — 1 “ 2 ] 

? (7+m - 1 )(<+«)(<'+ »i + 1) Hi'+ 1 ) ’ 

and y ? -J 

r{t+n- l){e+n)(t+n+l)(l+n+ 9 ) e((+l)(t+ 2 ) 



CHAPTER IIT. 


SERIES IN GENERAL. 


17. The only general test of convergence is simply a transfor- 
mation of the condition for convergence of the sequence (Artr-3^; 
namely, that we must be able to find w, so that <®f 

provided only that n> m. If we express this condition in terms 
of the series we get the form : 

It must be possible to find m, corresponding to an arbitrary 
positive number e, so that 


no matter how large p rmy be. 

It is an obvious consequence that in every convergent series * 


lima„=0, lim(a„+i4-a„+2+'*-+<^n+#>)=0. 


But these conditions are not sufiicient unless p is allowed to take 
all possible forms of variation with n ; and so they are not prac- 
tically useful. However, it is sometimes possible to infer non- 
convergence by using a special form for p and shewing that then 
the limit is not zero (as in Art. 7 (3)). 

We are obliged therefore to employ special tests, which 
suffice to shew that a large number of interesting series are 
convergent. 


* It is olear from the examples in Chapter II. that the condition lim 0,^=0 does 
not exclude divergent series ; but it does not even exclude o^ciUcAory series. For 
consider 




where lim «f|=0, lim » 1, and yet the terms tend to leto. 
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18. A convergent series of positive terms remains con- 
vergent when each term is multiplied by a factor 
whose numerical value does not exceed a constant k. 


For since 2a„ is convergent, the index m can be chosen so 
that ^ a^< elk, however small € may be. 


))» + ! 

But 


IJt+P W}+P 

2 

m + 1 , it 1-1 


and 

rhus 


iu+p in+p 


lU + l 


iH + l 


and therefore the series is convergent. 

Two special cases of this theorem deserve mention : 

(1) .4 series is convergent, if the series of its absolute values 
2i(x„| is convergeni. 

For here «n=k^nl 1. 

Such series are called absolutely convergent. 

(2) A series is convergent if its terms are numerically not greater 
than the corresponding terms of a convergent series of positive 
terms. 


The reader should observe that we cannot apply this method if an infinity 
of terms are negative in the series which is known to converge. An example 
is afforded by Ex, 2 below. 

Ez. 1. If we take o„=n”^, we know from Art. 11 that converges 
if p > 1 . The present theorem enables us to deduce the convergence of the 
two series 

2^* 3^ 4^* 5^ 

11111 P > 1. 

1 + ^-^+^ + ^-^+... 

It will appear from Arts. 19, 23 below that the first of these series converges, 
but the second diverges if 0 < p ^ 1. 

Bz. 2* The series 1 ■'l + I- .j + J-l + J— 1+... obviously converges to 

the sum 0. l^ow take the factors {v^) to be 1, 1, J, 1, }, 1, J go that 

lt?„l^l. The new series is 
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The sum of the fimt 2» terms is 


_2-l 3-1 4-1 6-1 ,(»+l)-l 


(Art. 11.) 


Thus limsg^soo. 

But and so also lim Sgn-i 

Thus the new series is divergent. 

The reaqpn for the failure of the theorem is that the original series contains 
an infinity df negative terms ; and that the series ceases to converge when 
these terms are made positive (Art. 11). 


It is easy to see that the foregoing theorem can also be stated 
in the form : 

An abMlutely convergent aeries remains convergent if each term 
is multiplied by a factor whose numerical value does not exceed a 
constant h. 


19. Alternating series. 

Most series in common use are absolutely convergent ; but a 
number of others can be proved to converge by the rule : 

If the terms of a series 2 (— are alternately positive and 
negative, and never increase in numerical value, the series will con- 
verge, provided that the terms tend to zero as a limit. 

For it is plain that 

»a«={<^-'«*)+(<’8-V4) + - +{V»„-1-V2n). 
and since each of these brackets is positive (or at least not negative), 
the sequence of terms (5g„) never decreases as n increases. 

Also «„+i=«i-(V*-V8)-{W4-V6)-”- -(<' 2 n-V|«+l), 
and so the sequence («an+i) never increases. 

Further «an 

and W=^2n+V2n+l>0. 

Hence, by Art. 2, the sequence {s^^) has a limit not greater than 
Vi and (San+i) & ^iniit not less than 0. Bui these two limits must 
be equal since lim V 2 n+i=^> that 

lim«j„=lim«a„+i. 

Hence the series converges to a sum lying between 0 and 
'^ Bz. 1* The series already mentioned in Art. 18, Ex. 1, 

2^ 3^ 4^ S*' 6** * 

is now seen to converge, provided that 0 < p ^ 1 . 
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In the special oaee p = 1 we get the eeriea 

1 > 

which is easily seen to be equal to log 2. For, by Art. 11 , 
l+i+| + ... + l^log(2«)+C?, 

and 2Q + l + ... + ^)-»-logn + C'. 

Thus l_|+|_l + ..._^^log2. 

The diagram indicates the first eight terms in the sequence (s„) obtained 
from this series by addition ; the dotted lines indicate the monotonic con- 
vergence of the two sequences (s 2 „), (s^n+i)- 



It is obvious that if the sequence (v„) never increases, hut 
approaches a limit I, not equal to zero, the series will 

oscillate between two values whose difference is equal to 1; in. fact 
by the previous argument we have lim s^„+i=\im s^n+l- 
A special case of interest is given by the following test, which is 
similar to that of Art. 12'2 : 

If expressed in the form 


Vn+l 



p> 1, 


the series is convergent if fi> 0, oscillatairy if 

For i£ p> 0, after a certain stage we shall have 



so that Vn > ; and further (by Art. 39, Ex. 4), lim v„=:0. But, 

on the other hand, if p =0, it is clear (from Art. 39) that lim v^ is 
not zero, and so the series must oscillate. And, if p <0,’ after a 
certain stage we shall have < v^^i, so that lim v^ cannot be zero, 
leading to oscillation again. 
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19, 20] 

Bi. 2. Take Ute eeries 

CL.0 a(a + l)g(j8+I) a.(a.+l)(cL + 2)ffW+l)(fi+^) , 
l.y"^ 1.2.y(y + l) 1 . 2.3. y(y+l)(y + 2) 

Here J!=. = ■ ^=y-,^-^+i. 

Vn+I (a + w-l)(/^ + w-l)* ^ ^ 

So the series oonveigeB if y + 1 > a + /S. It is also instniotive to apply the 
method of Ex. 4, Art. 12*2. 

It should^ be observed that if the positive and negative terms in 
the series form two sepa/rately decreasing sequences there is no 
reason to suppose that the theorem is still necessarily true ; and 
in fact it is easy to construct examples of the failure, such as 

2^3* 4^5* 6^7® 8^"** 

This is easily recognised as divergent ; for the sum of the first n positive 
terms is less than 1111 1 

i+p+P+^+p+---+^> 

and is therefore less than 2 (Art. 11). But the sum of the first n negative 
terms is 1/11 1\ 1 

~2 ■^2’^3''' - " 2 

and consequently the sum of the first 2n terms of the given series tends to 
- 01 as its limit. 


20. Abel’s Lemma. 

If the sequence (v„) of positive tewis never increases, the sum 

p 

a^Vn lies between Hv^ and hv^ where H and h are the upper and 

1 

lower limits of the sums 

a^, Oi+Oa, Oi+« 52+«8» •••» Oi+^s-r*-* +0^* 

For, with the usual notation, we have 

Thus 

«n»« =V’i+(^-»iK+(«8 -«*)«» + •• • +{h-h-l>P 

1 

=»iK-Vi)+«*(v»-«»)+- • • +%.-i(vp-i-«y)+«P«i- (-A.) 

Now the factors (i>i— (v*— v»), •••, (Vp-i— ®p), are never 

negative, and consequently the sum lies between 

H{Vi—v^+E (v»— v,)+. . . +fir(Vp_i— v,)+Nti,=ffv„ 
and A(Vi— t^)+A(t^— Vj)+.- -fAK-i— <4 >)+%=A«>i- 
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Hence hv^ < ^ a„v„ < Hvy 

1 

It follows that I ^ < Kv^, 

where K is the greater of \H\ and |ii| ; that is, K is the upper limit 
of |si|, \8p\. 

It is sometimes useful to obtain closer limits for 5 suppose 
that denote the upper and lower limits of 8^,4^+^ ••• i 

while H, h are those of Sj, s,* ••• . Then exactly the same 

argument gives 

p 

Hvi-v„)+h„v„ < 

1 

We can deal with the case of where (M„) is an increasing 

sequence, by writing 

21. It is often convenient to infer the convergence of a series 
from one which is not absolutely convergent. For this purpose 
the following theorem may be used : 

A convergent aeries {which need not converge absolutely) remains 
convergent if its terms are each multiplied by a factor provided 
that the sequence {u^) is monotoniCy and that lw„| is less than a con- 
stant k. (AbeFs test.) 

Under these conditions (?^„) converges to a limit u ; and let us 
write Vn=u—Un when (w„) is an increasing sequence, but m 

when (w„) is decreasing. Then it is clear that the sequence {v^) never 
increases and converges to 2 ero as a limit. Now 

or a^u+a^v^y 

so that it will suffice to prove the convergence of in order to 
infer the convergence of ^La^u^. But by Abel's lemma 

where K is the upper limit of the sums 

kfn+ll> l»m+l+®m+al> i®ni+l+®m+2+<*»n+8|» ••• » 

I +®m+a +<“^m+8 + * • ■ I • 

Now, since is convergent, m can be chosen so that 

w+p 

-ff=e. no matter how small e is ; thus ^ is less than evj, 

w+l 

and consequently is convergent. 
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The reader will observe that the series is not subjeot to snoh stringent 
OiHiditions as in Art. 18 ; but to counterbalance this, the factors v,, are subject 
to mare stringent conditions. 

El. 1. If we take the aeries 1 - 1 + i - i + J - -1+ ... (already used 

in Ex. 2 of Art. 18) and employ the momtonie sequence of factors 

0, J, J, J. 5, J, j, ... , 

we obtain the senes 

n ^4.^ ^4.2 1.3 

which must therefore be convergent. To verify that, this is the case, we 
observe that 

--.=-a4)-G-J)--C-=5') 

_ 1 1 1 
23 32 — 

Thus lim«2„_, exists (by Art. 11 (I))', and since -!/(« + 1). we 

have also lim S2n^i =lim That is, the aeries converges. 

El. 2. From our present point of view, it is easy to see why the series 
in Ex. 2, Art. 18, does not converge ; the sequence of factors employed is not 
monotonic. 

Another important inference is that if the factors depend in 
any way on a variable x (subject to the condition of forming a 
monotonic sequence), the remainder after m terms in the series 
is numerically less than ; a^^d consequently the 

value of m, which mukes this remainder less than €, is independent 
of X, so long as Vj + J w | is finite. 

This property may be expressed by saying that the convergence 
of is uniform with respect to x. (See Art. 44, below.) 

A special case of this, which was the original object of Abel’s lemma, is 
given by taking =x‘^, 0 < a: g 1. Tb^n tt=0, Vi =x ^ 1. [Art. 60.] 

22. If an oscillatory series has finite maximum and minimum 
limiting vahteSy it wiU become convergent if its terms are multiplied by 
a decreasing sequence (v„) which tends to zero as a limit. (Dirichlet's 
test.)* 

Abel’s lemma gives the inequality 

w+p 

Hl+1 

* It is practically certain that Abel knew of this test : the history is sketched 
briefly by Pringsheim {Math. Annolen, Bd. 26, p. 423, footnote). But to dU 
tingulBh it clearly from the test of Art. 21, it seems bettor to use Dirichlet's name, 
following Jordan {Cowrs dAnalysSy t. 1, § 299). 
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where p is any number not less than the greatest of the sums 

l®in+l+®f»+a"l"®fn+8l» •**» 

l®TO+l4-<*fiH-2+* • • +®m+p|- 

It is sufficient to suppose p not less than each of the differences 

l^m+l ®m|» l^in+2 *•*> l^m+P ^in|* 

Now, if the extreme limits of are both finite, we can find some 
constant * I, such that |«„| is not greater than 1, for any value of 
w. Thus 1 8n — | = and we may take p =2L * 

We can now choose m so that v^+i < c/J, and then 

in+p 1 

2 I < 

m+1 I 

proving that the series converges. 

Ex. The series cos nO, sin n& converge if 6^ is not 0 or a multiple 

of 27r. 

*n+P 

For 2 cos?i^=Bin(Jjo^). co8{ w4- J(p + 1)} cogec|6> 

m+1 

m+p 

and 2 = mi(lpO ) . sin { m + J(p + 1) } ^ . coaec J 0, 

m+1 ^ 

SO that we can here take p = |ooseo \ 0 \, 

When ^ =0, the first series may be convergent or divergent according to the 
form of ; but the second series, being 0 + 0 -f- 0 + . . . , converges to the sum 0. 

If we take ^=7r, we return to the series 2(- already discussed in 

Art. 19. 

It is useful to note that these two series, 

2u„oosn0, 2v„smw0, 

cannot converge absolutely, unless is convergent ; and if 
converges, we could apply Art. 18 (2) without making use of Dirich- 
let*B test at all. 

To prove this statement, we note that 

I cos n6\:^Vn COS® nd, I sin wd| ^ sin® nG, 

Further cos* ==ivn(l +co8 2n6), 

and Vn sin® nO = Jf;„(l —cos 2n0). 

'Now, by what we have just proved, cos 2nd is convergent ; 
and BO the series of absolute values cannot converge, unless 
converges. 

* This constant I willj^ either the greatest value of or (if there is no greatest 

value) the greater of | Jim | and 1 1^ |. 
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22 , 23 ] 


Further special oases are given by 

1 ^ >co820+ 

l.y 1.2.y(7 + l) 

and the corresponding series of sines. 

see Ex. 2, Art. 19. 


1.2.3.y(y + l)(y + 2) 

These both converge ify + l>«.+/8; 


23. A curious theorem, to some extent a kind of converse of 
Art. 19, is due to CesAro : 

1/ a series (S±:v„) is convergent^ but not absolutely convergent, and 
if its terms Ure arranged in descending order of magnitude, the value 
of jPn/^n cannot approach any other limit than unity ; where p^ is 
the number of positive terms and the number of negative terms in 
the first n terms of the series. 

Remembering that Pr+i—Pr is either 0 or 1, it is easy to see that 
the sum of the p^ positive terms is 

n-l 

Pl^l+^{l>r+i-pr)Vr+i 

—^ 2 ) +^^a(^2 + . . • ■+2?n-l(Vn-l — ‘*^n) +PnPn^ 

On combining this with a similar formula for the sum of the 
negative terms, we deduce that the sum of the first n terms is 

Suppose now, if possible, that tends to a positive 

limit I ; then, if is any positive number less than I, we can find 
an index m such that {Pn^^n)h ^ h* if ^ = w. 

n-l 

Hence Jr)(»r— Vr+i)+(y«— ?»)®n 

m 

> *1 1 2 »‘(Vr— Vr+i)+««n|> +»'m+l+- • • +«»}• 

But, since the given series is not absolutely convergent, the series 
2vn is divergent; and consequently (%+v,n+i+**-+^n) 9®^ 
made greater than N by taking n greater than (say) w®. Hence, 
no matter how large AT is, a value n^ can be found so that 

TO - 1 

«•> '^(jPr—qr){VT—Vr^.i)+k^> if »> »0 5 
1 

hence ®„ must tend to co with n, contrary to hypothesis. 

It follows similarly that (p„ —?«)/« cannot approach a negative 
limit ; so that if lim(p*— 5 „)/n exists its value must be 0. Now 
n=^p,+g^, and so if Urn (pjqn) exists, its value must be 1. 
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This proof is Bubstautially the same as one given by Bagnera.* 

Bz. The series 1+J -i+}+J.-|+} + | -i+ cannot converge. 

As a verification, we note that the sum of 3m terms is certainly greater 

thar I .l.l.l .i_l . 1 . l.U 4.I4.JL 1 

3'^3 3*^6'^6 6 9 9 9 3w 3» 3» 

BO that the series is divergent. 

24. Transformation of slowly convergent alternating series. 

Let us write t;„— v„+i=Z)v„ 

and f»— 2««+i+t)„+,=I)v„-2>v„+i=i>*v«, etc. 

Then, if »=!, we have 

(1 +0!) (Vo —ViX +«2X* — . . . ) =t>0 +xDVo —X^DVi + . . . , 

and consequently l)’*Vn 3 ?"=T-T — 

0 1 -\-X 

where y^x/(l+x), 

Reoeating this operation, we find 

= • ■ • +y°'''D^~'%} +y^{D^v^—xD’‘vi+. . . }. 

It can be proved t that in all cases when the original series con- 
verges, the remainder term 

tends to zero as p increases to infinity, at least when x is positive. 
The cases of chief interest arise when x=l, and then we have 

(- W+g (Z)<*y,)+ i- (Z)*,;o) + - 

We can write down a simple expression for the remainder, if 
=/(«)> where /(a;) is a function such that f^Xx) has a fixed sign 
for all positive values of x, and steadily decreases in numerical 
value as X increases. 

* Bagnera, BuU. Set, Math. (2), t. 12, p. 227 : Cosiiro, Rom, Ace. Lincei, Rcnd% 
(4). t. 4, p, 133. 

t For the ease a; = 1, see L. D. Ames, AmaUe of MaihemaiicB, series 2, vol. 3, p. 188. 
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For ■D»,=/(n)-/(n4-l)=-j'/'(sc,+n)<ia^. 

and thus D*»„=+ ^ J /'(a^+ai+n)^*,, 
and generally 

J3P»,=(- !)»’ j‘da!i j^da^ ... |/'’(ai+ai+. . . +ai,+»)<^.- 

Thus the series Z^Vo— • " consists of a succession of 
decreasing terms, of alternate signs. Its sum is therefore less than 
2)Pvo in numerical value by Art. 19 ; and consequently 

where |.Bp|< p |i)fVo|- 

This result applies to any series of the type 

1-^-1-^, — ^ + — —..., where r>0. 

Here it is easy to see that is always positive and decreases 
as n increases ; it is a useful test of the accuracy of the work, in 
Arithmetical calculations, to apply the transformation twice, starting 

first say at ~ and secondly at ^ results are substan- 

tially the same we may be satisfied that the work is correct. 

Bz. 1. Take r ; if we work to five decimals we get 
« = 1 - *70711 + *67735 - *60000 + *44721 - 
emd we shall apply the transfonnation to 8\ whose first seven terms appear 
in the table below : 


Dv, DH, DH. ZHr. D^v, 


6'* = *40825 
= -37796 
8”* = -36366 
9* = -33333 


ir* = -30161 
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If we apply the transformation at the beginning of s' we get 
•20413== |( -40825) 

757= |( 3029) 

73= J( 588) 

11=A( 169) 

62 ) 

•21256 


If we start from the second term of s' we get 
•18898= 1 (-37796) 
610= j( 2441) 
62= 4( 419) 

7=*( 107) 

l=T?j( 33) 

•19668 


Now -40825 - -19568 = -21267, so that s' certainly is contained between 
0-21266 and 0-21268. 

But s =0-81746 - s'i so that s =0-6049 to four decimal places. If we used the 
original series, it would need over a hundred million terms to get this result. 
El. 2. Similarly we may sum the series l-J+]\-J+.... 

To 6 decimals, the first 8 terms give 0-634624 and from the next 7 terms 
we get the table : 


9-»=llllll 
10“i = -lOOOOO 

11- 1= 090909 

12- 1 = 083333 

13- 1 .076923 

14- 1 = -071429 

15- 1= 066667 




mil 

9091 

7676 

6410 

5494 

4762 




2020 

1615 

1166 

916 

732 




606 

349 

260 

184 


D^v. 


156 

99 

66 


iX'v. 


67 

33 


Thus the sum from the 9th term onwards is given by 
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(i) •066656= J (111111) 
2778= }( mil) 

262= I { 2020) 
606) 
166 ) 

1 =*( 67 ) 

•058624 


orby{ii) 060000= * (-100000) 
2273 = J ( 9091) 

189 = |( 1616) 

22=*( 349) 

3=^( 99) 


•062487 

mill 

■ 0686 ^ 
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Thus the sum of the series is 0-634524 +0-058624 =0-693148, that is 0-69315 
to five deoimals. 

To reach this degree of accuracy we should have to use over a hundred 
thousand terms of the original series.* 

A number of other numerical examples will be found in the paper by Ames, 
just quoted. 

Ez. 3. A physical application may be found in the theory of Huygens’ 
Zones in Phsnioal Optios.t 

A reference to either of the authorities quoted will shew that we have 
there to sum a series of terms Vq - +Va - ... , for which is very smaL 

and has always the same sign. We have then 

« =2( - 1)X =K + i - Uvi +. . . ). 

Now if is positive we have Dv^ > Dvy^ > Dv^ > ... , and lim Z>u„ -0, 
because the series in the bracket must converge if a does. Then we get 
Jvo <8< \{v^-¥Dv^). 

Similarly if is negative, we have J??® > 5 > J + Dv^), 

Thus the series can be represented by \vq to a very high degree of 

approximation, since Dv^ is very small. 


The transformation described above was first given by Euler, 
and the first proof of its accuracy is due to Poncelet. Kummer 
and Markoff have found other transformations for the same pur- 
pose ; the latter’s method includes Euler’s as a special case. As 
an example of Markoff’s, we may quote 

yl_T/ 1 I 5 1 

' ' (374-2)! L(2«-1)-12w(3»-1)J’ 

13 terms of which give the sum correctly to 20 decimals.^ - 


I’o apply Euler’s method to this example the reader may note that 

The first ten terms of the series in the bracket give -9011165, and if we 
apply Euler’s method to the next six, we get -0004262 for the value of the 

remainder: thus !i^=~(0-901427).=i 1-202067 to six places. 

Similarly 2i = 2( 1 ^ 5 ,+ ...). 


* Of course the actual sum of the series is log 2 = -69314718. (Art. 19, Ex. 1 ; 
and Art. 63.) 

t Schuster's OpHca^ § 46 ; Drude’s Optica, eh. UL § 2 ; Schuster, PhU. Mag* 
(5th series), vol. 31, 1891, p. 85. 

X Comptea Eendua, t. 109, 1889, p, 934 ; Differenzenrechnung (Leipzig, 1896). 
p. 178. Pop other references, consult Pringsheim {Encyklopddie, Bd. I. a. 3, § 37). 
B.I.8. 
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The sum of the first ten terms in the bracket is *8170622, and Euler’s 
method gives *0046048 for the remainder. 

Thus . ^==2(0 -822469) = 1 -644934. See also Art. 106, Exs. 5, 6. 


EXAMPLES. 


1. Prove that the series 

1__L+_L L + ... 

X .r+1 .r+2 .r4-3 

converges for any value of x which makes none of the denom^tors zero ; 
but that both the series 


L+. 

X .x‘+l a- 4-2 .r+3 ^ + 4 x+b 


and 

are divergent. 


1 

X X + 1 


1 

.r+2 


“^.r+.3 


1 

x+A 


1 

a* + 6 


+ ... 


2. Prove that if is convergent, so also is (Art. 21.) 

3. If the sories is convergent and the sequence (3f„) steadily increases 
to 00 with w, then (see Art. 20) 

lim (Uiifi +aaJI/g +... +o„ilf^)/J/^ =0. [Kronecvkr.1 

4 . Prove that the series 

a-a^ + — 4-... 

oscillates, but can be made to converge to either of its two extreme limits 
by inserting brackets. On the other hand the series 

is convergent. 

5. Shew that if a series converges, it is still convergent when any number 
of brackets are inserted, grouping the terms. And shew also that the converse 
is true, if all the terms in the brackets are positive. 

6 . Calculate, correctly to 20 decimals, the sum of the series 

l + 2x + 2a;^ + 2a:»+2j;»8 + ... 

for a: =■ 4 ± How many terms would have to be taken, to calculate 
the sum for a; = ± to 3 decimals ? 

7. Shew that the series Uj - a, + a j - *14 + . . . diverges if — 

or if l/[\/n + ( - 1)"”^] ; although the terms are alternately positive and 
negative and tend to zero as a limit. 

8 . If |ar| > 1, prove that 

L. 4. 4 . 

a;4-l .1^+1 .x-’-f 1 

converge to the sum 
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9. If a and 6, verify that if the series 

ai6i + a«(6, -6i)+aa(&3 -&2) + ... 
oonverges to the sum 8, then the series 

^i(®i ■" ^ 2 ) ^ 4(^2 ” ^ 3 ) "i* ^ 3(^8 “ O 4 ) "i* • • • 

converges to the sum 8 - ah. 

10, Prove that if the series 

+02 + ®*+ • • ■ 

is convergent^ so also is 

• i(0l + O2)+ J(®2 + 03) + 4(®3 + 04) + *-* » 
and their sui&s differ by Is the converse always true ? Provo that the 
converse is certainly true when is positive. 

11. Discuss the series 


.r .r- 


- + -2 + ~1+- 

.. + --^+... 

1 1 .r 

1 . 77 ”“ ^ 

+ - + 

..+ 1^ + 


.V — (\ .r -- r., 


where Cj, C2, Cg, ... is an increasing sequence tending to x . 

12. Verify that 


|:(7r7+r+f^+-+T-"-) 

1 \‘< *n 'n ' 


is absolutely convergent if \c^\ steadily increases to x , and x is not equal to 
any of the values Cj. C2, Ca, .... 

1 

If c„ =71*, where k is fixed, verify that 

1 \,^ ” ^ n 

is absolutely convergent if r is the integral part of k. 

00 1 3 

13. Shew that o «= - 

1 nr - 47tr 

where m is an integer and the accented ^ means that n=m is to be omitted 
from the summation. 

^In fact the sum can be written in the form 

277i{{77i - 1 '^7Jt + 1} (771- 2"^m + 2) "^2771 - i )} 

" “ ^+ 1 ) ( 2 “ 2 m + 2 ) (3 ~ Zto+'s)'*' } 


14. With the same notation as in Ex. }3, shew that 

3 

■4m’ 




if m is even. 

Find an expression for the sum when m is odd. 
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15. Discuss the oonTcrgeuce of the series whose general term is 

(1+1 + ’+ 

and also that of the series with cos nS in place of sin nO- [Art. 22.] 

[Math. Trip., 1899.] 


16, Apply Art. 22 to the series whose sums to n terms are sin {n + 

COB (» + and deduce that 

sin nr$ . cos n 6 , sin . sin 

are convergent if steadily decreases to zero. ^ [Hardy.] 

17. Shew that if tends steadily to zero, in such a way that is not 
convergent, then the series 

cc 

2 (^1 1 + a.2 + . . . + Uji 

taO 

converges if (and only if ) -f ag + . . . + = 0. 


18. If the sequence (»„) is convergent, prove that lim -a^) must 

either oscillate or converge to zero. 


19. If converges, and steadily decreases to 0, ^n(a„ - is con- 
vergent. If, in addition, a„ -'2a„^, +a »42 > 0, prove that 

“«n+i) [Hardy.] 

20. Apply Euler’s transformation to shew that 

1 +2»»- + 3*i'2+4V+5*a-< + ... 

21. Utilise the result of Ex. 3, p. 65, to shew that the sum of the series 

1 . r ^ . 1 ^ 

tends to the limit J as x -> 1. 

r It is easy to see that (if 0 < x < 1), Dv^ is positive and decreases ; thus 

L 1 -| 

the sum lies between Ivp =i and ^{v^ + DVf,) = 2]TTx)‘ J 


22. By taking =log (a +n), shew, as on p. 63, that is negative and 
steadily decreases , deduce that 

log - ^3 log (<? -h 1 ) f - hg (a + 2) . . . -t- ( - 1)*' log (a+p)< 0. 


23. Shew, by Euler’s method, that * 

(i) 22/{ojJi(w)} differs from unity by less than 6 x 10-* j 

(ii) 28 /{(dVi(w)} differs from unity by less than 7 x 10"*. 

Here the summation refers to the roots of J^iu)) =0 arranged in numerical 
order ; and the functions t/i(x) are the Bessel Functions. 


* See T. A. Lumsden, “ A Certain Type of Fourier Bessel Series," Proo. Lond» 
Math. 80 c. (2), vol. 22, 1924, p. 381. 



CHAPTER IV. 


ABSOLUTE CONVERGENCE. 


25. It is a familiar fact that a finite sum has the same value, no 
matter how the terms of the sum are arranged. This property, 
however, is by no means universally true for infinite series ; as an 
illustration, consider the seiies 


which we know is convergent (Art. 19, Ex. 1), and has a positive 
value S greater than Let us arrange the terms of this series so 
that each positive term is followed by two negative terms : the 
series then becomes 


2 4^3 (i 8^5 10 12^ 


Now we have 




+_L. 

2 4^0 8 ^ ^ ^ 4«-2 


j. 

4ra 


2\ 2^3 4^ ^2h-1 2u. 

= |^2n* 

Thus lilll ^3n = 


47t— 2/ in 


and it is easily seen that liin<,„n=lim< 3 „+j=liin<j„, so that 
the sum of the series tia 

Consequently, this derangemerU of the terms in the series alters the 
sum of the series. 

In view of the foregoing example we naturally ask under what 
conditions may we derange the terms of a series without altering its 

89 
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vahie 1 It is to be observed that in the derangement we make a 
one-to-one correspondence between the terms of two series ; so that 
every term in the first series occupies a perfectly definite place in 
the second series, and conversely. Thus, corresponding to any 
number (n) of terms in the first series, we can find a number (n ) 
in the second series, such that the n* terms contain all the n terras 
(and some others) ; and conversely. 

For instance, in the derangement considered above, the first + 2) terms 
of 9 are all contained in the first (Sti + 1) terms of t ; and the first terms 
of i are all contained in the first 4© terms of s. 

Ex. More generally, suppose that a series t' is constructe<l from 6 by taking 
alternately a positive and /i negative terms ; then if p = (a. + ft) v, we see that 
tp' =/(2av) - - Uift^')* 

where f{n) = 1 + i + ?. + -..+ 

It has been proved in Art. 11 that 

f(n) log» . C, 

so that log - i (log (X. + log ft). 

Accordingly we see that T' = J log (iafft), 
while 8 -log 2, corresponding to ft=oi. Thus the alteration in the sum due 
to the derangement is 7’' _ 5 = J log {ml ft). 

It will be noted thar if fx. ~ 1 , ft obtain the series 1 1 and that then the 

above formula gives T — i log 2 — ^S, 

26. A series of positive terms, if convergent, has a sum 
independent of the order of its terms ; but if divergent it 
remains divergent, however its terms are deranged. 

As above, denote the original series by s and the deranged series 
by t ; and suppose first that 5 converges to the sum S. Then we 
can choose n, so that the sum exceeds S— e, however small e 
may be. Now, t contains all the terms of s (and if any term happens 
to be repeated in s, t contains it equally often) ; we can therefore 
find an index p such that tp contains all the terms Thus we 
have found p so that tp exceeds S — €, because all the terms in tp 
are positive or zero. Now ^ contains no terms which are not present 
in s, so that, however great r may be, tr cannot exceed S ; and, 
combining these two conclusions, we get 

S^tr> S—e, if r=p. 

Gousequeiitly the series t converges to the sum S. 
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Secondly, if « is divergent, t cannot converge ; for the foregoing 
argument shews that if t converges, s must also converge. Con- 
sequently t is divergent. 

If we attempt to apply this argument to the two series considered in Art. 25, 

we find that the terms in tp are partly negative. Thus we cannot prove 
that tr > 8 -e; and as a matter of fact we see from Art. 25 that this inequality 
is inaccurate. Similarly, the argument used above fails to prove that 
although tlis happens to be true here if r > 1. 

It is now easy to prove that if a series 2a„ is absolutely con- 
vergent, its sum S is not altered by derangement. 

Since the series is convergent, we can find a value of n 

such that |o„+,|+|rt„+i!|+l®»+ 3 l+--- to oo < c. 

Then suppose that tp contains all of the terms as on p. 70 
above; consequently if the difference consists of a 

certain number of terms taken from s, the order of each term being 
greater than n. Thus, from the last inequality, we see that 
\tr-Sn\<€, if r^jO. 

Now, in virt^ue of the choice of n, 

|/S— Sn!==|«n+l+®n42+®n43 + ---| < 

Hence we have found p such that 

|S— ^rl < 2e, if 

and accordingly the series t is convergent and has S as its sum ; 
that is, the sum is unaltered by the derangement. 

Ex. 1. As an example, consider the series a ; 

This is absolutely convergent by Art. 11 ; and therefore the series remains 
convergent, and has the same sum after any derangement. It is accordingly 
equal to the series t : 

2* O'* 8* 6“ 1(»“ 


where the law of derangement is the same as in the first example of Art. 25. 

To illustrate the general theoiy, we note that hero the first 2n terms in a 
are oontained amongst the first *6n terms in t ; and we find that 

- {(2» +2)‘'^(2n+4)*'*' "• (4nj»} ' 

The sum in brackets { } consists of n terms, each less than l/(2n)* ; hence 
this sum is less than l/(4n), and so tends to zero as n tends to infinity. From 
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the general theory we can predict this proj^rty by using the remainder after 
terms in the convergent series of positive terms, 


2- d- 4- o- t>- 


£z« 2. From our present point of view, we observe that the inequality 
between and 1 - - J - J +... (Art. 26) 

is explained by the fact that these series are not absolutely convergent (Art. 7). 
By way of contrast with Ex. 1, we note that here 

.Now the sum in brackets consists of n terms, each lying between l/(2«) and 
1/(471) ; thus the sum Ues between i and J for any value of w, and so cannot 
tend to zero as n tends to infinity. 


27. Applications of absolute convergence. 

Consicier first the multiplication of two absolutely convergent 
scries B='Ehn- Write the terms of the product so as to 

form a table of double entry 


al).^ 

a,b^ 

/ t "/ t / 

f 

agOi— wigO., 


/ vt; 

^ t 


"A 

/ ‘ ‘ 

t 


»''A 


■ / 


It is easy to prove that AB is the sum of the series 

(1) 0A-h((7A + «2^2+«A)-f , 

where the order of the terms is the same as is indicated by the 
arrows in the table. For the sum to n terms of this series (1) is 

if + •• f ^^2 “f 

Now A' = Z\on\ and = are conveu-gent by hypothesis. 

Thus the series 

(2) aA+a2^i+%&2+ «A+«b^i I ■ • • . 

obtained by removing the brackets from (1), is absolutely con- 
vergent, because the sum of the absolute values of any number of 
terms in (2) cannot exceed A'B\ Accordingly, (2) has the same 
sum AB as the series (1). Since (2) is absolutely convergent, we 
can arrange it in any order (by Art. 26) without changing the sum. 
Thus we may replace (2) by 



APPLICATIONS 


73 


26, 27J 

following the order of the diagonals indicated in the diagram. 
Hence we find, on inserting brackets in (3), 

4jB=Ci+C 2+C3 + . • • + to 00 , 

where 

and . . + 0 ^^, 

For other results on the multiplication of series the reader should 
refer to Arts. 34, 35. 

A second useful application of the theorem of Art. 26 is to justify 
the step of arranging a series in powers of where y is a 

polynomial in x ; say 

It is here sufficient to liave convergent where 

^n=Wnl ^ = /8o + /8i^H- ...- f ^r—\Kl f = k‘h 
and from Art. 10, we see that this requires 

1 

rj<C\y if X“^ = lima,j”. 

The last condition requires that /3o<X, and that f shall be less 
than some fixed value ; and then the necessary derangement will 
certainly not alter the sum of the series. 

In most of the ordinary cases X=l, and y is of the form bx±x ^ ; 
the condition is then 

or 

In particular, if ^^2, it is enough to take ^<^/2 — 1, which 
is certainly satisfied when ^ < f . 

The beginner may be tempted to think that the condition ly| < X would 
bo sufficient ; but this is not correct. For we have to ensure the conver- 
gence of the series when is written out at length, and every term is made 
positive in the expanded form. 

As an illustration of this point, consider the series 1 + S {2x - which 

has the sum [1 -(2a; -a;*)]"^ = (l- *)“*, when |2a;-a;®| < 1. This condition 
is satisfied by any value of x (except 1) lying between 1*^/2 ; and in par- 
ticular by x = J, because 2aj-a;* is then J. But if the series is arranged in 
powers of a;, we get 

1 +2a; I -a;* , 

I +4j,. I _43.. , 

i +8a^ -12a:*!+e*® | -i* I 

+ 16!i«i-32*‘ +24 j:«! -8®’] +*» 

' I 

= 1 +2a; + 3ar*+4a?®+6a;* , 

which diverges if a;=f. 
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Thus the condition |2a;-x*| < 1 ia not sufficient to allow the arrange- 
ment in powers of The condition found in the text above would bo 
|a;| < v'2 - 1 ; and would be obtained from the expansion given at length, 
by making the negative coefficients positive ; this leads to the series 

1 +2|a;|+61arl *+12|a:l»+291a:|*+... 

^in which = 2a„„i + an- 2 ). 

As a matter of fact, the condition lx] < \/2 - 1 is narrower than is neces- 
sary for the truth of the equation 

1 + 2(2a:-a;T + 1)^” 

This equation is true if both series converge ; although the proof does not 
follow from our present line of argument. It may be guessed that, in general, 
the condition found for ^ in the text is unnecessarily narrow ; and this is 
certainly the case in a number of special applications. However, we are not 
here concerned with finding the widest limits for x ; what we wish to shew 
is that the transformation is certainly legitimate when x is properly restricted. 

Til view of Riemann’s theorem (Art. 28) it may seem surprising that the 
condition of absolute convergence gives an unnecessarily small value for 
However, a little consideration will shew that Riemann’s theorem docs not 
imply that any derangement of a non-absolutely convergent series will alter 
its sum ; but that such a series can be made to have any value by means 
of a special derangement, which may easily bo of a far more sweeping 
character than the derangement implied in arranging according to 

powers of x. 

28. Riemann’s Theorem. 

If d series convefgeSf but fiot absolutely ^ its sum cati be made to have 
any arbitrary value by a suitable derangement of the series ; it can 
also be made divergent or oscillatory. 

Let Xp denote the sum of the first p positive terms and ?/„ the 
sum of the first n negative terms ; then we are given that 
lim (Xp -yn) lirn (Xp +yn) ^ 00 , 

where p, n tend to 00 according to some definite relation. Hence 
lim =00, \imyn=^- 

p-^uo 

Suppose now that the sum of the series is to be made equal to o* ; 
since ^ we can choose pi so that Xp^> rr, and so that is 
the smallest index which satisfies this condition. Similarly we can 
find Wi so that yn^> Xp—cr, and again suppose chat n^ is the least 
index consistent with the inequality. 

Then, in the deranged series, we place first a group of pi positive 
terms, second a group of n^ negative terms, keeping the terms in 
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each group in their original order. Thus, if is the sum of t/ terms, 
it is plain that 

< <r, if < pij but Sy> (T, if Pi ~ v < Pi+^v 

We now continue the process, placing third a group of (p%—p^ 
positive terms, where pa is the least index such that Xp^> yn^+<T ; 
and fourth, a group of negative terms, where is the least 

index such that yn^> 

The mefbod of construction can evidently be carried on inde- 
finitely, and it is clear that if pr+nr> J/^Pr+^r-i> Sv—tr is 
positive, but cannot exceed the (pr+Wr-i)th term of the series; 
while if p,+i+ny> j/~pr+w,., c — is positive, but does not 
exceed the (p,.+n,.)th term : for S^—cr changes sign at these terms. 

Thus, since the terms of the series must tend to zero as v increases, 

limS.=(7. 

It is easy to modify the foregoing method so as to get a divergent 
or oscillatory series, by starting from a sequence (o-r) which is either 
divergent or oscillatory and taking pj, n^, ... in turn to be the first 
indices which satisfy the inequalities 

Vn, > - O', , Xp^ > y^^ + 0 - 2 , .Vn, > “' O-g, 

and so on. 

As a matter of fact, however, Riemann’s process is quite out of the question 
with any actual serie.s ; and wc have to adopt an entirely different method 
due to Pringsheim.* 

Ijet f(x) be a positive function, steadily decreasing to zero as x increases ; 
and consider the series - l)"~^/(w), which converges, in virtue of Art. 19. 

Here every positive term is followed by a negative term ; and suppose 
that, in the deranged series, the first r terms contain p positive to n negative 
terms (so that p + n = r). Then the sum of these r terms is 

+ {f{2n + l) f/(2n + 3)+...4/(2p-l)}, 
where the second bracket contains p-n terms, and so lies between 
vf{2n) and yf{2n+2v), if v=p~n. 

Then the alteration in the sum is equal to the limit of this second bracket. 

Suppose first that nf{n) tends steadily to infinity with n, then 
f{2n+2v)lf(2n) lies between 1 and nj(n + v). Thus if we choose v to be 
such a function of n that jini vf{2n) - Z, 

the change in the sum of the series is Z, because then v/n -► 0. 


' Alath. Annalen, Bd. 22, p. 455. 
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We have thus PriDgsheim’s first result : 

If ^f(n) tends sfeadUy to infinity Die value of p requisite for an alteration 
I in the sum of the series is subject to the condition Urn (p -n)f{2n) =2. 

For instance, taking the series we see that (p -n) may be 

the integer nearest* to l'\/{2n ) ; or again with -n may 

be the integer nearest * to 2lnj\og n. 

Next, if lim nf(n) is finite, say equal to g, it follows that, for any positive 
value of 6 , however small, a value n^^ can be found such that 


“ <f{x) < {x > n„). 


Let p be chosen so that ifc=lim (p)/n. 

It is easy to see, by an argument similar to that of Art. 1 1 , that 


^ 4. L -i_ ^ ^ 

2n + l'*'2i+'3'^‘“'*'2p-l L 2i “2 n 2 

Hence the alteration I is contained between the two values 

Thus, since e is arbitrarily small, we must have 

l = \g\ogk. 


log A;. 


Hence, if lim nf(n) =^, and if k is the limit 9 / the ratio of the number of positive 
to the number of negative termSt the alteration I is given by I ~\g log k. 

In particular, since 1 - .1 + J - J +... =log 2 (Art. 10) we see that when 
this series is arranged so that kn positive terms coircspond to n negative 
terms its sum is log 2 -f J log /? = J log 4/*, (Compare Art. 25.) 

To save space, we refer to § V. of Pringsheim’s paper for the discussion of 
the more diifioult case when lim nf(n) = 0 . 


EXAMPLES. 

1 . Criticise the following paradox : 

-1 '+*+••• 

- 2(a +j(+...) 

= 0. 

2. If a transformation similar to that of Ex. I is applied to the series 

shew that (if p < 1 ) we obtain the paradoxical result that the sum of the 
series is negative. But, if p > 1, the result obtained is correct and expresses 
the sum s^ of the given scries in terms of the sum s of the corresponding 
series of positive terms by the formula 

=(i - 

* It is not, of course, essential to take always the nearest integer, in order to 
satisfy the condition. But this is the simplest statement. 
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8, Apply a transformation similar to that of Ex. 1 to the series 

and prove that the resulting series is 

which converges to a sum leas than that of the given series. 

4. If we write /(*) = ! /**, and » = 2/(w)> shew that 
/{l)+/(3)+/(6)+/(V) +/(9)*+... =fa=lw*. 

/(I ) +/(6) +/(7) +/(1 1 ) +/(13) + . . . = = iTT*. 

/(I)r/(2)-/(4)+/(6) +./(7) -/(8)-/(10 )+...=J*=jV*- 
[It is proved later in Art. 71 that « = 

6. Prove that 

l-i-l + i + n4-A+-=l(i-i + !l--). 

the two fieries on the left being found by omitting all multiples of 3 from 
those on the right. 

4. Prove that 1 + — J+... =§ log 2^ 

7, Prove that 2 i* ^ detenninate number, but that 

x-n 



is perfectly definite. Here x is supposed not to be an integer, and the accent 
implies that n =0 is to be omitted. 

Shew thav lim 1 2 | - X = - log k, 

where p and q tend to oo in such a way that lim {q/p) =k, 

8. Find the product of the two series 

3 *® 3*8 3 ^ 

1 + *+^+... and 

9. Shew that if =a^ +«! +a, +... +a„, then 

(2a„a:’»)/(l -x) =(2a„®")(l -f a; +j;* +...) = 

10. Any non-absolutely convergent series may be converted into an 
absolutely convergent series by the insertion of brackets. [See Art. 5.] 

Any oscillating series may be converted into a convergent series by the 
insertion of brackets ; and the brackets may be arranged so that the series 
has a sum equal to any of the limits of 8^, 

11. In order that the value of a non-absolutely convergent series may 
remain unaltered after a certain change in the order of the terms, it is sufficient 
that the product of the displacement of the nth term by the greatest sub- 
sequent term may tend to zero as n increases to oo . 

[Borel, Bidletin des Sci, Math. (2), t. 14, 1890, p. 97.] 
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DOUBLE SERIES. 

29. Suppose an infinite number of terms arranged so as to form 
a network (or lattice) which is bounded on the left and above, 
but extends to infinity to the right and below, as indicated in the 

diagram: ai,i+a,, 2 +«i. 3 +ai,i + -" 

+ «3,l + a3,2 + a3.3 + «3,4+... 

+ Cti,i + «4.2 + «4,3 + ®4,4+-" 

+ 

The first suffix refers to the row, the second suffix to the column 
in which the term stands. 

Suppose next that a rectangle is drawn across the network so as 
to include the first m rows and the first w columns of the array of 
terms ; and denote the sum of the terms contained within this 
rectangle by the symbol If approaches a definite limit s 
as m and n tend to infinity at the same time {but independently), then s 
is oalled the sum of the double series represerUed by the array* 

In more precise form, this statement requires that it shall be 
possible tO' find an index //, corresponding to an arbitrary positive 
number e, such that 

By the last inequality is implied that nt, n are subject to no other 
restriction than the condition of being greater than p. 

This property is also expressed by the equations 

lim or lim 

(w, w) 


* This definition is framed in accordance with the one adopted by Pringsheira 
(JffincAener SUzungsberichte, Bd. 27, 1897, p. 101 ; see particularly pp. 103, 140). 
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But the symbol not sufficient, unless some indication 

is added as to the mode of summation adopted ; for it is often 
convenient to use other methods (see Arts. 30, 31) which may give 
values different from the above. 

Since „ ==5fn, n n n-1 + ®m-l, n-1 > 

•it follows that when converges, we can find /a so that 

l®m,n| provided that both m and n are greater than /a : this 
of course does not imply that will tend to zero necessarily, 
when m and'n tend to oo separately. 

The equations 


lim 


lim 


imply that, given any positive number G, however large, we can 
find //.such that ifm,n>/z; 

and the double series is then said to diverge to oo . We define 
similarly divergence to — oo . 

It is also possible that the double series may oscillate ; and there 
is little difficulty in modifying the method of Art. 5 so as to establish 
the existence of extreme limits'^ for any double sequence («m,n) J 
these may be denoted by 

limvn and lim5^.„. 

The general condition for convergence is simply that the sum of 
the terms between two rectangles m, n and p, q must be numerically 
less than e, if m, n are greater than ju; or in symbols 

<€, if p>m>fi and q>n>fi, 

where of course the value of /a will depend on e. This condition is 
obviously necessary ; and to see that it is sufficient, denote by <t„ 
the value of when m==n (so that the rectangle is replaced by 
a square). Then our condition yields 

k«-»-n|<e, iiq>n>fi. 

Hence approaches a limit s (Art. 3), and so we can find /a^, 
such that ifn>/ 4 i. 

Now the general condition gives also 

I < K a p,q>n> fit, 

*The proof U given in full by Fringsheim, Math. Annalen, Bd. 53, 1900, 
pp. 294-30L 
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and BO, if /ij is the greater of fx^ and /ig, and w> we find 

<^» if i?, g> w. 

Ez. 1. Convetgenui If = + 5=0 and /Ag2/€. 

Ez. 2. Divergence i If «^ ,„=m+n, the condition of divergence is 
satisfied. 

Ez. 8. OsciUation: If = ( extreme limits are -1 

and + 1. 


SO. Repeated series. 

In addition to the mode of summation just defined it is often 
necessary to use the method of repented 8\Jbmmation\ then we 
first form the sum of a row of terms in the diagram, and 

00 oo 

obtain after which we sum 

11^ 1 7H-1 

This process gives a value which we denote by 


CO > 00 . 

s(s«~) 

J» = 1 ^ = 1 / 


or 2 2 

(m)(n) 


this is called t/ie sum hy rows of the double series. 
In like manner we define the repeated sum 


” / \ 

S (S 

n*-l / 


or 2 2 
(«) (»0 


which is called the sum hy columns of the double series. 

Each of these sums may be defined also as a repeated 
limit, thus: 

2 2a^„= lira (lim 8„,,n) or lim s^„, 

(m)(n) m->eo n->ao (nO(^) 

with a similar interpretation for the second repeated sum. 

In dealing with s. finite number of terms it is obvious that 

ms=i Sissl / n = l \»t = l / 

But if a double series has the sum s in the sense of Art. 29, 
it is by no means necessarily true that we can infer 


( 1 ) 


°o / °° \ ” v 

’“S(2 “«••»)" S (s “»»••)’ 

'n«l ' nvl >ni*rl / 


for the single series formed by the rows and columns of the double 
series need not converge at all, hut may osdUate. 
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That the rowB and columns need not converge is shewn by the example 
~( “ 1)’”^”(1 /w + 1/w), for which 8 =0 ; but neither of the single limits 
lim5^,„, lim. 

exists at all. 


Pringsheim has proved, however, that if the rows and columns 
converge, and if the double series is convergent, then the equation (1) 
above is always true. 

In fact \ye have 

|sm,n-s|<e, if»n, 

so that I lim s^^ n“"^l = ^» if m > // ; 

n-y <30 

since, by hypothesis, this single limit exists. 

Hence lim (lim v n) 

m-y<n n O' 

In like manner we can prove the other half of equation (1). 

When the double series is not convergent, the equation 


(2) 

is not necessarily valid whenever the two repeated series are 
convergent. 


There is in fact no reason whatever for assuming that the equation 
lim (lim 5,„.J=lim (lim 


is true whenever the repeated limits exist. 

For instance, with ^ ~ml{m +?i), we find 


lim(lim ,s,,,,„)-0, lim (lim J - 1 . 


From Pringsheim’s theoreir it is clear that the double series 
cannot converge (the rows and .jolumns being supposed convergent) 
unless equation (2) is valid ; but the truth of (2) is no reason for 
assuming the convergence* of the double series. 

For instance, with rnnl{m + n)^, we find 

lim (lira -lim (lim 

«n — ► * ?i — ► pn ,1 — ► 00 tn — ► w 

But yet the double series cannot converge, since if m =2w, = g ; while 

i£m=w, 

For some purposes it is useful to know that equation (2) is true, 
without troubling to consider the general question of convergence 
of the double series. In such cases, conditions may be used which 

p.l.H. F 
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will be found in the Proceedings of the London McUhemalical Society ; * 
the discussion of them 'here woidd go somewhat beyond our limits. 


A further example, due to Arndt, of the possible failure of equation (2) 
may be added : 

If we write 

wefindthat = 


Thus lim (lim V.n)" "i» 

M— ><n n— »■«) 

but lim (lim - + L 

fi — ^ tf) fn — ► 40 

Other examples illustrating the general theory will be found at the end 
of the chapter. (See Exs. 1-6 and 10.) 


31. Double series of positive terms. 

In view of what has been proved in Art. 26, we may anticipate 
that if a series of positive terms converges to the sum s in any way, 
it will have the same sum if summed in any other way which includes 
all ^he terms. For, however many terms are taken, we cannot get 
a larger sum than s, but we can get as near to s as we please, by 
taking a sufficient number of terms. We shall now apply this 
general principle to the most useful special cases. 

(1) It is sufficient to consider squares ordy in testing a double series 
of 'positive terms for convergence. 

Write for brevity s,n,n='^n when m=n \ then plainly cr„ must 
converge to the limit s, if does so. Further, if converges 
to a limit so also will Syn,n- For then we can find p so that er^ 
lies between s and 5 — e ; but if m and n are greater than /x, we have 

^fn+ n = ^m, n = 

so that 5 = Syn^ „ > S —€ 

Hence „ converges to the limit s. 

The reader will find no difficulty in extending the argument to 
cases of divergence. 

(2) If more convenient^ for purposes of summation, we may replace 
the rectangles by any succession of curves f whudi tend to infinity in 
all directions. 


* Bromwich, Froc. Land. Math. Soc., scries 2, voL 1, 1904, p. 176. 

I These “ curves ” may consist, whoUy or in part, of straight lines ; and it is 
supposed that each curve encloses the whole of the preceding our^T. 
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For, plainly, when the rectangles (and therefore the squares) give 
a sum $ we can suppose any particular curve €„ to be contained 
between two of the squares and that the sides of these squares 
are p, q ; thus if 8^ is the sum for the curve we have, as in (1) 
above, 

— ^7 z ^ • 

Further, since is to tend to infinity in all directions, we can 
make p greater than fx by taking n> Wq, say. 

Thus, since <Tp > s—e, because p> jul, 

we have also 5— e if w> Wq, 

and so lim/S,j=:5. 

In like manner, by enclosing a square between two of the curves, 
we can shew that if the curves give a sum s, so also do the squares 
(and therefore the rectangles, too, in virtue of (1) above). 

A particular class of the curves used in (2) is formed by drawing 
diagonals, equally inclined to the horizontal and vertical sides of 
the network as indicated in the right-hand figure. 



Fig. 11. 


The summation by squares is indicated on the left. It should 
be noticed that threse two modes of summation give two methods of 
converting a double series into a single series. 

Thus, by squares, we are summing the series 

and by the diagonals we get 

Of course the equality between these two series is now seen to 
be a consequence of Art. 26 ; but we could not, without further 
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proof, infer theorem (1) from that article since Art. 26 refers only 
to single and not to double series. 

By combining Art. 26 with (1) above, it will be seen that : 

(3) No derangement of the (positive) terms of a double series can 
alter the sum, nor change divergence into convergence. 

It is also important to note that : 

(4) When the terms of the double series are positive, its convergence 

implies the convergence of all the rows and columns, and its sum is 
equal to the sums of the two repeated series. * 

For, when the double series has the sum s, it is clear that Srn,n 
cannot exceed s ; and consequently the sum of any number of terms 
in a single row cannot be greater than s. Also, for any fixed value 

of m, lims^ „ exists and is not greater than s. Now we can find 

(«) 

p so that Sfn,n'> s—€, if m, n are greater than p. Consequently 


Hiuice 


or 


.9r=lim ^ if in > p. 

(>') 

lirn = 

{»>) in) 


a) '/i . 

«/i = l / 


In a similar way, we see that each column converges and that 

tr> / J3 

X(S'v,— . 

As a converse to (4), we have : 

(5) The terms being always positive, if either repeated series is 
convergent, so also is the other and also the double series; and the 
three sums are the same. 

For, suppose that 

liin[liinVnJ = s. 

(w<) (v) 

then flr„ ^ s,„ if n > m, 

and so <r„=liraVn=8. 

(Jl) 

Hence by Art. 2 the sequence converges to a limit o- ; and 
it then follows from (4) above that s=^(r, and that the other repeated 
series has the same sum. 

The reader will find little difficulty in modifying the proofs in 
(4) and (5) so as to cover the case of divergence. 
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(6) It is convenient to point out here that the proofs given in 
(4), (5) can be generalised at once to deal with a variety of double- 
limit problems in which the variables are no longer restricted to be 
integers (as in the case of double series). 

To formulate the method more precisely, suppose that the variables 
are denoted by p, v (in place of m, n) and that the function is denoted 
by s{juLtv) — corresponding to then we assume in the first 

place that^s(pt v) steadily increases with both variables. It is also 
convenient* to define a function of a single variable cr{fi) by writing 
= where v is expressed in terms of p by any convenient 

relation,* such as i///u=const. or const. 

Then ar{p) takes the place of cr^ in the case of the double series ; 
and it is proved as in (1), (2) above that if has a definite limit 
X for any particular functional relation between /x, i/, then the 
double limit lim s(p, v) exists and is equal to X ; and also that X is 

independent of the functional relation between //, v. 

We can then state the two double-limit theorems : 


(a) Under the above restriction on s{p, v) the existence of the double 

limit . . . 

Imi s{p, »/) = X 

Cm.!') 

implies the existence of the two repeated limits 


lim /lim s(/x, i/)\ , lim / lim s{py j/)\ , 

(m) C*') / (*') \ (/i) ^ 

and these limits are equal to X. 

This is proved exactly as in (4) ; and we deduce 
(^) Under the same restriction on s{p, v) the existence of either 
repeated limit implies the existence of the other repealed limits and of 
the double limit ; and these three limits are equal. 

Again the proof is exactly the same as in (5). 


32. Tests for convergence of a double series of positive 
terms. 

If we compare Art. 8 with (1) of the last article, we see that : 

(1) If the (positive) terms of a double series are less than those of 
another double series which is known to converge, the former converges. 
Similarly for divergence, with “ greater in place of “ less.*' 


* It is suppcised tliat v steadily increases with u. 
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The must important t3'pe of convergent series * is given by 
whcTc is a convergent single series ; to see 

that this double series is convergent, we note that the sum (t„ con- 
tained in a square of side n is equal to 

(C\-i+CrM- ... 

and therefore has a limit. Consequently the double series con- 
verges, by (1) of the last article. 

Another useful form * is given by 

or {pDp)-\ 

where p=m+n ; if is convergent the double series converges, 

while ^ diverges if 2Djr^ is divergent. To establish these 

results, take the sum by diagonals, as in (2) of the last article. We 
obtain in this way the single series 

+ ... < 

or -| ... > l2J)jr\ 

from which the theorem becomes evident. 


£z. 1. I’m ' converges if «. > 1, ^ > 1. 

Ex. 2. ^ (m + w) “ « converges if a. > 2 and diverges if a ^ 

Ex. 3. If a, c are positive, (and (xc > 6*, in case h < 0), the series 
(a/ft* + 2bm7t + c/t*) “ ^ 

converges if A. > 1 and diverges if A = 1 ; for we have 

A{m -vny > am* +26mn +cft* > 2(6 +y'ac)m7i. 
where A is the greatest of a, c, and |&|. 

Thus the conditions of convergence or divergence follow from Exs. 1 and 2. 
See also Ex. 4 below. 

The reader will have no difficulty in seeing that the following 
generalisation of Maclaurin's test (Art. 11) is correct : 

(2) If the function f (x, y) is positive and steadily decreases to zero 
as X and y increase to infinity, then the dmible series 2f(m, n) con 
verges or diverges with the double integral 

j I f{^',y)dxdy. 


* Priiigsheim, Munchener Siizung fiber klite, Bd. 27, pp. 140-150. 
t That is, we suppose /(^ 77 ) =7(ar, ?/), 

f ™ a; and 97 ^ y. 


if 
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However, nearly all cases of interest which come under the test 
(2) can be as easily tested by the following method, which depends 
only on a single integral : 

(3) If the positive function f{x^ y) has a lower limit g(^) and an 
upper limit G{^) when y —x and x varies from 0 to and if 

steadily to zero as ^ oo , then the double series 22/(wi, n) 

converges if the integral | 0{()^d^ converges ; but the series diveraes 

9 (i)idi diverges* 

For then the sum of the terms on the diagonal a;+y=n lies 
between (n— l)y(n) and (n— l)G(w); thus the series converges 



with 2(n— that is, with the 


integral | 


but 


the series diverges with S(w— l)y{n), that is, with the integral 


Ex. 4. A particular case of (3) which has some interest is given bj thb 
double series f(am* + 2bmn+cn^), where /(x) is a function which steadily 
decreases as its argument increases, and aw*4 26mn+cn* is subject to the 
same conditions as in Ex. 3 above. 

If A is the greatest of a, |&|, c, it is evident that 

ox* +26x(^ -x) +c(^ -x)* 

is less than A[x* +2x(^ ~x) +(^ -x)*] When b is positive, we see in 

the same way that if B is the least of o, &, c, the expiession is greater than 
And if b is negative, we can put the expression in the form 

[{{a + c - 26)x + (6 - c)^}* + (oc - 6*)f *]/(a + c - 26) 
and this is greater than R^*, if B =(oc -6*)/(a +c -26), 

Hence g{$)=AA$*) and G(^)=/(Hf). 

rto rm 

Thus the series converges if / f(B^^)^d^ converges; that is, if / f(x)dx 

is convergent. Similarly the series is seen to diverge when 
divergent. 

This result confirms Ex. 3 above ; and it shews also that when 
f(x)=e'-* or l/x(logx)Ha, (a > 0) 
the soiies converges ; on the other hand, the series diverges if 

/(x)=:l/xlogx. 


j f(x)dx is 


* The use of a single integral for testing multiple series scorns to be due to Riemann 
ifffs. Werke, 1876, p. 452) ; an alternative investigation is given by Hurwitz {Math. 
Annalmt Bd. 44, p. 83). The above form seems to be novel. 
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33. Absolutely convergent double series. 

Just as in the theory of single series, we call the series 
absolutely convergent if is convergent. 

The method used in Art. 26 can be applied at once to shew that 
the results proved in Art. 31 for double scries of positive terms are 
still true for any absolutely convergent double series.* 

In fact, to prove (1) we need only remark that if m, n are both 
greater than //, the difference is in general less than 

the corresponding difference, when all the terms are mscde positive ; 
and it is proved in Art. 31 that this difference can be made less 
than € by proper choice of //. Similarly, in dealing with (2), we 
remark that is less than the difference between the sums 

for the squares p, q when all the terms are made positive ; and this 
difference can be made less than e by proper choice of p. 

No fresh proof is necessary for (3) ; but in dealing with (4), we 

note that the existence of lim „ follows from the principle of 

(«) ’ 

absolute convergence (as applied to a single series), and the exist- 
ence of the double sum s follows from (1). Then the difference 

|5“lim 

00 i-' 

is less than the sum of all terms of the positive series for which the 
first suffix exceeds m ; and this sum can be made less than e, if 

m> /X. 

The discussion in (5) is modified on exactly similar lines. But 
a complete formulation of the discussion of the general double 
limits in (6) is more troublesome ; and it is better to consider each 
type of problem separately. 

That these results are not necessarily true for non -absolutely convergent 
series may be seen by taking two simple examples : 

(1) Consider first 1 f 1 +1 + 1 + . . . 

+ 1 -1 ^1 -1 - ... 

+ 1 -1 -i-O+O-i- ... 

+ 1 _1 40+0+ ... 

+ 

where all the terms arc 0 except in the first two rows and columns. 

* In this connexion the reader who has advanced beyond the elements of the 
subject should ooneult a paper by Haniy {Proc. Loud. Math. Soc. (2), vol. 1, 
1003, p. 285). 
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Here if m, n > 1, so that the series has the sum 2, acoording to 

Pringsheim's definition. But if we convert the double series into a single 
series by summing the diagonals (as in (2), Art. 31), we get 

1+2 + 1+04-0+. .,--4. 

Obviously, too, the convergence of this series does not imply the con- 
vergence of the first two rows and columns (compare (4) Art. 31 ). 

(2) Consider next the double series suggested by CesJiro : 

2 4 4 8 8 16 16 ■■■ 

+ 1-®+- 4-'^ 4.i:’ _ 

2^“ 4“ ■^4'* “8“ ■*‘8* 16“ '^16“ ••• 

i 7“ 15“ 

+ 23"43+43 83+g3 itj3‘^](j3 

1__3“ 3“ 7“ 7“ 1^“ 15“ 

+ 2* 4^■'■4‘ 8*'*‘8‘"l6‘'''i6*“ ■■■ 


Here the sums of the rows in order are 

^ i 1 i 
2 ’ 2 ®’ 2 ®’ 2 ^’ ’ 

and so the sum of all the rows is 1. 

But the sums of the columns are 

+ 1 , - 1 , + 1 , - 1 , + 1 , - 1 , +1 

proving that (/>) of Art. 31 does not apply. 

The second result is specially striking because each row con- 
verges absolutely (the terms being less than -J +tH‘ J + "h • ••)» 
and secondly, the series formed by tlie sums of the rows is 

which also converges absolutely. 

But the justification for applying (5) of Art. 31 is that the 
double series still converges when all the terms are made positive, 
which is not the case liere ; since the sum of the first n columns 
then becomes equal to n. 

The fact that the sum of a non-absolutely convergent double series 
may have different values according to the mode of summation 
has led Jordan''' to frame a definition which admits only absolute 
convergence. Such restriction seems, however, unnecessary, pro- 

* Gtmr 9 d^Andlyae, t. 1, p. 302 ; compare Gouisat'e Analysis (tranalation by 
Hedrick), vol. 1, p. 357. 
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vided that, wheu a non-absolutely convergent series is used, we 
do not attempt to employ theorems (1) to (6) of Art. 31 without 
special justification. 

For example in Lord Kelvin’s discussion of the force between two 
electrified spheres in contact, the repeated series 

y r “ 

is used.* This series has the sum J(log2 and it has the same value if 
we sum first with respect to w. However, Pringsheim’s sum does not exist 
but oscillates between limits t J(log 2 - g) and J (log 2 + J ) ; while the diagonal 
series oscillates between - oo and + oo . 


34 . A special example of deranging a double series is given by 
the ride for multiplying single series given in Art. 27 above. 

Suppose we take the two single series B— and 

construct from them the double series 

It is clear that P converges in Pringsheim's sense, provider^ that 
Ai B converge ; for we have 

n=(^+^+ • • • +®n»)(^^l+i^2+ • • • +^n)> 
so that lim s^^ „ =^AB, 

w, n «J 

But for practical work in analysis it is generally necessary to 
convert the double series P into a single series ; the one usually 
chosen being the sum by diagonals (see (2) Art. 31). This single 
series is 2c„, where 

+ • • • +^nOv 

It follows at once from Art. 33 that : If the two series 2a,,, 26n 
are absolutely convergent, their product is equal to 2c„, which is also 
absolutely convergent. 

For under these circumstances the double series is clearly 
absolutely convergent, because 2|a,„|.|i)„| converges to the sum 

m,n 

2|a„,|) .(2|6„|); and 2|c„| converges because the sum of any 
number of terms from 2|c„| cannot exceed the product 

(2|aJ).(2|6J). 

* Kelvin, ReprirU of Papera on ElecirostcUics and Magndiam, § 140. 
t Bromwich and Hardy, Proc. Land. Math. Soc., series 2, vol 2, 1904, p. 161 
(see § 9). 
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If, however, one or both of A, B should not converge absolutely, 
we have Abors theorem : Provided that the series converges, its 
sum is equal to the ^product AB.^ For then, if we write 

we find C,,^ci+c^+ . .. +Cn=:^aiBn+a^Bn^i+ +a^Bj,, 

Hence 0i+t?2+*‘’+^n=^l^n+^2®n-l+**- 
or l(0^+C,+ ...-\-C„)^l{A,B„+A^„.,-{ ...+A^,) 

Now (App. I. Art. 149), when Urn C„=(7, we have also 

^(C^i+C^2+*-*+C^n)=^^^ ; 

and again (App. I. Art. 150.) 

lim +4„5j) =AB. 

Hence 0=AB. 

It should be observed that the series Sc„ cannot diverge {if 2a„ 
and 26„ are convergent), although it may oscillate. For, if is 
divergent, we should have liin , and therefore also 

lii3i ((7 i+G 2+* • • +C^n) » 
n 

by Art, 149 ; whereas this limit must be equal to AB. If 2c^ 

oscillates, it is clear from the article quoted that AB lies between 

the extreme limits of Zc„ ; that in some cases 2c„ does oscillate 

(and that its extreme limits may be — x and +x ) is evident from 

Ex. 3 below ; but in all cases the oscillation is of such a character f 

that 1 

lim^jC,+C,+ ..+C\)==AB 

Ex. 1. Undoubtedly the cases of chief interest arise in the multiplication 
of power series. Thus, if the two series 

(iQ+aiZ+a^x^ 

are both absolutely convergent for |a;| < r (see Art. 60), their product is 
given by %-\-CiX+CtX ^-\^.., , 

♦ Pringsheim has proved, by a similar method, that if a double series is conver- 
gent, its sum is equal to the sum of the diagonal series, when the latter converges, 
provided that every row converges and also every column. 

t Ces^ (to whom this result is due) calls such series simply indeterminate ; the 
degree of indeterminacy being measured by the number of means which have to 
be taken before a definite value is obtAinod. 
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which is also absolutely conveiigent for |^| < r ; Avhero we have wTitten 
c* — (iJ)q , c„ = aj)^ + 

the not^iion being changed slightly from that used in the text. 


Ex. 2. If we apply the rule to square the aeries 
,111 
* ”2 "^3 "4 '*■•••• 

we have no reason (so far) to anticipate a convergent series ; but we find 
the series , /I 1\ /I 1 1\ 

in which the general term is ( where 

1 1 1 1 
■“ 1 3(71-2) w.T’ 

so that (» + l)«„^(l +1) +g+^) 4 (Ul) 

-2 ^1 + 4 -... 2(logn 4 C) by Art. 11. 

Hence 0. 

Also (li 4- ] ) = 2/71. 

Thus we get " ^n) —^n~ 

Accordingly {w^) is a decreasing sequence and tends to zero as a limit. 
Thus 2( - is convergent (Art. 19), and therefore, by Abel’s theorem, 

1 /, 1 1 1 1 1/, 1\ J /, 1 1\ 1/, 1 1 1\ 

2(’ 2'^3 “2 3V ■^2)'^4V 6i''^2'^3 J 

Of course this agrees with condition (iii) of Pringsboim’s general theorem 
(Art. 35 below). 


Ez. 3. But if we square the more general series 

we obtain 2( - 1 )”’"*m^„, where 

M>„=(1 .n)-'^4-[2(n-l)] ^+... +(n. 1)“^ 

Now r(n 4 * 1 -r) < 71% if0<r<n4-l, 

so that rr(n 4* 1 -7*)]“^ > nr'^p 

and 

Consequently ij p^i, the aeries 2)( - 1 osciUaiory and the rule for 

midiiplicaiion fails, in agreement with condition (iv) of Pringsheim’s theorem 
(Art. 35). But if p > condition (iii) shews that the lule is correct. 

85. Mertens has proved that the aeries will converge to the sum AB, 
provided that one of the series 'Ea^, is absolutely convergerU. 

Suppose that is absolutely convergent ; and write a^ = |a^|, so that 
is convergent. 
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Aa in Art. 34 we find that 


Thus 

where 


- Oi-Bn + • • • + » 

A„J5 = K+a*+... +an)B, 

- (^n =«/n +«2V 1 + • • • +«,/l » 




I +^«42 +'•• ^ 00 » 


SO that r„ is the remainder after ti terms in B. 

Let m denote Jw or J(» + 1), according as n is even or odd ; and divide 
the last expression into two, thus : 

A„B-C„={a^r^ +... + 

In the first line of (w), the suffix o£ every r is not less than m, because 
w + 1 ^ 2m ; thus, in each of these terms we can write 

where //^ is the upper limit of the sequence 

\^m\* km4ll» km+2l» oo . 

Similarlj^ in the second line of (ai), we can write 

It now follows that 


\A^B-~C^\ < (<Xi 4-0L8 + ... +«.^)^,n +(«-Tn+l +«.^+2 + -*- M 

In this inequality we can allow m to tend to oo ; and then 0 because 
the remainders , ^m+ 2 * • • • a-H tend to zero. Further (oL| + olj + . . . -^ a.^), 

being less than remains finite; and so (a.i+a8+... +ol^)H^-^0. 

\ 

Again +«*m +2 + • • ■ +«-«)) being less than the remainder after rn terms 
in ScjL„, tends to zero as m tends to « . 

Thus, finally, both terms in (to ) must tend to zero ; or 

A^B - 0, as n -► 00 . 

But A^-^A; and so we have 

C^-^AB, 

which establishes the theorem as originally stated. 

It must not, however, be supposed that the condition of Mertens is 
necessary for the convergence of ; in fact Pringsheim has established a 
large number of results on the multiplication of two series, neither of which 
converges absolutely. The simplest of these (including most cases of interest) 
is as follows.* 


* The following proof is based upon one published by Mr. Hardy {Froo. Lond. 
Math, 8oc., vol. 6, 1908, p. 410) ; it is considerably easier than the proof given in 
the first edition of this book, which was itself a simplified version of Pringsheim's 
method. 
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Ifu^t v„ are positive and tend steadily to zero, we have the following altemalive 
sets of conditions for the multiplication of the series 

by ihe rtde of Art. M : 

(i) it is necessary and sufficient that 

Wn = “i^n + “A-I + • • • + Vi - >• 0 : 

(ii) it is necessary and sufficient that 

9 and 0, 

where =Wi -l-Wa +... F„ = i’i +... +v„ ; . " 

(iii) it is sufficient {but not necessary) that '2,u^v^ should he convergent ; 

(iv) it is necessary (hut not sufficient) that nu^^-^ 0. 

To prove (i) we use the formula for A^B~0^ given above ; in the present 

ai=Mi, ... ... 

\rn\ ==^n+l -»W2+^’nh3 -••• . 

SO that (Art. 19) 

Consequently, we have 

-C'„| U,V„ +... = 

Thus the condition 0 gives AB ; and since = ( " 1 the 

condition u;„ -> 0 is necessary to ensure convergence of the series !i)r„ ; thus 
(i) is proved. 

Again, since (v,J is a decreasing sequence, we have 

W„> («l+“l+-- = 

and similarly 

Also Wn<{Ui-\-Ui+... -^Up)v^-\-[Vi+V 2 +... 

where p, q are any two integers, duch that p +g'=n, because 


< v«. 


< V,,, 


and similarly < . . . < u^,^i<u^. 

Hence w^< UpV^+V^u^, when n-2p, 

or < UpVp^i + Vp^iUp, n = 2p -f 1. 

It is now clear that if -v 0, and must also tend to zero, and 
conversely ; thus (ii) is proved. 

If, as in (iii), is convergent, we can find m so that 

Vm +MnH-l*’m+l +••• + Vn < » > “• 

Consequently, since (v„) is a decreasing sequence, we have 




fl»+i ■ 


“'7M+2 


+... +«„)»„ 


or < t, if n > m. 

We can now find a value such that 

^m'>n < «- if » > 

< 2e, if » > n,. 


and M> 
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Consequently -> 0 ; and similarly -> 0. Thus, by applying (ii), 
the condition (iii) t> sufficient. 

Finally, we have ^ S 

so that 2 J condition nu^v^ 0 is necessary to make 0. 

Hence (iv) is proved. 

Other results arc due to Voss and Cajori, in addition to those found by 
Pringsheim. For references, see § 34 of Pringsheim’s article in the Encyldo- 
padie^ Bd. I. ; two other papers will be found in the Trans. Amer. Math. 
Society y vol. 2, 1901, pp. 25 and 404. Reference should also be made to the 
paper by Hai^y quoted on p. 93, and to A. F. Jolliffe’s results given in 
Exs. 18, 19 at the end of this chapter. 

36. Substitution of a power*series in another power-series. 

This operation gives another example of deranging a double 
series. Consider the series 2 =/(y)=ao+ajt/-|-a^*+... and 
y=6o+^i®+6yC*+... ; if convergent at all, they converge 
absolutely for \y\ <s, |x| <r, say (see Ait. 50). The question 
then arises whether the result of substituting the second series in 
the first and arranging in powers of x is ever convergent, and if so, 
for what values of x. It appears from Ex. 1, Art. 34, that the 
powers of y can be calculated by using the rule for the multiplication 
of series, and then z is equal to the sum hy rows of the double series 


ap 




+ai?;o 

+ aj)^x 


+ ... 

+ a2V 

+ 2a^bJbjX 


-f ... 

+ a3V 
+ 

+ 3a3fco^?;j£r 

+ 3«3(6o6j* + V^2)a:‘‘' 

+ ... 




If this double series is arranged according to powers of a?, we are 
summing it by columns ; these two sums are certainly equal if the 
double series still converges, after every term is made positive 
(Art, 31 (5) and Art. 33). 

Write k,|=«.„, |6„|=j8„, |*|=f, 

and then the new series is not greater than 


Oo 




+ 0 - 1^0 

+ Oi^lf 


+ -.. 

+ai!^o* 

+ 2(Xjj/8o8if 


+ ... ^ 

+09/80* 
+ 

+3a3^Q*j8j^ j 

+ 304(^081“ + 8o*8*) 

+ ... 
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Now this series, summed by rows, gives 

which converges, provided that < s. 

Take now any positive number less than r, say p, then the series 
is convergent, and consequently the terms ha,ve a 

finite upper limit M, Thus our condition is satisfied if 

i8o+SM(^/p)-<., 

or if /3o+M^/(p-^) <5. 

Hence if fiQ<s, and ^ < (5— /8o)p/(^+^""i®o)j series (2) of 

positive terms will converge. Consequently the derangement of 
the series (1) will not alter its sum. Thus the transformation is 
permissible if the two conditions 

(i) |6o| <5, (ii) \x\ <(5H6oI)p/(^+^-|^oI) 
are satisfied {where p <r, \b„\p^<M). In particular ^ if bQ=0, 
the conditions may he replaced by the one 

\x\ <psl(M+s). 

If the series z=:'Ea^^ converges for all values of y, it is evident that 
the condition |a:| <r is sufficient to justify the derangement. 

The case 6 q= 0 is of special interest in practice ; and then the 
coefficient of in the final series is not itself an infinite series, but 
terminates ; a few of the coefficients are 

and generally, if n > 2, c„ will contain the terms 
"h2^l2&lfen_l + 

Ez. Tako 

+•••). 

then the transformation is allowable, provided that |a;| < 1, since z con- 
verges for all values of y, and r = l. The result is obviously of the form 
1 +2c„a:", where is a poljmomial in p, such that the term of highest degree 
is p"/n!. 

Assuming that z=t^ and y =// log(l + a;) (see Arts. 58, 62), we see that 
z-(l +2*)^ Thus c„ will vanish for p=0, 1, 2, , n -1, because in these 
cases the series terminates before reaching 

Hence, in general, " 1 ) (/t - 2) . . . (p - w - 1 - 1 ), 

and so we obtain the binomial series (Arts* 61 and 96). 
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37. Non-absolutely convergent double series. 

Almost the only general type of each series has been given by Hardy ; * 
it corresponds to the type of series discussed in Arts. 21, 22. The theorem 
is the extension of Diriohlet*s test, and runs : 


If in a dovbU aeries the sum s^^^ is numerically has than a constant 

G for all values of m, n, the double series converges, 'provided that 

(he expressions 

*'m,n - V„i,n ^m.n '~^in+l,n “*^r».n+l 

are all positive and that v^^^ tends to uro as either m or n tends to ao . 

In fact, just as in the proof of AbeFs lemma (Art. 20), we can shew that 
under the given conditions for we have 
M N 

ISS^m.n^fn.nl {M > /i. N > v), 

M V 

where H is an upper limit to 

( V 

(( = /<; fi + l. — , 

ft V 

But 1. --1' 

f* •' 

80 that if either /x or v is 1 , H < 2(7, and otherwise H ^ 46\ 

MN ^ Mv-l MN 

Now 22-2 2-2 2+2 2+22. 

1111 

80 that 1(2 2 -2^ 2)®m,n»ii..»i < 2C(f,,, + +2i>^, ,) < 4C(wi_ , + j), 


which can be made as small as we please by proper choice of fi, v, because 
I'l,,. and both tend to 0 ; and so the double series '^m,n'^m,n uooyerges. 
An example is given by the series 

a^.„=co8(w6^+n<;»), v^,„ = (7na. +n^)-^ 


where ol, /?, 
For then 

and 


p are positive. 

I»m. n I < 4 1 ooeeo 1$ ooseo }</>) 

p+> pa.dx ^ „ 


n ^wM-l.n " ^tn, n+l 

while lim „ -=0. 


+ ^fii+l.fH-l 



p{p + l)cLl3dy ^ ^ 
(oLK+iSy)^* * 


* Proc. Land. Math. 8oc., series 2, vol 1, 1903, p. 124 ; vol. 2, 1904, p. 190. 
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EXAMPLES. 

1. As examples of dovblc sequences we take the following : 

(M double and repeated limits exist and are all 

equal to 0. 

(2) J 1^® double limit is again 0, but the 
single and repeated limits do not exist, although we have 

^ (.'i5L*in,n'\=0= 1™ ( *m.n)- 

n»_+x\n— ►» / w-.^ac\m-^» / 

(3) +n^f ; here the double and repeated limits ai*e again 
alio. 

(4) =^/{w + ^) > Ji®re the double limit does not exist, but we have 

0<««i.n<l. Mid lima„„ = l, 

because, however large ft may be, we can find values of m, n greater than 
/A, such that €; and other values of m, n for which > 1 - €. 

But the repeated limits exist and are such that 



Similar features present themselves in the sequences 

and = +(w -w)*] 

(6) If + n<^), we have 

Mm /lim V „) =0=lim (lim i 

(♦m) ' (n) / (w) \ (m) / 

butyet lim5^.„=-a), iimVn=+<»l 

as may be seen by taking m = nK Here it should be noticed that the limit 
of the single sequence given by putting m=n exists and is equal to 0; 
although the double limit does not exist. [Pkiivosheim.] 

2, The double series given by 

(ao + ^o)+ (Uj -ft*)+a,+a8+a4+... 

( -a* + 6i) +( -hi) -o, “O, -a4 

hj “■ 62 ■+0 + 0+ 0+ .,. 

hj — bg +0 + 0+ 0+.., 

gives the sum 0 in Pringsheim’s sense, whatever may be the values of a„, b„. 
But the sum by rows is only convergent if converges ; and the sum by 
columns converges only if is convergent. The sum by diagonals is 
lim (n„ +b„), if this limit exists ; and is otherwise oscillatory. 
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3. Tn the double series 1 + 2 +4-(‘8 +... 


every column oonveiges to 0. but every row diverges. Of course Pringsbeim’s 
sum cannot exist ; and the sum by diagonals is divergent. 

4. The series given by 0 +1 +0+0 + 0 +... 

- 1+0 + 1 + 0 + 0 +.. . 

0 - 1+0 + 1 + 0 +... 

0 + 0 - 1+0 + 1 +... 

0 + 0 + 0 - 1+0 + ... 


has the sum 1 by rows ; - 1 by columns ; 0 by diagonals ; and naturally 
the double series cannot converge in Pringsheim's sense. In fact, ^ is 0 
iim^n, and is - 1 if m > to, or + 1 if toi < n. 

5. The series given by -2+1+0+0+0+... 

+ 1 -2 + 1+0 + 0 + ... 

0 + 1 -2 +1 +0 +... 

0+0 + 1 — 2+1 +... 

O+O+O + l -2+... 


has the sum - 1 both by rows and columns ; and the diagonal sum oscillates 
between -2 and 0. There is no sum in Pringsheim's sense, because 5^,^ 
is - 2 if m =n, and is otherwise - 1. 

6. The double series 2+0-1+0 + 0+0+... 

0 + 2 + 0 - 1 + 0+0 + ... 

— 1 + 0 + 2+0 — 1 +0 + ... 

0-1+0+2+0-1+... 

0+0 — 1 +0 + 2 + 0 + .,. 

0+0 + 0 — 1 + 0 + 2 +.. . 


has the sum by rows 1 +1 +0+0+... =2, and the same sum by columns; 
the sum by diagonals is 2 +0 +0 +0 +... =2. Thus these three sums are the 
same, but the series does not converge in FringsheinC s serose, since ^2. 

7. Prove that the multiplication rule for ^ established 

by summing the double series 

ajb^ + ajb^x + ajb^* + . . . 

+Oi6^+Oi6jX®+... 

+a,6^*+,.. 

+ ... 


first by rows and secondly by columns. 
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8 . Discuss the following paradox : 

If we sum the double series of positive terms 

_L+_L+_L+J-+... 

1.22.33.44.5 


+ 


I 

2.3 


4 


J 

3.4 


4 


1 

4.6 


4... 


4 


1 

3.4 



4... 



i-... 


first by rows and secondly by columns, we obtain f 1 


~.s or 1 —0, when* 

[J. BEKNOUUil.] 


9 . If is positive and such that the scries is convergent, ]>rove that 
the double series + is convergent. [Hilbert.] * 

[Consider the terms given by the square m~iL, 7i-/x ; on account of the 
symmetry (with respect to m and n), we consider first only the terms on the 
right of the diagonal m-n. Including the terms on the diagonal, we obtain 

i «ti ■! i (to + ») } < i «„&„ 

(is-l v.,jt = l / n = l 

*n=(®l+Oa+... +"«)/«• 

< 2 2 >l„h„ < £ o„“ + ^ i'„-, 

/»-! 71-1 

where rr^ is used in the sense of Art. 29. 

Thus convergence follows from Art. 31 (1) and Ex. 17, Ch. II.] 


if 

Thus, 


10 . If the double series ^ is convergent in Pringshcim’s sense, it 

does not follow (in contrast to the case of single series) that a constant C 
can bo found such that „| < C for all values of m, n; this is seen by 
considering the series of Ex. 2, and supposing to be divergent. 

In like manner we cannot infer < 0 from the convergence of the 

sum by columns or hy rows (see for instance Ex. 3). 


11 . The double series in which does ivol converge 

absolutely ; but yet its sums by rows, columns and diagonals are equal to 
one another and to Pringsheim's sum. The common value is, in fact, (log 2)^. 

Exactly similar results apply to the series in which «„»,„=( ~ 
where the sequences (u^)t (v„) steadily decrease to zero. 


•Hilbert’s <iwu proof is given by Weyl [Sinynlnre liU^yralyleichunyent Dis- 
sertation, Gottingen, 1908, p. 83) ; a somewhat simpler proof was given by 
Wiener {Math. Anna/en, vol. 08). The connexion with Ex. 17, Ch. II., was 
suggested by Hardy (1919). 
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12. Oonnider tlio double series in wliieli 

“m.» ^ 1 /(»»“ - ('» »») 

and «m,n= 0 - [m=n) 

Here we find 

,r, , 7 ,=^ fHARDY.] 

13. Provo that i v 

ui^~v 7i=-p{x + 7n)*{x-\ u)* 

tends to zero when v tends to oo , provided that all terms for which m—n 
are omitted from the summation. [Math. Trip. 1895.J 

xt „ _»«-«• (m-ln-l)! , „ ^ 


''»K. n 2 ^+*^ 


(m, n > 0 ) 


and 0 — ®o./i ~ — 

then i( i‘'™.n)=+l- 

16. If +w)®, we hav^e 

/ <»znV»M -0 / 

but the sum by diagonals oscillates between - oo and oo ; and Iprtngsheim's 
sum oscillates between I - and I ^ . 

[For the details of Exs. 2 , lO, 14, 15, see Bromwich and Hardy, Prot. 
Land. Math. Soc. (2), vol. 2, 1904, p, 175.] 

16. Prove that the product of the two scries 

. X , X x^ x^ 

^J*^( 2!)2 (;{!)“ » r-* ( 2 !)a ( 11 !)'* 

is equal to 1 +( 2 ;)t 4 ! '(ST^ 61 ' 

17. Tf fix,q)~l+q{x + ‘\lx)+q*{x* + l/x*)+g'\x^ + llx*) i^... 

“ 2 

^ 2 ) 5 ” where \q\ < 1 , 


g {x, q) = q^x" ^f{x/q, g) = Z g' V, v = w - J, 


then f{xyy q) ./{x/y, q) =/(a;», q^) .f(y\ q*) +9^(3;*, <7“) • f 7 (.V®» 7 *). 

g{xy, q) . g(xiy, q) -f{x\ q^) . g{y\ q^) +/(f/*, q^) . (j{x^y 7 *). 

18. In Pringsheim’s theorem of Art. 36, suppose that 
tt„ = l/c/)(n), v„-=l/f(n), 

where the functions <f>{x)y \lr{x) tend steadily to inhnity with x. Then prove 
that 

(i) the conditions 

1 r d$ .. jL. rJL O 

are both necessary and sufFicient ; 
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(ii) the couditioiiH 

cl>'{x) l/r (x) -*■ 00 , 0 (^) 00 

are Boffioient (but not neoessary). [A. E. Joluffb.] 

19. As Bpeoial examples of Ex. 18, prove that 

(i) if <^(x)=loga; and ‘^{«)=ajlog(loga;), 

the product-series 2( - convergent ; 

(ii) if <li{x)-x\ogx and ^(a;)=log(loga;), 

the product-series oscillates. 

In cases (i) and (ii) the series is the same and is divergent (although 
nu^v^ 0) ; and this indicates that no necessary and sufficient test can exist 
which depends only on the product [A. E. Jolliffe.] 

20. Verify that 

1 

a?(x + l)... (flj+n) 

^11 1 1 \ 1 1 1 1 

n\ X 1 !(w - 1) ! a; + 1 ^2 1(w -2)! iE +2 2’(w ~.*i) I .r f-3 ^ ^n! a: + w’ 
and use Arts. .33, 57 to infer Prym’s identity, 

11. 1 ri 1 1 1 1 1 1 -1 


11 1 ri 1 1 1 ] 1 1 -] 

i a:(a: + l)'^a;(a;-l-l)(ar+2")'^ “l ! ar+’l ar+2“3’! a? + .3'^*'J' 

21, Shew tha,t ‘’'m + fr(< +2) ■'■/‘(T+l)(i+2Hrr3) 


Hence convert 


1 1 1 
r*'^(«+r)*'''(<+2)'- 


into a double series, and transform it to 

1 1.2 1.2.3 

^ 2r(i + 1 ) "^ :« (< + 1 ) (< ^ 2) ^ H (t I 1 )■(< f 2 j (< + 3) • 
Take < ==10 and so calculate to 7 decimal places. 


[Stirling.] 


22. Convert the series r-^ + ^ « + • • • 

1 -f a;* 1 + a:^ 1 + 

into a double series, and deduce that it is equal to 
X _ a;* a:* 

23. Shew that (if |a;| < 1) Lambert's series, 


:w<i) 


and deduce that this series is equal to Clausen's series, 

1-a: !-«* 1-a^ 1-ar* 

Hence evaluate Lambert's series to five decimal places, for x [*122324]. 

Shew that each of these series is also equal to 

a; +2®* +2aj*+3a^ +2a^+4x* ^ ... , 

the coefficient of a;" being the number of divisors of n (1 and n included). 
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24. From Ex. 22, or directly, prove that, if ja:! < 1, 


X 

X* 


X X? 

ar* 

r+a:* 

^1+3? 


•^l^a:»’"l'-i«'‘'l 


z 

X* 


^ X a:* 


1 + a:* 

} + z* 

^l + a:« ** 

‘""l + a: l + ar’'^f 

+lr‘ 


25. Shew that^ if |a;| < 1, 

X 2®* 3a:* _ a; a;* a:* 

i+a: l+»*‘'‘r+a:» “* "[1+ a;)* " (T+ a:*)* '^(1 + a:*)* " * 

X 5x^ _x(l +x*) ^x^(l +sifi) ^ x^(l +x^^) ^ 

r-V*‘^l-i«'^l-i^»’^*‘*“(l-a:*)* ■*“ a TI'- a:i«)* 

[For the oonnezion between the series in Exs. 22-25 and elliptic functions, 
see Jacobi, Fundamenta Nova, § 40.] 


26. If |a;| < 1, shew that 


(i - *)• ■^■(1 - *•)• ■^(i - i»")S 

where is the sum of the divieois of n (including 1 and n). Deduce that, 
if =0=<^„ 

^ (Tr*)* ■^(l+xhx*)* ••• =|(‘^"+' -20fi)»" 

[Math. Trip. 1899.] 

27. If (a:|< 1, prove that 

^ 

where 6^(n) denotes the sum ^/(d) for all the divisors of n (including 1 and n). 

r X *2 *3 ^ 


T , a: a;- ar a:^ ar^ ar’ 

In particular j— ^ j ^ ^ 


[Laquerkk.] 


28. Shew that in the special series of Art. 37^ the repeated series also 
converge to the same sum as the double series ; but the diagonal series may 
oscillate, for instance a=/3 = l, ^=</» =ir, p = 1, gives for the diagonal series 

• [Hardy.] 
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INFINITE PRODUCTS. 

38. Weientraas’s Inequalities. 

In this article the numbers a^, a,, ... are supposed to be positive 

and less than 1 ; this being the case, we see that 

(1 +Oi) (1 +(* 2 ) =1 +a2) +(h<h > 1 +(«i+«2)' 

Hence 

(l+ai)(l+ffl2)(l+«3)> [l+(®i+n2)](l+®8)^ l+(%+®2+®s)t 
and continuing this process we see that 

(1) (l+®l)(l+®2)(i'l"®s)“‘(l+'*«)^ l+(*l+®2'f®3 + -“+^n)- 
In like manner we have 

(1 rtj)(l (i2)=l (rtj-f 1 (nj-fflij). 

Thus, since 1 — O3 is positive, we have 

(l-OiKl -«*)(! -«$)> [l-(«i+a*))(l-«s)> l-K+Oj+Os). 
and so we have, .generally, 

(2) (1 — aj)(l— fl3)(l— a3) ... (1 

Next, 1 +01=7“ < i“« ’ 

1 1 tt-y 

sothat (l+«i){l+o«)-(l+««)<(i_^)(l_'^) 

and thus, if* a,+aj+--. +o„ is Im than 1, we have, by the aid of 

(2) , the result 

(3) (l+ai)(l+a3) ... (l-fo„) <[1— (Oi+ffl3+ ... +oJ]"^ 

* If Oj 4 n, + ... 4 a„ wpif greater than 1. the inequality (3) would be untrue, 
since it would then make a positive number less than a nogatire number. 
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Similarly, we find 

(4) (1— Oa)(l-a,)-..(l-o„)<[l+K+«i+...+tt„)]-». 

By combining these four inequalities, we find the results 

(5) (l-2o)-»> n(l+o)> l+2a, 

(6) (l+ 2 o)-i>n(l-o)>l- 2 a, 

where all ihe liters a denote numbers between 0 and 1, sudi that 2o is 
leas (hm l.> 

39. If tti, a„ a„ ... are nnmbers between 0 and 1, the 
convergence of the series 2a» is necessary and sufficient for 
the convergence of the products /*„, Q„ to positive limits 
P, Q ta n increases to oo, where 

P„=(l +«,)(! +0,)... (l+aj, g„=(l-fl.,)(l-a,)... (l-o„). 

For clearly P„ increases as n increases, and Q„ decreases. 

Now, if SOn is convergent, we can find a number m such that 

to 00 <1. 

Then, by the inequalities (5), (6) of the last article, we have 

Pn 


-L.> i 

l-O- 1“” + + +®«) 


> 


and 


Qn 


> l"“(®»in-i+®w+a+-’-+^n)^ 1— cr. 


Hence, provided that n is greater than w, we have 
P„<P^/(l~cr), 
and Qn>Qm(^-(r). 

Thus, by Art. 2, P„ and approach definite finite limits P, Q, 
such that P^P„/(l-a), g^g„(l-<r). 

But, if 2a„ is divergent, we can find m so that 

%+%+••• +®«> if w> m, 
no matter how large N may be. 

Hence, by the same inequalities, 

P„ > 1 +N, Qn < 1/(1 +N), if n > m, 
and consequently lim P,,= oo , lim Q„= 0. 

It should be observed that if a product tends to zero as a limit, 
without any of its factors being zero, the product is said to 
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diverge. This of course is merely a convention ; but it preserves 
the parallelism with the theory of series. 

El. 1. Since ^l/n* converges, the product 

will approach a limit differerU from zero. This is at once obvious because 

1 (n-l)(n-H) 

and BO we find the product 

O =L*_? '^3 (n~l)(a4-lj_ln + l 

Vfi-i 22 • 32 • -42 • 52 — ^2 ‘ V ’ 

80 that = 

2 

This value of the product is, as a mutter of fact, a special case of the 
product formula for sin 6 (sec Art. 70) ; the present result follows by 
making 

Similarly convergent ; and its value can be 

proved to be sinh w/tt. [See Art. 98 below.] 

Ex. 2. We see similarly that f\ -“igjfl “i/H “iO*-* converges; and 
its value is 2/7r. [Art. 7 L] ^ ^ ^ ^ ^ ^ 

Thus ^1 - 1® C'lual to 7r/4. 


El. 3. Since '^l/n is divergent, the products 

(1 +i)(l +J)(1 +1) ... , (1 -*)(1 -}).-. 

will diverge also. 

3 4 5 ^ 

n 2 * 2 3 4‘ ‘ n ' rt’ 

so that limP,j=ao, limQ„=0. 

Ez. 4. If aja^^ = 1 where lim = & >0, then lim -0. 

For, under the given circumstances, we can fii^d an index m, suoh that 
6„>i6>0 ifn ;;:w. 


In fact Fn-i=^ ■ 3 ■ 4"‘ 


Thus we have 


and therefore 


V'*W ’ 


i>l -f 


2m’ 2(w + l)’ 


> 1 + 


2n’ 


Hence lim (a^a„) = 00 , 

lima,.=0. 


so that 
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It is easy to see that the argaincnt of Art. 26 cati bo modihed 
to prove that when aj, Oa, a,, ... are between 0 and 1, the values of 
the two infinite products 

P=(l+»i)(l+a«)(l+a3)... , 

are both independent of the order of the factors. 

Since increases with n, while decreases, we can choose n so 
that P>P„>P-e and Q<Q„<Q+e. 

Now, suppose that in any new arrangement (indicated by accents) 
we have to take p factors to include all the first n factors of P, Q; 
then we have 

P> P;> P,n> P-e\ 
and G<Q/<Q„<0+f) ‘ 

Thus P/ and Q/ converge to the limits P and Q, respectively. 

The argument is at once extended to shew that if P is divergent, 
P' must also tend to + oo ; and that if Q diverges to 0, Q' has the 
same property. 

By taking logarithms, the present results could be deduced at 
once from Art. 26 ; but the reasoning given here is quite as short 
and goes back to first principles. 

40. Absolute convergence of an infinite product. 

If the series absolutely convergent the infinite product 

Il(l+'<^n) called absolutely convergent; the product then con- 
verges to a value independent of the order of the facUn^s. 

Let us write a^= |w„|, and 

t^n==(l+Wi)(l+1^2) (l+^n)» ^n=(l+%)(l+fl 2 ) ••• (1 +®n)- 

Then it will be seen that the quotient Un,^.ml^n can be written 
in the form 

here s^, , s^ are the symmetric functions of 


^n+l> ••• > 

Also, can be expressed similarly in terms of 

®n+l» ®n+»n* 

Accordingly, we see that 



ecause every term on the left-hand side has a numerically equal 
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term on the right ; and in the latter siiiii all the terms are 
positive. 

Further, 

and 80 on multiplying we see that 

I ^n-fin ^ n \ ^n+m 

But, by Art. 39, An tends to a definite limit A, because is 
known to converge. 

We can accordingly choose n so that 

and then < ^ • 

Thus Un tends to some definite limit TJ, and with the above 
choice for n, | J7 ^ | ^ ^ 

Suppose next that V' denotes a derangement of the product f7, 
A* denoting the same derangement of the product A ; then from 
Art. 39 we know that A'=A. 

Now let p be chosen so that Up contains all the factors of f7„, 
and consequently Aj/ contains all those of An ; then, if r = 

\U/ ~-Un\<A/-An. 

by repeating the reasoning used above. 

Hence < A'-A^-A -A,. < e 

by the same choice of n as previously. 

Consequently 

I u/ -c/| ^ \u; -Un\ +\U-Vn\ < 2e, if 

and therefore U/ tends to U as a limit ; or the value of the product 
U' is the same as that of the product U. 

Be. To shew that some condition such as absolute convergence is necessary 
to allow of derangement, we may consider 

which is easily seen to converge to the value (Ex. 1, Art. 41.) 

If we derange P so as to take two negative terms to each positive term ; 

“y c=(i - i)(i+ j)(i- i)(i- i)(i +?,)•••• 

then we find that 

-iraX' -btm)-!' -a)- 
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Now, by Art. 38, this product is seen to lie between 



P-- and 

where 

1 1 1 


” 2n+2 2» + 4 4w 

Now 

i < ir„ < i. 

and so 

2b > (1 - i)- 


Thus, ass&oiing that Q has a dehiiite value, that limit lies between iP and 
JP ; actually, from Art. 41. 1, the value of Q is P/^^ 2 or 


41. Further tests for the convergence of infinite products in 
general 

W e consider next the infinite product 

(1+Wi)(1+W2)(1H-W3) ... , 

in which the numbers Wg, ... may have both signs. Without 

loss of generality it may be supposed that is numerically less 
than 1 ; for there can only be a finite number of terms in which 
l^nl is greater than 1 (otherwise the product- would certainly 
diverge or oscillate), and the corresponding factors can be omitted 
without affecting the question of convergence. 

Now, from Art. 62 , we have 

0 < log(l +u) < if’ is positive, 

or if0>w>— 1.' 

Thus, if X is the lower limit of the numbers 

1, 1+^2, •••, l+W'nj'-'J 

we have 

0 < (Wm+l+W„»+2 + ...+wJ~l0g{(l+W^+l)(l-hW^+2)-- (l+^n)} 

Consequently, if the series i® convergent, the difference 
(Wm+l+^;m+2 + • • ■ +Wn) -log {(1 +^^+2) * * * (1 +^n)) 

can be made arbitrarily small by properly choosing m, no matter 
how large n is. Thus we have the theorem : 

If the series is convergent, the infinite product 

(1-J-Wi)(l +W2)(1 -l-t/3) ... 

converges if converges; diverges to oo if Zwn diverges /o +oo ; 
diverges to 0 if diverges fo — oo ; oscillates if oscillates. 
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Again, it is known that 
w— log{l+w)> 


so that 


or > Jw® 


if u is positive, 
if 0 > w> — 1. 


(^m+l + W«+2 + . . . +Wn)-l0g{(l +^m+l)(l +W,n+2) • * • (1 +Wn)} 

^ i (^i+l + Wi+2 + • • • +^n)/ L, 

where L is the upper limit of 1, (l+Wj), (1+W2)> ••• > (l+^n)» ••• • 
Hence, if Swn converges* (or oscillates so that its maximum limit 
is not +00 ) while diverges, the infinite product 
(1 +t^i)(l +tf2)(l +«^a) • • • 

diverges to the value 0. 

The only cases not covered by the foregoing method are those in 
which diverges and SWn either diverges to +qo , or has +oo as 
its maximum limit (in case of oscillation). 

It is, perhaps, a little perplexing at hrst sight that when ^u^, 
both diverge to oo , the product may nevertheless converge ; 
but it is quite easy to construct a product of this type. For, let 
2c„ be a convergent, 2dn ^ divergent, series of positive terms, and 
form the product of which the (2w— l)th and 2nth terms are given by 

1 + = 1 + t/n , 1 + t^2n = 1 

Then , provided that lim = 0, the product 11(1 + = 11(1+ c^) 

and so obviously converges (by Art. 39) Further, will 

diverge if 2 {d^ + y— ^ — S divergent; and then 

must also diverge, f This condition can be satisfied in many 
ways ; one simple method is to take and then to adjust 

so as to make 2d„, both divergent, and convergent ; for 
instance, we may take where \^'p> The product is 

then given by Wan-i ==w"^’, iijn = — 


Bz. 1. Since the series 


2 3 4 
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are both convergent, the two infinite products 

(l+l)(l-i)(l+i)(l-i)... and (1-4)(1+J)(1-’1)(1+J)- 

converge also. In fact the first is obviouslv equal to 1 and the second to 4* 


• Of course not absolutely, for then the product converges (see Art. 40). 
f If were convergent, the divergence of would imply the divergence of 
the product. 
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Bk. 2. SmoetheBerieBi} +J -J +i +Jl -? +••* diverges in virtue of Ceskro’a 
theorem (Art. 23) it foUows that the infi^te products 
a + i)(l‘^J)(l-i)(l + t)(l + i)(l-i)...and(l-J)(14)(l + i)(l-J)(l-J)(l^ 
are both divergent. In fact the first diverges to oo and the second to 0 : 
for they are equivalent to the products 

(l+J)(l+J)(l+J)(l+iV)- and a-^.)(l-J)(l-i)(l-4)(l-A)-- 

Ez. 8. Since the series 

1 .-L+J.-_L + 

n/3 V4 ^5 

is convergent^ but J+J+}+i+...is divergent, it is clear that the two products 

both diverge to the value 0- 
In fact 

+ +^/(yfc +1)1’ 

so that this product is always less than 1, and can be put in the form (1 - a,j). 
Further lim (na„) - 1, so that our two products diverge to 0 by Art. 39. 

£z. 4. If = ( - 1 )” it is evident that oscillates, while diverges ; 
thus the product (i _ j)(i + j)(l _ j)(l + j)... 

must diverge to 0, which may be verified by inspection. 


411. Alteration in the value of a non-absolutely convergfent 
infinite product by deranging the factors. 

The argument used to establish Riemann’s theorem (Art. 28) 
requires but little change to shew that a non-absolutely convergent 
infinite product may be made to converge to any value, or to diverge, 
or to oscillate, by altering the order of the factors. 

Perhaps the case of chief interest is that afforded by the infinite 
product n[l+(— l)””^aj, where a„ is positive and lim(wa„)=gf. 
Suppose that the value of the product is P when the positive and 
negative terms occur alternately ; and let its value be X when the 
limit of the ratio of the number of positive to the number of negative 
terms is k. 

Then X/P= lim (1 + . ■ • ( 1 + ^2 _ i ), 

V 03 

where lim (v/n) = k. 

Now it is plain that is convergent, and therefore, as in the 
last article, it follows that 

(^*n+l+<^aiH-8+ • • • — log [(1 H"U42„4i)(1 • • • (1 +« 2 i.-l)] 
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can be made arbitrarily small by taking n large enou^. Further, 
by Pringsheim’s method (Art. 28), it is clear that 

— +o«K-i)= Ji/ log 1;, 

and therefore log (XjP ) = log k, 

or XIP=kM. 


42. The Gamma-prodact. 

It is evident from the foregoing aiticles (39, 41) that the product 
Pn = (l +f)(l +I)(l +1) • • . (l +1). (® > - 1), 
is divergent except for a? = 0. But we have 

|■^°S^=^-log(l+^)>0. (Ai-t. 62) 
SO that the expression 

«, = a:(n-l+g + ...+i)-logP„ 

increases with n. Also, as in Art. 41, we have 

where X is either 1, if a? is positive, or l-f-a?, if x is negative. 
Hence, by Art. 2, £•„ approaches a definite limit S as n increases 
to 00 . 

Further 1 +s + H+«-*“l-~-'log7i (Art. 11) 

O 'U' 


approaches a definite limit 0, and therefore 
lim (x log n —log 

=lim |5„-aj(l + |+... + i-log«)|=S-C'a;. 

Now xlogn-logP„=log(n®/P,), 

SO that n^^/Pn bas also a definite limit; this limit is denoted by 
n(aj) in Gauss’s notation. 


Thus n(a;)= lim r v r * 

which, again, can be written in Weierstraas’s form, 






NON-ABSOLUTE CONVERGENCE 


113 


4M, 42] 


When X. is a positive integer, Gauss s form gives ri(a;) = a;!, 
because 

1?.®. 11 ! 


11®. X ; 


Although we have found it convenient to restrict (1+a;) to be 
positive, yet this is not necessary for convergence ; and it is easy 
to see that the products for 11 (a?) still converge it x has any negative 
value which is not an integer.* 

It is easy to verify by integration by parts that Euler’s integral 

r(H-a;)=[ e'H^(lt = x\ erH.^-^dt = xY(x). 

Jo Jo 

Thus r(l+a:) has the property of being equal to x \ when x is an 
integer ; and we may therefore anticipate the equation 

r(l+a5)=II(x), 

which will be proved to be correct in Art. 178 of the Appendix. 

In future we use the notation r(l+ic) in place of II (.t) as the 
more usual in modern books. 

If we change x to x—\ in the definition of r(l+Jt;) by the pro- 
duct P„, we find that 

T^/ X I* n®“i. n! 

r(cc)= liiu 


Thus 


.^/x{i+x){2 + x) ... (n + a?— 1) 
T(l-hx) y n 

X \X) „ V) U-tX 


or 


r(l+;r)=rcr(a;). 

It follows that 

a;(l+5c)(2+ic) ... (n+a; -l)=r(n+a;)/r(a;), 

and consequently the definition leads to the equation 


because 

Hence 


T{n+x) ’ 

.n! = n®r(n). 

limS'H?',.!. 


* The convergence persists also for complex values of x (see Ex. 27, p. 273). 

IXI.S. It 
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It is often convenient to write the last equation in the form 

r(n+a?)-n®r(n), 

using the notation explained in Art. 1*1. 

By reversing the foregoing argument we see that the function 
l"(a;) is completely defined by the properties 

r(l -\-x)=^{x)r(x), r(n+x) - n^T(n), 
together with the condition r(l) = 1 . 


EXAMPLES. 

1. Discuss the convergence of the products 

nD +/(«).»], 

where /(n) is a polynomial in n. 

2. Prove that C( ^ *1 

converges absolutely for any value of x, provided that c is not a negative 


integer; and that 


is absolutely convergent if \x\ < 1. 


3. If 


_ 1 1 


ni 1 -i- J/n^ + ...’ 

then lT?i;„ diverges toOifw>l; toaeifm<l. 

If m = 1, diverges to 0 if a < c, and to oo if o > c ; and converges 
ifa=c. [Stirling.] 

4 . If Wi=0, it3,=0, where n > 1 and 

J < p J, then are both divergent, but 11 (I +ti„) is convergent. 

Verify that the same is true if i < p II i end 

(n > 1). 

[Math. Trip. 1906.] 

6. Verify the identity 

~ a: - 3!' +--+V i) - 

Shew that as n tends to infinity, the product diverges for all values of x 
except 0 ; but the series converges, provided that x > 0. 

6. Prove that (1 +a:)(l +x«)(l +x^)(l +X®)... =1/(1 -»), if \x\ < 1. 

^n 

.V ’ 


7. Verify that 
and that 


.17 X :V 

cos -.COS 2^. COS -,...= 


1 .7' 1 r 1 ^ .r 1 


[Eitlku.J 
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8. Determine the value oi 

in terms of the Gamma functions r(l +c) and r(l +a; +c). 

9. Shew that 

lin, =9 

[This product is equal to 1 .] 

10. Prove tiiat, if k is an integer, 

2.4.6...2ik?i 1 .3.:>...(2i^ ■ 1) 

1 .3.5...(2ifcn-l)* 2.4.6'... 2n' “^ • 


11. Prove that if 


( «2) . . . (w f a* ) 
(w + /), )(n -f . . . (n + b,) ’ 


the profhiul 11 can only 


converge if X;=Z and = When these conditions are satisfied, express 
the product in the form 

lyi .h6,)r(i +/>2) ... r(i +6,) 

r(i 4-rt,)i^(i +4^2) 

In particular, prove that 

TT ) 

j (w + ('/)(w + /;) r(l +<l+6) 

12. Prove that 

(1 - 4(1 -WO -*.)(1 *H-.. -rd+j,!')*!) - ».)■ 

[Take the terms in pairs and use the last example.] 


18. If yjf (x) denotes r'(a;)/r(a;), we can write (see Art. 48) 
yr(.r) = Iim flogTi -:r~ \ 

n»en we find A — x =II ( 1 -* <' 

r(.f+y) V\ -r+nj 


[Mkllin.1 


14. It is easy to deduce from the theory of inhuite products Abel’s result 
(Arts. 11, 16), that and converge or diverge together. In fact 

consider the product IT (1 =n(fl^,/«n)» which diverges toO if oo ; 

so that i'(a„/s„) must also diverge (Art. 39). [Here otn > 


15. Let 6„, denote the general terms of the three hypergeomotric 
series 

A=/(a,ig.y,l), B = J’(a-l.i0,y,l), C7 = J^(a, /i, y + 1, 1), 
in which y > (k +13. Then prove that 

®n ” ®n+i = " fily)^n “ ^»+i * 

(7-«.)K-U=^«n-i +(«- ^K-i -^n» 

lim {nan) 



116 


INFINITE PRODUCTS 


[oh. 


Dednoethat yB=(y-fi)C, (y -a.){A- B)=fiA, 

and that A Jy C. 

16. From Ex. 15 3>rove that 

^ M'(y)r(y a B) ' > r(,^ + „)r(y + » -/i)’ 

and show tliai tlic last expression tends to the limit 1 as n-^ cc . Deduce 

F(a, B, V, I ) - I by 


y. 1) r(;)r(y a W y+”’ i>r(i;v.rr(y"vr-Vx 


^rrwf’WT f, rr(«)r(i+0T 

” L r(« + 0 J ’ ” “ L 1 '(» + 1 + 1) j ’ 


verify that na„ -(» + l)o„^, =te„ +{« - l)o„, , -{n+t)b„, 

id that (». - l)*ni„_, - n»(m i 1)6„ =«»f(2« - l)o^, +7i6J. 
Shew that litn na„ =U, lim —0, if < > ^, and deduce that 

(2l-1)ia„-<vfe„-^a6„ = to., 


and that 


(2t-l) j:;a„+ Sw^B =2tei- 

1 I 

lienoe prove that < 2 = 2 (2i - 1 ) 2 «n •^Z^- 

I 1 

18. If 7.=n(i -?*"). ?i=n{i +<?•"), \ , , I 

g, =11(1 AJ.-h 

the four products are absolutely convergent if j </ 1 < 1. 

Also go?s=II(i-<r). gi? 2 =n(i + 7 "), 

and gi?j</. = l. 

Thus 1,[(1 -7)(1 - 7 »)(l - g») ...| = (1 +7)(1 +g‘)(l + 7 ») ... . [Kri.K.it,] 

19. It is absolutely convergent, the product + is absolutely 
convergent for any value of or ; and it can bo expanded in an absolutely 
convergent series 

I + f/jx + -h , where 

Shew also that 

II(l + a«^J(l+«Jx)=.Fo + Fi(a; + l/.T)4 V,(x^ + l/x^)+ .. , 

\vhero +••• • 

SO. If /(a;)---(l fga;){l + g»r)(H-g^V)... , 

we have at once (1 +git}/(q*x) =f(x\; and as in the last example 
f(x)=\ + U^x^U.jc^ + .... 

Thus we find 
which give 

U — II ?! ij ~ ^ . 

'"1-7“’ •■'“(1 -9“)(l-7*)’ " (l-g'^Kl-^’Kl-T*) 

and generally Fb. 

whore P„=(l- g*)(l -g*) ... (1 -g“). 
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21. If F(3*) --11(1 H H 

>vo Heo, froiii \*lx, 20, that wu can write 

F(a;) = Ko f V,(:i: + l/ar)+Ka(a;2+l.a;«)+ - • 

But qxF{q^x) ~ F{x), and so we find 
V, = V,q, = 

yielding F. = V,g*. F. = V^\ . .. F„ = F.?" . 

Thus F(a;) = F. {1 + g (a: + 1 /*) + g* {a;» + 1 /**) + g* (.t» + 1 a;») + . . . }. 

To detc^rmine Vq we may use the results of Exs. 19, 20, from which wo find 
• . F,g“'=-- l',. = D„ + t/,£7„^, +£/,y„,,+ ... 


g2n+2 

I li "h i> n |- . .. . 


- p ^ p p -r p p ^ 

■* n »n-i ^2^n+‘2 


a'jn fAn 

/•„F„-l<?5 + r, + ..., 

" ?n- 


= n(l-g--"), 


[Jacobi, j 


because |g'| <1 and P«+,.;P„ > go» > ?o- 

Hence P„Fo - 1 < S'*”/?o*(l " ?*"). 

BO that lim (P„ Py) = 1» OJ* Po = 1 /fl^o • 

Thus, using the notation of Ex. 17, Ch. V., we have 
/(*. S') =?ori (1 +g*^'»)(i 

from which a number of interesting results follow. [Jacobi. j 

22. From Ex. 21 we find, with the notation of Ex. 18, 

/(i. g)=g.3.’, /(-i. g)=3.s.’. /(?. g) =2g,g,*. 

Or, writing these equations at length, we have 

g,g,* = l +2g+2g*+2g*+ ... , 
g,g,* = l -2g+2g*-2g' + ..., 

Mi* = l+?*+S'*+fi'^*+Q'*®+ •••» 
where the indices in the third series are of the type n(n + 1). 

Again, by taking the limit of /(a;, 9 ); (I + 9 /^) ^ ^ approaches - 9 , we have 
So* =1 “ 3^*+ 6g«- 79»+ - ... , 

the indices being the same as in the third series. [Compare Art. 46.] 

28. Again, from Ex. 21, we get 

/( - 1 , ^*) = 11 (1 - g*”) . 11 (1 - = ( 7 o (?.(73 = 

so that =1 “ 29 * +2g* + ... , 

the indices being of the form 2n‘. 

Also /U/g, v/g) = 2Il(l-^),II(l+g«)*-2g,gig,==2<7o/^,, 
so that - 1 + g +g*+ ^« + gi® + ... , 

the indices being of the form (» + 1). [Gauss.] 

Similarly, 

/( -g*. g^)=II(l-g“) . n(l -g^‘)(l -g*"-)=n(l -g») 
or g.g.=i- (g+g*) +( 3 * +g’) -(g**+g“) + - . 

the indices being alternately ^^^(Snd: 1). [Eclii:ii.] 
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S4. Write ^-1, and put ^fq in plaoe of Xy q, in the iir»t result of 
Kx. 17, Ch. V. Then wo liavo 

l /( ^ s'q) 1’ =/(*. '!) ■ /(l. ?) + ?{*. 2 ) • y (i. ?)• 

Now f{Jx, v'?)=n(l-s’*). lI(l + 2"'^»^)(l+2'‘'**‘*), 

80 that fWx.^/q)./[-^x, s/j)=(M.)*.n{l-3“-‘»)(l-g“-'/*) 

=?»?»*/( ?)• 

Thus, on multiplication, we find 

(?.?.*)*[/{ - *. «)J* = [/(*. g) -/(I. g)]* - [gC®. g) • g(i. ?)]'• 

But /(i,g)=g«g«‘, ff(i,g)=g*/(g,g)=2g*gogi‘. ' 

and so we have the identity 

g.‘[/(- *, g)J‘=g,*f/(*, g)]*-4g*g,*[g(*, g)]*. 

In particular, if we write a: = 1, we find the interesting result 

which leads again 'x> the identity 

(1 + 2^ + 2^* + 2g* + ...)* -(1 2? +2^*- V + ...)• 

= 16g(l + +g* + ...)S 

where the series are those given in Ex. 22 above. [Jacobi.] 

Other examples on products will be found at the ends of Chapters 

IX., X., XL 
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SERIES OF VARIABLE TERMS. 


43. Uniform convergence of a sequence. 

It may happen that the terms of a sequence depend on some 
variable x in addition to the index n ; and this is indicated by 
using the notation We assume that the sequence is con- 
vergent for all values of x within a certain interval (a, 6), and then 


the limit 


lim S^{x) 

n->-« 


defines a certain function of x, say in the interval (a, 6). 

The condition of convergence (Art. 1} implies that, given an 
arbitrarily small positive number e, we can determine an integer 


m such that 


liS„(®)-P(a:)| < €, if «> m. 


Obviously the definition of m is not yet precise, but we can 
make it precise by agreeing to select the hast integer m which 
satisfies the prescribed inequality. When this is done, it is natural 
to expect that the value of m will depend on x, and so we are led 
to consider a new function m(e, x)=m(x), which depends on € 
and on the nature of the sequence. 

We note incidentally that, regarded as a function of e, m(x) is 
monotonic since (for any assigned value of x) m cannot decrease as 
e diminishes. 


Bz. 1, If S„(z) = l/(x +n), vhere 0, we have 
F(x) slim SJz) =0. 

Then the condition of convergence pves 
* +n > 1/e, 

m (z) =the integral part of (1/e) - x, when z < 1/e, 
m(x)=0, when 1/e. 

119 


so that 
or 
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El. 2. If A'nW =jf', whore 0 ;V_ * -X. L wo have 

F[x) =lim S„(x) =0, if a: < 1 ; and 1'{1) -1. 

n ^ JO 

Then we are to have (lixy* > l/€» if jj < 1, 

load/c) 

80 that m(x) =the integral part of ^^g^iixy a? < 1- 

Also, since S„( 1 ) - 1 for all values of n, we must take m(l) =0. 


Ex. 3. If =aro tan (nx), where a: ^ 0, we nave 

.F(j:) =lim =i7r, if a; > 0 ; and f’(0)=0. 

It IB easily seen that 

m{x) =:the int^ral part of (cot c)/a;, when ar > 0, 
and »a(0)=0. 

Ex. 4. If SjJ,x) - na: (1 4 n*a!*), x being unrestricted, we have 

F{x)=UmS^(x)r-,0, 

»/—► « 

Thus F{x) is here continiwust in contrast to Exs. 2, 3. 

The condition of convergence is 

n |a;| > 7 ;, where 7 / ={1+ v^(l -4£*)}/2£, if € < J. 
Thus m(x) = the integral part of 7;/|x|, if \x\ > 0, 

although ?a(0) = 0. 


It will be seen that in Ex. J the function m(x) is always less 
than 1/e; but in Ex. 2, m{x)-^oo as X">1 ; and in Exs. 3, 4, 
m{x)->oo as (assuming that e < J). These considerations 

suggest a further subdivision of convergent sequences, which will 
prove of great importance in subsequent applications. 

We shall say that the sequence S^ix) converges uniformly in the 
interval (a, 6), provided that for all points of the interval we can deter- 
mine jii ==/u(e), so that 

iiiJiere n{e) is independent of x. Then, as x vanes from a to b, 7n{x) 
has the fixed upper limit fji{e), and so m(a:) cannot tend to infinity 
at any point in the interval (a, b). 

Thus in Ex. 1 the convergence is uniform for all positive values 
of X, since we can take yu(e)=l/e. But in Ex. 2, the convergence 
is not uniform in an interval including a:=l ; although it is uniform 
in the interval (0, c), if 0 < c < 1, because we can then take 


n(c) = 


log(l/f) 

lo}r{l/c)‘ 
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Heixce in Ex. 2, cannot be included in any interval of uniform 
convergence : such a point will be called a yoint of non uniform 
convergence. Similarly in Exs. 3, 4 the point :r^0 must bo excluded 
to ensure uniform convergence. 

This distinction may be made more tangible by means of a 
graphical method suggested by Osgood.* The curves are 

drawn for a succession of values of n in the same diagram ; this is 
done in Fjigs. 12-15 for the sequences of Exs. 1-4. Then, if 
^n{^) ^ uniformly in the interval {a, b) the whole of the curves 



Fig. 14. Fig. 


for which n> fi{€) will lie in the strip bounded by y=F{x)±L€, A 
glance at Fig. 12 will shew that this does occur in Ex. 1. But in 
Ex. 2, as we see from Fig. 13, every curve y=SJx) finally rises 
above y—e ; and the larger n is taken, the nearer to a;=l is the 
point of crossing ; thus a;=l is a point of non-uniform convergence. 
In the same way, Figs. 14, 16 shew that aj=0 is a point of non- 
uniform convergence for each of the sequences in Exs! 3, 4. 


HalUiin. oj the American Math. Sacieiij (2), vol. 3, 1807, p. 59. 
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Bx. 5. The sequence /8„(x) (1 - x) converges uniformly in the interval 

(0, 1), because < 1/ra, since the maximum of SJ^x) in the inteirval is 
given by x = {n-l)ln. The reader should contrast this result with Ex. 2, 
and should draw the curves y =8J^x) for a few values of n. 

In order to give a definition of uniform convergence which does 
not involve the actual determination of F{x)^ we introduce the 
following test, corresponding to that of Art. 3 for convergence. 

The necessary and sufficient condition for uniform convergence in an 
interval is that^ corresponding to any positive number* it may be 
possible to find an index m, which is independent of x, and is such 

I Sjs,x) I < e, where m=m(6), 

for all values if n greater than m, and for all points of the interval 

It will be seen on comparison with Art. 3 that the only fresh 
condition is that m is to be independent of x, whereas the terms 
of the sequence are functions of x. 

That the condition is necessary is evident, for if SJx) tends 
uniformly to F{x), we can write w~l==//(^e), so that 

\SUx)-F(x)\ <i€ 

and |/S„(a;)— f (a;)| < if n> m ; 

hence we have the inequality 

I Sn{x) -8m(x) I < 6, if n > m. 

This condition is also sufficient ; for if it is satisfied, SJix) must 
converge to some limit, F{x) say, in virtue of Art. 3 ; and since 

limS„(a;)==J(a:), 
we have | F{x) —Sm(x) | ~ e. 

Hence |J'(a;)— S„( 2 ;)l <2e, if w>m, 

and BO the condition of uniform convergence to the limit F(x) is 
satisfied. 

It is useful to notice that an interval of uniform convergence is 
always closed. 

Conclusions, (i) (a) and [b) tend to definite limits as n tends 

to infinity, and these may be called F(a), F(b), respectively, and 
1^(0;) is now defined in the closed interval ; (ii) S„(x) tends to F(x) 
uniformly in the closed interval. 

This statement has been the subject of discussion with a number of mathe- 
maticians ; but it has been found in every case that their objections depended 
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on a definition of uniform oonvergenoe wxiioh differs from the present definition. 
An account of other definitions will be found in Art. 49*1 below. 

To avoid further misunderstandings, the following statement is mode very 
complete ; 

Huvotheaes. (i) 8^{x) is supposed continuous in the closed interval 
a 2 6, for all values of n ; 

(ii) 8„{x) tends to F(x) uniformly in the open interval a <x <b. 

Proof, In virtue of hypothesis (ii) m = 7/1 (c) can be found so that 
• , l^n(*) " <€* ifa<a?< & and » > m. 

Also, ainoe 8^{x) is a continuous function at x =a, we can find values of x 
in the interval {a, h), such that 

ISJx) - S„(a)l < e and I3„(x) - S„(a)l < e. 

Hence l-S^n(®) ” if n>m, 

so that 8„(a) converges, and x=a can be included in the interval of uniform 
convergence. Similarly for a; =&. 

44. Uniform convergence of a series. 

If, in Art. 43, we suppose the sequence to be derived from a 
series of variable terms 

/o(»)+/i(®)+/,(a:)+ ... to Qo , 
by writing S„(x)=/olx)+/i(x)+ ...+/„(x), 

we obtain the test for uniform convergence of a series in an ir^^^ol 
(o, 6) in the form ; 

It must he possible to Jind a number m independent of x, so as to 
satisfy the condition 

l/m+i{»)+/m+«(®)+ --+/m+y(»)l < f. where p=l, 2, 3, ... , 

at all points of the interval {a, b) 

Each of the examples given in Art. 43 can be used to construct a series by 

/.(*)='»„(*) 

A more natural type of non-uniform convergence is given by the series : 
r>+— - + + 

Here we find 8f^(x) «(1 +x*) - (1 
so that J*(«)a:l+a;* [X'TO) 

and .9'(0)»0. 

There is a point of non-uniform convergence at a;=0, as the reader will 
see by considering the condition 

(1 < €, or (1 > 1/c. 

But, just as the general test for convergence is usually replaced 
by narrower tests (compare Chaps. II. , III.) which are more con- 
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venient. iu ordinary practice, so here wc usually replace the iest 
above by one of the three following tests : 


(1) Weierstra.SB’s M-test for uniform convergence. 

The majority of series met with in elementary analysis can be 
proved to converge uniformly by means of a test due to Weierstrass * 
and described briefly as the M-test : 

Suppose that for all values of x in the interval (a, 6), the function 
/„(x) has the property ... „ 


where is a positive constant, independent of z ; and suppose that 
the series XMn ^ convergent. Then the series S is uniformly and 
absolutely convergent in the interval (a, 6). 

The absolute convergence follows at once from Art. 18 ; to realise 
the uniform convergence, it is only necessary to remember that for 
any integral value of p, 

m-\ p ^ 

w»4 1 W+1 W*+ 1 


Consequently, if we choose m so as to make the remainder in 

I m+p 

less than e, I than e ; and this choice of m is 

I W-+ 1 


obviously independent of x, so that the condition of uniform 
convergence is satisfled. 

Series which satisfy the M-test have been called normally 
convergent by Baire. This terminology has the advantage of 
emphasising the fact that the itf-test can be applied to nearly 
all series in ordinary everyday use. 


Baire makes the remark that any uniformly convergent series can be made 
normally convergent by inserting brackets at suitable places. To prove this, 
let be taken so that 

I ^n(^) ” j < if 1 if w > mj ; taen m, > so that I SJ^x) - S^j^x) I < if* 
and so on. 

tn / lit I j 

Now write </>,(x) = 2;/«(*), </'•(*)= 2;/n(*), <^.(*)= S/bW. etc. 

m,+l wj4 1 

Then clearly the series satisiies the if-test ; and this series is derived 

from ^/n(^) by inserting brackets at m*, m,,... . 


Compare also Stokea, Muth. and Phyn. Pape^'A, vol. 1, p. 281. 



44] WEIERSTRASS'S AND ABEL’S TESTS 125 

(2) Abel’s test for uniform convergence. 

A more delicate test for uniform convergence is due, in substance, 
to Abel, and has been mentioned already in Art. 21 : 

The series '2an{x)Vn{x) is uniformly convergent in an interval (a, h), 
provided that ^aj^x) is uniformly convergent in the same inierval ; ^ 
that for any partionlar valve of x in the interval Vn{x) is positwe 
and never increases with n ; and that v^ix) remains less than a fixed 
number Kfor all vedues of x in the interval. 

For, in virtue of the uniform convergence of 2a„(.T), we can find 
m, so that, whatever positive integer p may be, 

®in+l) ®tn f 1 * * • » 

are all numerically leas than e. Then, in virtue of Abel’s lemma 
(Art. 20), we see that 

mH p j 

, S < «’»(!*•) < eK, 

m+l ' 

since, by hypothesis, v^{x)^Vq{x) < K. 

Thus ^a^{x)Vn(x) converges uniformly in the interval. 

The moat important special cases are (i) those in wliich a„ is 
independent of x ; and (ii) those in which is independent of x 

(3) Dirichlet.’s test for uniform convergence. 

This is also more delicate than the ikf-test. (See Ex. 5 below.) 
The series '^ujx)vj^x) is uniformly convergent in an interval (a, h), 
provided that (i) the series 2w„(a;) oscillates so that the absolute values 
of its limits of oscillation remain less than a flowed number K ; (ii) for 
any particular value of x in the interval v^ix) is positive and never 
increases with n ; and (iii), as n tends to oo, Vn{x) tends uniformly to 
zero for all values of x in the interval. 

For then, throughout the interval, the expressions 

lMm+j|, •••, lMmU + M»M2+ • •• + “m ipl 

are less than 2K ; and we can find an index m such that 

for all values of a; in the interval. 

* U may l»e iiaefni Co point out that is not su])))os(‘(l to hi* ahsolntoly 
vergent ; if so, the JlZ-tcst would apply, heoauHC < K la„|. 
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Thus, using Abd’s lemma as before, we see that 

m+p I 

S M«(a;K(®)l<2eX 

m-hl I 

for all points in the interval. 

The important special cases should be noticed, 

(i) when u„ is independent of x, and either converges or has 

finite limits of oscillation ; 

(ii) when Vn is independent of x. 

Ex. 1. lVeieratrass*s M-test. 

The series sin n6^; lV^‘Binn®6^; ^r"oos(a”^), 

lV^8m(a"6^), (0 < r < 1) converge uniformly for all real values of This 
follows by taking = t". 

(I Q' 

The series S j — ^ converge uniformly for all real values of x 

if is absolutely convergent. 

EiZ. 2. Weierstraas'a and AbeTs teats, 

Fourier found the series 

to represent the mean temperature at time t of a sphere originally heated to 
temperature 8 and cooling with its surface kept at zero temperature. Here 
A is a certain positive constant depending on the size, mass, and thermal 
properties of the sphere. 

Weierstrass’s test shews at once that the series converges uniformly if 
t '-s' 0 ; and so theorem (1) of Art. 46 gives 

lim F{t)~0, 

The corresponding formula for the temperature at any point is 

/(/) = ^„e- 

where a„ is of the form { ~ l)”"'^(2^8in ww)/(nct>), and ui/tt is equal to the 
quotient of the distance from the centre by the radius of the sphere. Since 
converges (Art. 22), but not absolutely, we can apply AbeFs test (but 
not Weierstrass's) to prove that f(t) converges uniformly if f 0. Thus 
agun we find lim/(t) = 0. 

f— ►© 

Ex. 8. Abel^a teat. 

Consider the case v„(aj)=l/V, (0;ra;_l); then converges 

uniformly in the interval (0, 1) if converges. [Di rich let.] 

Ex. 4. AbeTs teat. 

If is convergent, 

vv, *!!_ V- v„ 

“^ 1 +*"’ 1 - 1 ^ ’ - ‘ !- *•» ' 
converge uniformly in the interval (0, 1). 


[Hardy.] 
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Si. 5. Consider the series 

oosn^ sinnd 

np » 

When 2 > > 1, Weierstrass’s Jf-test at onoe proves that both series converge 
uniformly for all real values of 6. 

When 0 < p ^ 1, both series converge uniformly for any interval (a, 27r - «,), 
where «. is positive ; this can be proved by taking = cos nd (or sin nO) and 

=l/w'' in Dirichlet’s test ; the value of K may be taken as cosec !«., 

That the values 6^ =0 and 27r cannot be included in any interval of uniform 
convergence (if 0 < p ^ 1) follows, for the sine'Series, from the proof of 
Art. 44*1 bdow. And the cosine-series diverges for these values of 0. 

441. Uniform convergfence of certain trigonometrical series.*^ 

The series to be discussed are those of the types ro„cosna;, 
2a„8innx, where (a„) is a seqmnce of ^positive numbers, tending 
steadily to zero. 

We have seen (Art. 22) that the former series converges for all 
values of x, other than 0 or multiples of 27r ; and clearly the series 
cannot converge for these excepted values, unless is convergent 
— in which case we can apply Weierstrass's M-test to infer uniform 
convergence. It follows that : 

The series cos nx can converge for all values of x, only if 
converges (<»« > 0), and then the series converges normally for all 
values of x. 

We pass now to the more subtle case of iii regard to 

which the result is as follows : 

The necessary and sufficient condition that the series «in may 
converge uniformly for all values of x is that 


(i) To prove that this condition is neceasary, consider the sum 
=a,„ sin mx + sin (m + 1 ) x + . . . + i\j, sin px. 

and take the special value x =7r /(2p + 1). 

This value makes px < ^ir, so that all the terms m Rfn(x) are {X)8itivo ; 
and so we have 

E^{x) > ay{8inmx+sm(m + l)x + ... +Binpx}, 

be**™*® 

The sum in { } brackets is equal to 


ooB(m- J)x-oo8(p+i)x oo8(m-J)x , , 

• ■ --- ' = - ssWi®- * ' 

further, if we suppose that p > 2w - 1, it is easy to see that (m - t)x < Jtt. 
Thus oos(m - > 1/V2, and 2 sin Jx < x. 


♦The following proof is taken from one ])ubliHhe(l by Mgsmi's. T. W. Chaundy 
and A. K. Jolliffe {Proc. Lond. Math. Soc. (2), vol, 16, 1916, p. 214). 
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Consequently the sum of sines is greater than 

t . 1 


xJS -x.li. ^ • 


It follows that 

■®«iW>5Wo ifl>>2m-l, and = (2p + 1), 

and thus wo oannot make < Cf for this particular value of x, unless 

na^ -»■ 0 as 71 -> 00 , 

(ii) To prove that the condition na^ ->■ 0 is sufficknt, wo note that Abers 
Lemma gives | cosec Ja:, if 0 < ar < tt. 

Now sin^a; > oj/tt, with the same restriction on a;; so that 


and \R^{x)\<nui^, j 

If X lies between 0 and tt w, the value of r /a; will bo greater than tn, and 
80 may also be greater than p. 

Suppose first that xjx > p> m; then all the angles mx, (w + 1) ar, ... f px 
aro less than tt, and so each sine is less than the corresponding angle. Thus 
R„{x) < {ma^ +(w +!)««+, k.. 4-pa,,}a:. 

Hence, if denotes the upper limit of 

nut^, (m + l)a^,, (w+ 2 )a^^. 2 , ... to oo , 

it 18 clear that ■Kto(®) < P^Vm < “^Vm- 

Again, if p> t/x > m, there is some integer r between m and p, such 
that r + 1-.1 ttIx > r ; the part of i2,„(ar) from m to r is then covered by the 
last inequality, and so is less than For the terms from r 4-1 to p we 

can use Abel’s lemma, and so prove that the corresponding part of R„j(x) is 
numerically less than (r 4- l)a^+i 
Hence, finally, we can write 


l-RruWI < (tt 4-1 

for any value of Xt whether greater or less than irlrn ; and so wo have 

provided that m is chosen so that 

•nOn < € l{^ + f )» for n .. m. 

Thus the condition of uniform convergence (Art. 44) can bo satisfied pro- 
vided that na„ -► 0- 


From the theorems just proved we see at once that the series 

Z-cosm;, Z-sin^ix 
n n 

cannot converge uniformly in any interval which includes x=0 (or any 
multiple of 27r).t 


*It is easy to verify that 7r/^2 = 2-2‘2l4... <2-5=:4. 

tFvoiu Art (15 it will be seen that the former series tends to oo and that the 
latter is discontinuous at x=0. 



44-1, 45] UNIFORM CX)NVERGENCE 129 

More generally, any series of the types 

S—cosnx, 2 - 7 , smnx 

can converge uniformly for all values of a?, only if p > 1 ; and then, 
of course, the M-test is applicable. 

45. Fundamental properties of uniformly convergent series. 

We have seen (in Arts. 25-27, 31, 34-36) how the condition of 
absolute convergence of a series enables us to perform various 
algebraic manipulations of the series ; it will now appear that the 
condition of uniform convergence justifies the use of operations 
associated with the Calculus — such as differentiation and inte- 
gration. 

Cauchy and the earlier analysts (with the exception of Abel) 
assumed that the continuity of F{x) could be deduced from that 
of Sjx ) ; that this assumption is not correct follows immediately 
from Exs. 2, 3 of Art. 43. Further, these examples suggest that a 
discontinuity in F(x) implies a point of non-uniform convergence ; 
although Ex. 4, Art. 43, indicates that non-uniform convergence 
does not necessarily involve the discontinuity of F{x). 

Again, if we wish to integrate F(x), the equation 

‘ fCa f‘*2 

I {limSn{x)}dx==iim I Sn(x)dx 

Jfi n-><» »->QoJci 

is not necessarily true either, as will be seen from the examples 
given on p. 133 below. 

(1) If the series F{x)^^fjx) is uniformly convergent in the interval 
(a, 6), and’ if each of the functions fn(^) is continuous in the interval, 
so also is the sum F{x). 

For, in virtue of the definition of uniform convergence, the 
number m=^m{e) can be chosen independently of x in such a way 
that 

l/t»(»)+/m+i(»)+-- to 00 1 <c, if a^x^b, 
no matter how small e may be. Now write 

/o(®) +/i(a:) +/»(®) + . • . +/m-i(») =SJx), 

and it is then clear that 

l-P(®)--S«(!r)| <e, (a^x^b). 

I 


B.I.H. 
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Thus if c is any value of z within the interval (a, b), we have 

<e, 

80 that I F(c) —F (x) I < 2e + 1 S^(c) SJx) | . 

Now m being teed, Sm(^) is a continuous function of x, and 
therefore we can find a value 


S=S(Ci '>H, e)—S(c, e), 

such that |S„i(c)~iS„j(a;)| < e, if \c—x\ <S, 

Hence \F{c)—F{x)\ <36, if |c— x| <^. 

Thus F(x) is a continuous function in the neighbourhood of the 
point c. 

It is not unusual for beginners to miss the point of the foregoing proof ; 
and it is therefore advisable to show how the argument fails when applied 
to such a series as 


(1 - a?) +(a; - a:*) +(ac* -X*) + ... , (Ex. 2, Art. 43) 
when wc take c =1. 


Here f^(x) tooo=x*” ifO<x<l, 

and /m(l)+/f»H-i (!) + ••• ^ «> =0. 

Thus, if we msh to make both these remainders less than e, we must choose 
w, if we can, so that ^ ^ /a\ 


but to make 
we must take 


\SJl)-8Jx)\<. 
1 <€ 


or {B) 

and the two inequalities (^) and (B) are mutually contradictory (supposing 
that e < i). 

Consequently the two steps used in the general argument are incompatible 
here ; and the reason for this difficulty lies in the fact that the inequality (A) 
does not lead to a determination of m iridependent of x, when x can approach 
as near to 1 as we please. The assumption that the series converges uniformly 
enables us to ensure that the condition corresponding to (A) does not con- 
tradiot (B), 

(2) If the series F(x)=Z fn(^) uniformly convergent in the interval 
(a, 6), and if each of the functions fffx) is continuous in the interval, 
we may write 

[ F{x)dx=^\ fn{^)^y ifa = Ci<C 2 ~ 6 . 

J Cl ' J Cj 


For, in virtue of the uniform convergence of 2/n(a^), we can choose 
m(e) so that 

1 F(x) Sn{x ) I < £, if w > m, and a^x^b. 
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Integrate the last inequality from to and we have the result * 

I f®-* I 

(1) I F{x)dx—\ < e(c^— C i) = 6(6— a), if?i>m. 

I J Cl J c, I 

Now write 

Cci <*Ca Cc2 

0n= 1 S„(a:;)(ia:=| fg(x)dx+ \ fi(x)dx+...+ \'f„_i(x)dx] 

J Cl J Cl V Cl J Cj 

then it is clear from the previous inequality (1) that the sequence 

(<p„) convSi^es, and that its sum is equal to 

[ F{x)dx. 

J Cl 

That is, f^(x)dx—{ F{x)dx. 

0 J t'l J Cl 

By a change of notation we may write f 

!;{' {a^x-^b) 

J a J a 

It should be noted further that this series of integrals converges 
uniformly in the interval {a, 6), in virtue of inequality (1) above. 

In this form, the process is known as term-by-term integration of 
series. 

The reader will probably find lees difficulty here in realising the importance 
of the condition that m should be independent of x. It is not, however, easy 
to give a really simple example of a non>uniformly convergent series in which 
term-by-term integration leads to erroneous results. The following method 
shews how a variety of seqvmces can be constructed in which the process fails. 
Take 8^(x)~nxf(nx% where /(^) is a positive decreasing function for 

which the integral / f{^)d^ converges to some value J. Then ^/(^) 0 as 

Jo 

f -> 00 (Arts. 9, 11) ; and bo 8^ (x)-^0 ae n-^cc for any positive value of 
X, while 8„ (0) = 0. Thus we have 

F(x) =lim 8^ (a?) = 0, for a; 0, 

»l— ► w 

y a 

and accordingly / F(x)ax^0, if a>0. 


*lt follows from Theorem (1) that F{x) is continuous in the interval (a, 6), and 

rOj 

we assume that any continuous function is integrable; so that / F{x)dx is 
determinate. 

tit is not correct to write simply 2 J/nix)dx = J F{x)dx, because the con- 
stants of integration might happen to lead to a uon-convergent series after 
integration. 
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But / jSn(x) dx = h /(^ ) by writing ^ = na;* ; 

.'o Jo 

ra 

and 80 / 8J^x)dx-^\Jf aan-^oo. 

Jo 

ra yfl 

That is, lim / Sf^dx> lim8y,^(x)dx, 

/I— .M) j( — ►» 

80 that the process of term>by-term integration fails for tliis class of sequences. 
Two simple cases are given by taking 

/(^) = 6"^ or 1/(1 +f*), for which J = 1 or 

The figure below (Fig. 16) shews the approximation curves for the former 
case, the peaks being given by a; = l/^/(2n), y = v/(^/2c); for the latter the 



cuives are similar in shape to those of Fig. 15, but the peaks are given by 
x = \jyln, y = \>Jn, so that the general appearance does not differ much 
from Fig. 16. 

In a general way we can see from the shape of these curves that the 
area below y = 8„(x) is greater than that of a triangle joining the origin 
to the peak. And ir each of these examples the area of this triangle (being 
ixy) has a constant value independent of n; so that we should expect 
the area below S„(x) not to tend to zero, in spite of the fact that iS„(;t;) 
does so. 

Two examples of series illustrating the failure of term-by-term integration 
are given in Exs. 14, 15 at the end of the chapter. But Ex. 14 uses a series 
which ceases to converge at the critical point (a; = l); and in Ex. 15 the 
failure is less easy to prove in an elementary way. 

Other examples of sequences are constructed in Exs. 16, 17. 

Of course the argument above assumes that the range of inte- 
gration is finite ; the conditions under which an infinite series can 
be integrated from 0 to oo , say, belong more properly to the Integral 
Calculus ; but some special cases are given in Exs. 18, 19 at the end 
of this chapter. 
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45 , 46 ] 


46. Differentiation of an infinite series. 

If wo consider fix. 4 of Art. 4.3, for wliich 


.r~vo X 


we see that 


-.V(O) 


“ n. 


Thus lim jS„'(0) = oo , although F'(0)=0. 

n— >•&) 

It follows that the equation 

§- [lim S„(ii:)] = lim S„'(x) 

is not necessarily true when non-uniform convergence presents 
itself. But it should be noticed that it is the non-uniform con- 
vergence of the differential coefficient which is the cause of 

the failure, as will be apparent from the general theorem below. 
The reader may consider similarly the case 

*‘?n(®)=^sin(na:), ^(a!)=0; 

here SJ^x) converges uniformly to zero, but oscillates, 

7f the series of differential coefficients is uniformly con- 

vergent within the interval {a, b), its sum is equal to F'{x), the differ- 
ential coefficient of F(x) = ^fn(x) ; it is asswned that the differential 
coefficienls fn(x) are continuous, and that ^fn(x) converges in the 
interval.'^ 

Write G(x)=lf,'{x), 

then, by theorem (2) of Art. 45, we have 

=F(c^)-F{c^). 

Thus, since G{x) is a continuous function (Art. 45), it follows 
from the fundamental property of an integral that 

F'{c,)^G(c,) 

or F'(»)=6?(x), {a^x^h). 


* We can infer the convergence of S/„(a:) from that of ij the constanU 

of itUegrtxtion are properly adjusted (as in Art. 4f>) ; this amounts to the assumption 
that '2,f^{x) converges at some one point of the interval. 
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A direci proof of the foregoing theorem is not easy without some 
use of the Integral Calculus ; but if we restrict the proof to mrtmlly 
convergent eeries, we can avoid the use of integration by the 
following method. 

Write A)=^{/a(a:4-A) -/»(*)}, 

then, by the mean-value theorem of the Differential Calculus, 
h)—fn{x+Qh), where* 0 < d < 1. . 

Thus, if X and x+h both belong to the interval (a, 6), we have 

\i>n{x, h)\ < M„, 

where is a convergent series of positive constants, such that 

\f„'(x)\ < M„. 

Accordingly 'L<j>n{x, h) converges uniformly for all such values 
of A ; and therefore, by theorem (1) of Art. 45, 

limSs(>„(a:, A)=2:lim ^„(®, A), 

or lim r {i?’(a;+A)— J’(a:)}= Z/„'(a:), 

which is the required result. 

47. It is important to bear in mind that the condition of uniform 
convergence is merely syfficient for the truth of the theorems in 
Arts. 45, 46 ; but it is by no means a necessary condition. In other 
words, this condition is too narrow ; but in spite of this, no other 
condition of equal simplicity has been discovered as yet, and we 
shall not go further into the subject! here. 

That uniform convergence is not necessary may be seen by considering 
the two following examples : 

(1) Ex. 4, Art. 43, shews that non-uniform convergence does not always 
imply discontinuity. 

(2) CSonsider the series 

1 - a; 4-a;*- Jr* 4- ... =1/(1 + 3 :), (0 <«<!). 

* In general B varies with n ; and this is the reason why a longer investigation 
is apparently inevitable when the Jf-test does not apply. 

t Reference may be made to a paper by the author (Proc, Land, Math. 8oc^ 
series 2, vol. 1, 1004, p. 187) for the general question. Many wider tests for 
term-by-term integration have been given by various writers ; some very 
simple ones, due to Prof. W. H. Young, will bo found in Ex. 22 at the end of 
this chapter. 
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““ r 

and log 2 is also equal to the series 
found by integrating term-by-term. 

Nevertheless a; = 1 is a point of non-uniform convergence of the series in x ; 
because the remainder is greater than JiJ", and the condition < € leads to 
a determination of n, which cannot be independent of x (when a; = 1 is included 

in the interval considered). 

• 

48. Uniform convergfence of an infinite product. 

The definition of uniform convergence can be extended at once 
to an infinite product ; but applications of the principle occur less 
frequently in elementary analysis, and for our present purpose the 
following theorem will be sufiicient : 

values of x in the interval (a, b) the function fn{x) has the 
'property l/n(ic)l = where is a positive constant (independent 
of x\ then if the series is convergerUy the product 

P(a:)=[l+/o(a;)][l+/i(a:)][l +/»(«)]... to oo 
is a continuous function of x in the intervaly 'provided that all the 
functions /n(aj) are continuous in the interval. 

For, write [l+/o(a;)][l +/i(a:)] ••• [l+/m-i(a')J =•?*«(»). 

[1 +/«(*)][! +/™+i(a:)] • • • to 00 = Q^(x) ; 
and let A^, denote the product 

while A is the value of the corresponding product when m tends to 
infinity. That A is finite follows from Art. 39. 

Using the inequalities of Art, 40, we see that 

1^’(®)--P„(x)l <A-A,^, 
and we can accordingly choose m so that 

< e 

for all values of a? in the interval (a, 6), 

Having fixed m, we can choose S so that 

|P„(x)-P„(c)| < e, if |x-cl < <5, 
since Pmi^) is the product of a fixed number of continuous functions ; 
and then |P(®)-P(c)l < 3c, if |a:-c| < S. 

Hence P(x) is a continuous function of x in the interval (a, 6). 
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if ihe function f„(x) hns a derivate fn'(x), such that |/b'(®)| < 

«»<*»/ 1+/«(®) = ‘X>0 

<U all poinU of the interval ; then the infinite product has a derivate 
P'{x) given by ^ 

P(x)-'^i+Mx)‘ 

For imder these conditions we have 

l+7„(a:) a ’ 


so that Art. 46 can be applied ; and we find, accordingly, 






49. Closely connected with the theory of uniform convergence is 
the following theorem* which is of frequent use in subsequent 
' investigations : 

Suppose that we are given a sum 

F(n) =Vo(n) +t;i(w) +vf^n ) + . . . +Vj,{n) 
and that we want to find the limit lim F(n), it being understood that 

p tends steadily to infinity with n. Then, if 

lim (r being fixed), 

the limit of F(n) is given by 

lim F(n)=^WQ-\-w^-\-W 2 +... to oo = IF, 

n—r W 

provided that \vr(n)\^Mry where Mr is independent of n, and the 
series SMr is convergent 

The reader will note that the test for the theorem is substantially 
the same t as the ifef-test due to Weierstrass (Art. 44). The proof, 
too, is almost the same. 

First choose a number g = 3(e), such that 

Mq+Mg+l+... to 00 <e, 

and let n be taken large enough to make p> g ; then we have 

I +^7+X + - •• + < € 


• Tannery, Fonclions d'une. variable, § 183 (in the 2nd edition), 
f Here of course n takes the place of x in the test of Art. 44. 
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Also I 2 ^ • t'O 00 I M,^ -l-M.y +1 + . . . tu 00 < 6 . 
Thus 

I F{n) - F I < I 4- Vj + . . . -(^0 + + . . . +wq-i) I + 2 t , 

and it is to be remembered that so far n has only been restricted 
by the condition p> q. 

Now, since q is independent of w, we can allow n to tend to 
infinity in the last inequality, and then we find that the right- 
hand side t^nds to the limit 26 ; and we can accordingly find a 
value Wo— Wo(g, e)=Wo(€), such that the right-hand side is less 
than Se, for n < w®. 

Hence \F(n)—W\ < 3 e, if n> Wo, 

or lim jF(w)=W=>^o+^i+«^2+-** 

W-> W 

The following example will serve to shew the danger of trying to use the 
foregoing theorem when the Jif-test does not apply. 

Consider the sum 

F{n) =log (l +-y +log (l + J) + ... +log (l . 

so that Vr(w)"log^l and p*=n. 

Then obviously w,. = lim v,.(n) = 0, 

n— 4-ar. 

and so the sum of the series Wq+Wi-\-W 2 + is 0. 

But Vr(n) lies between r/w® and r/(n^ +to), and X r = i(n* + ?0» 

1 

so that ^ ^ 

and hence lim /'(n) =i. 

Another theorem of importance in this connexion is the analogous 
result for products ; 

Suppose that 

P(n)=[l+i;o(M)][l+Vi(n)] ... 

where p tends steadily to infinity with n. 

Then if lim Vr{n)=Wr, and if \vr{n)\^Mr where Mr is independent 

n-> 00 

of n and HMr is convergent, we have the equation 

lim P(n)=(l+w;o)(l+W])(l+wi2)*-* ^ • 



138 


SERIES OF VARIABLE TERMS 


[CH. vn. 

The reuder should have little difficulty in constructing a proof of 
this theoreui on the lines of the foregoing, employing the results of 
Arts. 38, 39 to find limits for the products 

and (1 -f . . . to oo 

in terms of the remainder to oo . 

To shew the need of some condition such as the JH-test, we may oonsider 


the example 


in which 

II 

II 

1! 

H 

11 

so that 

= ... =0. 

But the equation 

lim (l +-)'’=! 

is not necessarily true, 
of lim {pin), because 

In fact the value of the limit depends on the value 

J-j<log(l+y <^. 

so that 

- ^ . < log(l <^. 

n + 1 ® V n/ n 

Thus 

limIog('l+i)"=Um 

« — «. « \ ft’/ » — ► » 


49*1. Historical Note * on Uniform Convergence. 

The discovery of the notion of uniform convergence is generally attributed 
to Weierstrass (1841), Stokes (1847), and Seidel (1848). The idea is no doubt 
implied in Abel’s theorem (Arts. 50, 61 ) on the continuity of power-series ; 
but its explicit formulation is due to the three mathematicians mentioned first. 

But to appreciate the development of ideas on this subject, it is necessary 
to formulate certain definitions differing in various ways from that adopted 
in Art. 43 above ; this first definition refers to uniform convergence throughout 
an interval, and will be quoted as A. 1 in what follows. 

Consider now the closely connected definitions : 

A. 2. Uniform convergence in (he neighbourhood of a 'point 

The series will be said to converge uniformly in the neighbourhood of a 
point ^ in the interval (a, b), if we can find 8- 8{^) and m- m(^, c), so that 

<‘ ( 1 ) 

foi n>m and t f +5. 

* For the substance of the following note T am indebted to Mr. G. H. Hardy’s 
recent paper,. “ Sir George Stokes and the Concept of Uniform Convergence,” 
Pfpe. Camb. Phil. Soc. Vol. 19 (May 1918), p. 148. 

t If { coincides with a, this condition is to be taken as a^x'^a + d. Similarly 
if ^ coincides with b. 
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A. 3. U nifonn conwj/ewcr. at a point. 

Tiio <U*ihutiuii dilTom only from A« 2 iu allowing o to dcpeml on e, an well 
as 

Definitions A. 1, A. 2 were in use by Weierstrass as early as 1841 or 1842 ; 
and the definition A 2 was used in Seiders work, published in 1848. Defini- 
tion A. 3 was first explicitly formulated by W. H. Young (1903), although 
the idea is implicitly contained in an earlier paper by W. F, Osgood (1897). 

It is important to notice here W. H. Young’s theorem : * that uniform con- 
vergence at every point of an interval involves uniform converg&nce throv/ghout 
the interval ; +• although uniform c(ftivergence at ^ does not involve uniform 
convergence in the neighbourhood of 

In addition to the above definitions there is a set of less stringent con- 
ditions to which the name of quasi-uniform convergence has been given recently. ^ 

In essence the distinction from uniform convergence lies in the fact that 
the fundamental inequalities are satisfied by an infinite sequence of values of 
'/i, but not necessarily by all values greater than m. 

The following three definitions are formulated so as to be parallel to the 
three preceding : 

B. 1. Quasi-uniform convergence throughout an inlcrval, § 

The series is said to converge quasi-uniformly throughout the interval 
(a, 6), if corresponding to every value N, we can find a value w»m(e, N) 
greater than N, such that | (2) 

for all values of a; in the interval. 

Arsel^ and Hobson have remarked that series which satisfy B. 1 can be 
converted into series satisfying A. 1 by inserting brackets at appropriate 
places ; just as uniformly convergent series can be converted into normally 
convergent series by insertion of brackets (Art, 44 above). 

* This theorem refers to a closed interval [a^x^b): for a series might converge 
uniformly at every point of an open interval (a < a: < 6) without doing so in the 
corresponding dosed interval. 

t Proved by the aid of the Heine-Borel Theorem (see, for example, Hardy’s 
Pure Mathematics (2nd edition). Art, 105) on the following lines ; Choose first e, 
and then determine 3, m (as in definition A. 3) for every point f in the interval 
(a, 6). Every point of (a, b) is included in an interval (f - 3, f + 3) by the Heine- 
Borel theorem, every point of (a, b) is included in one or other of a finite sub set 
of these intervals. If M is the largest m corresponding to each of the intervals 
of this finite sub-set, then the fundamental definition A. 1 is satisfied for n ^ M 
and a^x^b. 

This proof needs some further elaboration to be complete ; but a full discuRsion 
would be out of placie here. 

X The term aimply-uniform was adopted by earlier writers, 

§ This definition wa^ originally introduced by Dini and Darboux ; and it has 
been used in another form by Hobson {Proc. Land. Math Soc. vol. 1, 1903, p. 373). 
Dini and Hobson use the tenn simply-uni/ormly convergent. 
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B. 2. Qmai‘Uniform convergence in the neighhoturhood of a point. 

The series is said to converge quasi-uuiformly in the neighbourhood of f 
if an interval -^5, f +^) can be found throughout which the series is quasi- 
uniformly convergent (B. 1). Here 6 = 8 (f ) and w = m(f , €, N). 

In effect, definition B. 2 is equivalent to the distinction originally intro- 
duced by Stokes * in 1847 : in Stokes’s terminology series which do not satisfy 
definition B. 2 are said to converge infinitely aUndy when x = 

B. 8. Qmsi-unifonn convergence at a point. 

The series is said to converge quaai-uniformly at if 8=»S{A «, N) can be 
found such that definition B. 1 is satisfied in the interval (^ - 5, f+6), 
while e, N). 

The idea involved in definition B. 3 is due to Dini, who proved the theorem 
(1) on continuity established in the following article. 

It should be observed that for aeries of positive termSt qyaai-uniform con- 
vergence ia equivalent to uniform convergence \ f for if we have found a value 
m satisf 3 ring inequality (2), then, since 

^m(^) =. ^n(^) - ^(^)» if w > W, 

it follows that |F(a;) -8J^x)\ < c, if n > r?i, 

and also that l^n(^) if w > m. 

Hence each A-definition is satisfied if the corresponding B-definition is 
satisfied. 

49'2. Theorems and examples of the foregoing definitions. 

(1) The necessary and sufficient condition that F(x) should he continuous 
at x — ^ is that the series should he quasi-uniformly convergent at x=^. [Dini.] 

It is evident that the proof of Art. 45 (1) will apply if a value m has 
been found to satisfv inequality (2) of Art. 49* 1 ; and the fact that ^ 
depends on c, N will not affect the final conclusion. Hence the condition 
is aufficient.l 

To see that the condition is necessary, note that 

|i’(x) -S„(*)| S:' +!«„(*) -5„(^)|. 

Since F{x) is continuous at 3 ;=^, we can choose 8 = e) so that 
|F(a:)-F(^)l <€, for ^ -8 < a; < ^ 
and m, depending on e and N, so that 

m>N and |F(?) c. 

* Math, and Pkys. Papers, vol. 1, pp. 236>313 ; see in particular p. 279. For 
the grounds on which the identification rests, see pp. 154-156 of Hardy’s paper 
previously quoted. 

t That is, B. 1 leads to A. 1, B. 2 to A. 2, and B. 3 to A. 3. 

X It follows a fortiori that conditions A. 2, A. 3, and B. 2 all give suffirieni con- 
ditions for continuity at a point ; while A. 1 and B. 1 give sufficient conditions 
for continuity throughout an interval. 
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Having fixed m, we can ohooee S, < S, where 8, = 8,(^, «, = «, N), 

80 that 

l-SmC*) < «. for $-Si<x<i+Si. 

Thus |P(a!)-S„(a:)| Of. for <*<^+8,. 

and for some value of m > N ; and thus the condition B. 3 is satisfied. 

Ex. 1. Consider the sequence S„(x)=nx/(l +n*x*)f for which F(x) is 
continuous at x =0. (Art. 43, Ex. 4.) 

The conditions B. 3 are satisfied by taking 
*. m=2N, 8=€/2N. 

Ex. 2. On the other hand, S^(x) =1/(1+ n*a?*) gives F (x) =0, and JP (0) = 1 ; 
thus the conditions B. 3 ought not to be satisfied at x =0 ; and this conclusion 
is easily verified on trial. 

(2) If the sum of a seriea of positive terms is contimtoiis throughout {a, 6), 
then the series converges uniformly throughout (a, h), [Dini,] 

For clearly the series is continuous at every point ^ of (a, 6).; thus by (1) 
above it converges quasi-uniformly at 

Since the terms of the series are all positive, it follows (as at the end of 
Art. 40*1) that the series converges uniformly at ^ ; and since this conclusion 
holds for every point of (a, 6), the series converges uniformly throughout 
(a, 6) in virtue of W. H. Young’s theorem. (Art. 49- 1.) 


EXAMPLES. 


1. Shew that if Sn(x)^x'**l{l -¥x^), a; = l is a point of non-uniform con- 
vergence of 8^(x) to its limit. Draw graphs of ^„(a;) and lim 8^(x), 

,, 1 vlrJJ” 

n\ 1 +a:*a*”’ " n\ l+z^a^ 


2, Shew that 


converge uniformly for all values of x; and that if a < 1 and x < 1, they 
are respectively equal to the series 


and - x^er^' + - . . . , 

obtained by expanding each fraction in powers of x. [Puinosheim.] 


3. Shew that the senes v ~ — is umformly convergent for all values 

, "inll+nx^) 

of «. 

[The maximum value of the general term /„(») is given by nx*-l, and 
the if -test applies.] 

4 . Generally consider the series 

X \Pf q 0, and one of them > 1 
7 TO'' + T^x* J (for convergence) . 

[If p > 1, uniform convergence for all values of a; is obvious ; if p ^ 1, 
the maximum of /^(ar) is given by and the Jf test applies for all 
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values oi » a p +q > 2, If, however, p < 1, g > 1 and p ^ 2, we can 
use Art. 11 to prove that the sum is greater than 
p xdt _ p dv 

where »=(?+p-2)/(s-p), r=^l(q-p). 

CSonsequently when a;-^ +0, the series ->+00 ifp+( 2 '< 2 ; and to a 
finite limit if p-{-q=2. And when -0, the sign of the whole series is 
simply reversed. Thus in either case there is a discontinuity at x = 0 ; which 
must therefore be a point of non-uniform convergence if p < 1, ^ > 1 and 
p+(/^2. * [Hardy.] 

6. (i) Shew that the series /(x)=5 uniformly convergent for 

all values of x ; and that /' (x) is given by term-by-term differentiation. 


(ii) Shew that the series f{x)=y—x x— « 

1 w* + n*x“ 


is uniformly convergent for 


all values of x, but that f'(0) does not exist. 

[If we form {/(x) -f{0)}/x, the results of Ex. 4 apply at once.] 


6. Generally prove that 


is uniformly convergent for all values of x, and can be differentiated term-by- 
term if y < 3p -2. But if 3p -2, the value of /'(O) does not exist. 
[Again form {/(x) -/(0)}/x and apply Ex. 4.] 


7. If 

then we have 
but 


/„(x)=x«(l>x«); 

-7nW =*/(! -**). y 1*1 < 1. 

=0, although lim [i:/n(*)) =■* • 


8 . Shew that 2 lim £ =| i- 

[For 1 “X*"^ 2nx”(l -x) and the M-test can be used.] 


9. If la,, oscillates finitely or converges, then the series l'(a„/7i') is a 
continuous 'fiuiction of x, if x ^ c> 0. [Diriculbt.] 

10. Shew that lim X ( - 1 = log 2. 

*-►1 1 


11. If converges and [fi^) is a sequence which tends steadily to « 

with n, the series converges uniformly if x ^ 0. Deduce that there 

is, in general, some number ;• such that converges if x > f , and does 

not converge if x < f . Of course it is possible that the latter series may 
converge for all values of x or for no values of x ; examples are given by 
c„ = 1/n 1 orn ! and /a„ =n. [Cahen,] 

12. If I'Un is an absolutely convergent series of constants, shew that 
17(1 +tt„x) converges absolutely and uniformly in any finite interval. 

If conveiges (not absolutely) and converges, II (1 \-u^x) converges 
uniformly (but not absolutely) in any finite interval. 
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13. Shew that the pioduota 

n[l +( -l)"a:/»], n[l+(-l)’^am(a?/n)], fl oos(a;/w) 
oonrerge unilonnly in any finite interval, and that the third converges 
absolutely. 

14. Prove that if f^(x) = (1 - 2aJ”), 1' /„(») cL; =0 ; 

and alBo that F (x) = ^ ^ 

80 that F(x)di=f^‘ j^^=log2: 

and thus shew that term-by>tenn integration fails. 

[This is a simplified case of an example constructed by Hardy (see the 
paper quoted under Ex. 15) ; but it is to be noticed that /„(1) = - 1, so that 
the series 2/^(3;) diverges to - oo atx = l.] 

16. If 

then fn{x)dx-^y but ^(a;) > 0 

for all positive values of x ; and in fact 

/*P(a;)da;=i(log7r-C)=0142.... 

•'0 

[The proof of these results is more troublesome ; see Hardy, Messenger of 
MaihematieSy voL 44, p. 146. It should be observed, however, that the 
difficulty arises from a;=:0; the upper limit oo is used only to produce a 
simple final result.] 


16. Further examples of sequences which give failure for term-by>term 
integration can be constructed as follows : 

Let 8n(x) ='nflx^^f(vMx^’)y where p, g > 0 and /(^) has the -properties 

(>) €/(f)-^0 as ^ (u) f(!^)d^=J >0, 

with the further property /(O) =0, in case p = 1. 

Then F (z) =lim jS„(a?) =0 for all values of Xy but 

n— 

lim f S„(z)dx=Jlpy if a > 0. 

In all such cases the product xp remains constant at the peaks of the curves 


17. Special oases of Ex. 16 are given by 

(»)p=^ ?=i. 


(U)l)=l. 3=1. 
(iii)y=2, g=l, /(i) = 


, , n*x_ J _ 2 t 

p^VS* 


1 


[These examples are mentioned by T. Hayashi, T6hok% Math. Journal^ 
vol. 2, p. 44.] 


nx 
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19. Shew that the series Sl/(n+a;)* converges uniformly if but 

that it cannot be integrated from 0 to od . [Osoood.] 

Itf. If/^(^) is positive and satisfies the Jf-test for aJl positive values of x, 
prove that f^(x) dx= provided that either side is convergent. 

Thus the method of term-by-term integration applies for instance to 
!S(n +xY^, if p > 2 ; or 2(71* if g > 1. 

(The method of proving the general theorem is to observe that theorem (2) 
of Art. 46 gives * * 

-/»(») =- (^/«(*) dx, 

and then to argue on the lines of Art. 31 (6) to establish the legitimacy of 
making X tend to oo . | 

20. If I 2 yit (*)| ®' fixed number G at all points of (a, b) and 

for all values of m, then if 2/n(^) converges at all points of the interval (a, 6), 
it converges uniformly. ’ [Bendixson.] 

[For, divide the interval into p sub-intervals each of length 1=^/0, where 
S < Jc, c being any assigned small positive number. Next find m so that at 
the ends of each sub-interval 

»«+> 

m+l 

is numerically less than S, This U possible because the series converges at 
each of these points, and they are finite in number (r -f 1). Now if a; is any 
point of the interval the distance to the nearest end of a sub-interyal (say a?,.) 
is not greater than \l ; hence 

|cHar)-<^(x.)|<(ii)(2Gf)=8, 
because | f/> ' (a;) | < 2G, 

Thus |f/>(a:)| < |<j^(aJr)| < 25 < €, 

and so the test of uniform convergence is satisfied.] 

21. Apply Bendixson's test to the series 

2 (I/ti) cos nx, 2 (1/n) sin nx. [Ex. 5, Art. 44.] 

22. Let the sum to n terms of a series of functions of x be denoted by 8Jjx ) ; 
and suppose that comparison series, with sums (r„(a;), 2,,(a;), can be found, 
such that 

for all values of n and for all points x in the interval (a, h). Then, provided 
that the series a-^(a;), 2n(®) ^'^e capable of being integrated term-by-term in 
the interval (a, 6), the same is true of 

In particular, if we have | 8^(x) | < K, 
where K is independent of n and x, then term-by-term integration is admissible. 

[W. H. Youjffo.] 
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POWER SERIES. 

60. The power-series is one of the most important types 
of uniformly convergent series. 

We recall the result proved in Art. 10, that if 

lim |a„|"=l/l, 

00 

the power-series converges absolutely when |x|<Z; but the 
series cannot converge if |x| > 1, for then lim la„x"l > 1, and so 
there will be an infinity of terms in the series whose absolute values 
are greater than 1. 

Thus any power-series has an interval {—I, -{-1) withm which it 
converges absolutely, and outside which convergence is impossible. 
By writing x in place of xjl, we can reduce this interval to the special 
one (—1, -fl) ; and we shall suppose this done in what follows (we 
exclude for the moment the cases 1=0 or oo ). 

Thus suppose that we have a power series which is absolutely 
convergent for values of x between —1 and -f-l : so that if k is any 
number between 0 and 1 the series is convergent. Then, 

by Weierstrass’s M-test, it is clear that the series 2a„x" converges 
uniformly in the interval (—k, because in that interval 
|a„x"|^|a„|i”. Hence we have the result that a pcmr series 
converges uniformly in any interval which falls entirelF within Us 
interval of absoktie convergence. 

It sometimes happens that further tests (such as those given in 
Arts. 11-12*2) shew' that the series is absolutely convergent for 
|x| =1 ; and then we can assert that the series converges absolutely 
and uniformly in the whole interval (—1, -fl), because we can com- 
B.I.B. 145 K 
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pare the series with S|a„| and apply Weierstrass’s ilf-test 

again. This test gives normal convergence (Art. 44) throughout the 
interval. 

But it may happen also that is convergent although not 
absolutely convergent : in this case we can apply AbePs test (Art. 
44), because the sequence of variable factors never increases 
with n, and is never greater than 1 (if O^oj—l). Consequently, 
since is supposed to converge, the series converges uni- 

formly in an interval which ends at and includes x=^l (but need 
not extend as far as ic=“-l). Similarly if 2(— l)"a„ is convergent 
the interval of uniform convergence includes a;=— 1. 

Ez. 1. The series 1 + 2 a? +3a;* + 4 a^ + . .. 

converges absolutely if - 1 < a? < 1 and converges uniformly in an interval 
( - fc, + k), where k is any number between 0 and 1 ; but the points - 1, + 1 
do not belong to the region of uniform convergence. 

Ei. e. The series 1 +3, +3! + ••• 

converges absolutely and uniformly in the interval ( - 1, +1). 

Bi. 8. The series i 

^ O % 

converges absolutely if -l<a;< +1 and converges uniformly in an interval 
( -X?, +1), where k is any number between 0 and 1 ; but the point - 1 does 
not belong to the region of uniform convergence. 

Wc now return to the cases 1=0 or oo , which we have hitherto 
left on one side. If it happens that 

1 

lim |a„|"=0, 

the series will converge absolutely for any value of x ; and 

the series converges uniformly in any interval (—A, +A\ where 
A may be arbitrarily great. 

<«_ ii mu 1 a?* a?® a?* 

Ez, 4. The senes 1 -i-a; + ... 

converges absolutely for any value of x and is uniformly convergent in ;my 
interval ( --A, 

1 

On the other hand, if iim |a„|*^=oo , the series 2a„a;" cannot 
converge for any value of x other than zero. 

Ex. 6. An example of this is afforded by the series 

1 H-a; + (2 :)ar* + (3 !)a?» + (4 !)a?* + ... . 
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In all the above examples, and in most other power-series commonly used, 
the value of I can be calculated from the equation 

2=lim 

and whenever this limit exists, its value will give the value of Urn |a„| 'S by 
Art. 149. But the existence of the limit of this quotient is by no means 
certain even in simple cases such as 

1+x^+x^+x* + , 1 +a:* +a!* , 

* * _ I 

for which the quotient oscillates between 0 and os , although lim \a„\ " =1 in 
both these series. 

The fact that, if is ever convergent, the series will converge absolutely 
within some interval, can be established by the following method. 

Suppose that the series converges for x^^Xq^ and let M be the maximum 
of ; then 

< M(rluY‘ if r=\x\, ro=|«ol- 
Thus the series 2 |an^"| certainly converges if r < r,, or if 
-r* < a: < + r^. 


KL 

l«n+.r 


There is an important distinction between intervals of absolute 
and of uniform convergence ; an interval of uniform convergence 
miist include its end-points, but the interval of absolute convergence 
need not. Or, to use a convenient terminology, the former interval 
is closed ; the latter may be unclosed. 

That the interval of absolute convergence of a power-series need 
not be closed is evident from Ex. 1 above, in which the series is 
absolutely convergent for any value of x numerically less than 1, 
but the series diverges for a; = l and oscillates for sc = — 1. On 
the other hand, Ex. 2 gives an illustration of a closed interval of 
absolute convergence. 

Now, wo proved (at the end of Art. 43) that an interval of uniform 
convergence must be closed, whenever the function is a con- 
tinuous function of x. But for a power-series we have 

SJx) . . . +a^x'^, 

which is obviously continuous for all values of x. Consequently 
the interval of uniform convergence of a power-series is certainly 
closed. This fact is not deducible from AbePs theorem (see p. 146, 
top, or Art. 51), for it does not appear impossible a priori that a 
power-series might diverge at aj=l and yet be uniformly convergent 
for |a;| < 1. 
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61 . Abel’s theorem is expressed by the equation 
lim 

provided that is convergent ; this of course follows from the 
fact (pointed out in Art. 50) that x~l belongs to the region of 
uniform convergence and from theorem (1) in Art. 45. 

Abel also shewed that when diverges, say to + oo , then also 

tends to +QO as a: approaches 1. 'I’hiB theorem cannot be proved by any 
appeal to uniform convergence ; but the following method Applies to both 
theorems. 

Write +ai -l-ag + ... 

Then, since 1, x, x^, ... is a decreasing sequence, by the second form of 
Abel’s Lemma (Art. 20), we have 

A(1 - 1“) <U{1- x”') +H„x”', H p>m, 

or h„ +{h -hj(l - *">) < Va^" < - x'% 

where H, h axe the upper and lower limits of ^4,, A^, ... , aud h„ 

are those of A„, ... to oo . 

Since these limits are independent of p, we have 


(1) + (A - (1 - »”•) 'j: 'i 4 (ff - //„) (1 - *“). 

Suppose first that is convergerif and has the sunt St then wo can choose 

m so that A • ^ 

however small t may be. 

Now we have 1 - a;"»= (J -.t)( 1 +a; -yx^ + ... 
so that if 0 < 1 - a- < <^, 

we have 0< 1 -ar’" < 

“d V + {h-hj{l -x^) > h„ -mKS. j ^ 0 < 1 

where K is the greater of |i/ and kj. 

Thus, from (1) wo have 

« - € - mKS < < « +« +mKS, 

“•^id so 5 - 2c < < a +2C, if 0 < 1 -a; < ^ImK. 

That is lim '^a^x^ =« = ^ . 

*—►1 

Secondly, if 'Ha^ diverges, say to + oo , we can choose m so that 2K, 
however large N may be; and we can take K to denote |2iV-Aj, which 
will not exceed iN + |A|. 

Then A(1 -*»") + A„®»»>A(l -x”^) + 2Nx”*>%N -mKS, 
and so from (1 ) >N, if0<l-®< NImK. 

Thus lim = + oo . 

The negative cose is dealt with similarly. 
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Thirdly t if oscittafea, lot 1-lim L^liin A^y and then in. can be 
chosen so that h„^ Z - c, H,„ L ^ c. 

Repeating the transformations of the convergent case, wo find that 
Z - 2c < < L + 2e, if 0 < 1 -ar < c/wiT, 

and so lim Um ;! L. 

i^i ^“►1 

Closely connected with the foregoing results is the theorem of comparison 
for two divergent series. 

Suppose thftt 2)a„, are both divergent, but that 

fix) = ^a^x^, g (x) = ^^h^x^ 

are absolutely convergent for |x| < 1. 

In the first place, suppose that ajb^ 0 as n -► oo , wo can choose m so 
K/6„|<e, iin-lm. 

Consequently, if we write 

/m(^) = do + «!«? + • • • + 

and if we further suppose that is poaitive, we have 

1/ W < €(6^x«* + 4- ...)< ,g(x). 

Hence we have < ^ + 


Now, when x 1, we have seen that ^(x) x , but f^(\) is finite ; and 
so wo can find ft such that 

l/tn(«)/>(«)l < «• if 0 < 1 - X < (S. 

Hence we have also 

l/W/^ W! < 2€, if 0 < 1 - X < fS, 
or lim {/(x)/gi(x)} 0, lim (a„/6„) = 0. ' 

T— ►! «— ♦ f 

Secondly, if ajb^ Z, we can write 

A^) I ^ -(<»n- ^b)»" 

g(x) }i:b„x” ' 

which will thorofore tend to zero by what has been just proved; and 


accordingly 


lim {/(*)/» (*)} = J = lim (ajb,, ). 

X—*l « M— ►X 


If lim(a„/&„) does not exist, it may still happen that A„lB„ ->■ I, where 

=0, +«! + ... +a„, B„ = 6, + l>, + ...+6„. 

Then we can write +* + ,:•+ 

g(x)(l + X + X* + ...)=^R„x", 

id so ^ -^l by the fonner result. 

g(x) 

In the same way we can prove that if a„/6^ or AJB^ x , then 
lim/(x)/^(x) = X • 
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Thus wo have Oesaio’s theorem of comparison of divergent series : 

If a or lends to a definite limU, finite or infinite., then 

lim = lim = lim 

where %$ a divergeni series of positive terms. 

El, 1. It is possible to obtain the first form of Abel's theorem from the 
last theorem, by comparing the two series 


^o+«4i»+-4,®* + ... , 1 + a? +*■ + .... [Cesaro,] 

El. 8. Similarly, by comparing the series * 

^ ('^0 ^ *^^ 1 ) ••• and 1 + 2x 3a?* + ••• , 

we see that if lim - (A,+ Ai+ii, + ... +A^i)*** 

,i-^k n 

then lim(^a^a^)=2. [Frobenius.] 

x—*-l 

El. 8. Again, if the limit in Ez. 2 is not definite, we may consider a 
further mean. Suppose that 

lim + (n ~l)A i + (n-2)A,+ ... + _ . 

J«(n + r) 

then we can compare the series 

4a + (2Ao+Ai)aj + (3Ao+2Aj+A,)a?* + ... and I + 3a:+6a:*+ ... , 
and prove that lim(i;a„a?*^) = 1. 

We note that each of the examples 1, 2, 3 includes the preceding one. 


Bz. 4. As other applications, the reader may shew that 

(i) lim(l- a;)^(a;+a?‘+a?*+a?“+ ...) = J^yTT. 

x—*-l 

(ii) lim{(«+a;"+®"*+a;«’* + ...)/log(l-a:))= -1/loga, 

r— ►! 

(iii) lim(l-*K(l*^^a?+2*^^a?*+3^^a;» + ...) = r(p), if p>0. 

T— ►! 

(iv) lim(a; -a;*+a^-a?^* + ...)=J. 

/-►i 

In case (i), the series a? + ar*+a!*+ ... gives r(»+g)/r(n + l), 

while the series for (1- .x)”^ gives R„=:3.5.7...(2a + l)/2.4.6 ... 2n. 

In case (ii) we find logn/loga, while the series for log(l -x) gives 
-logw. 

In case (iii) we use the fact that r(n +p)/r(n + 1). 

Finally, in case (iv) we have +iLi + ... +^1,^ In. 

Lasker and Pringsheim^ have proved theorems of great generality on 
series which diverge at x ==1. As an example we quote the following : 

If X(x) is a function of x, steadily increasing to oo with x, but more slowly 
than X, so that lim{\(x)/x}=0, then ^A'(n)x" is represented approxiinately 
h{ll{l-x)} for values of x near to 1. 


* Pringsheiin, Acta MathemaUca, vol. 28, 1904, p. 1, where fall refeienoes will 

be found. 
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62. Propemes of a power-series. 

The general theorems proved in Arts. 45, 46 of course apply to a 
power-series, so that we can make the following statements : 

(1) A power-series SOn®" ^ ® continuous function of x in any 
interval contmned within its region of convergence. 

(2) If (Ci, is any interval within the region of convergence 

(3) If X is any point within the region of convergence 

^(2a^»)==2na„®»‘-i. 

We note that the interval of absolute convergence of a power- 
series is not altered by differentiation or integration. This follows 

from the fact that* lim 

1 

i Q n Jl I 

so that lim |na„|”=lim ==lim |on|”= j* 

By applying Abel’s theorem (Art. 51) to the integrated series we 
see that in (2) the point c^ may be taken at the boundary of the interval 
of absolute convergence, provided that the integrated series converges 
there, no matter whether the original series does so or not. 

An example of this has occurred already in Art. 47. 

(4) If a power-series f{x)='LanX^ converges within an interval 
( — Z, -f Z), there is an interval within which f{x) =0 has no root except, 
perhaps, x=0. 


Suppose that the series converges for x-x^, and that M is the maximum 
of |a,|a:b**|; also write for brevity r=|x|, Then, if we consider 

values of r < fp, we have 

Suppose now that is the first coefficient in which is different from 


zero ; then clearly 


Thus, if 


!/(*)! 


1 Jl 


SO that A 


wehaye 

and aocordin£dy/(^) baa no root, other than x =0, in the interval ( - Arp , + Arp). 


For lim {n + ll/ns 1, bo that lim n** = 1 by Art. 149 in Appendix I. 
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(5) It is an immediate deduction from (4) that : If two power- 
series /(a5)=2«n®”» g{x)=XbnX^ (176 botk convergefU in the in- 
terval (— J, +i), and if f{x)=g(x) at all points in an interval (— c, c), 

**•> 

and the two series are identical. 

It will suffice to establish the identity if we can prove that f(x) = g(x) for 
all points of an infinite sequence (x„) which tends to zero as a limit ; for then 
the conclusion of (4) would be contradicted unless 0^« 

It is not, however, sufficient to prove that f(x) -g(x) for an infinite sequence 
of values of x. For instance, the cosine-series (Art. 69) is zero for 

a; = dr Jtt, i^TT, ±§7r, ... , 

and the sine-series for 

x=±irf d:2ir, d-37r, ; 

but these series do not vanish identically. 

53. We have hitherto discussed the continuity of the power- 
series from the point of view of the variable x ; but it sometimes 
happens that we wish to discuss a series regarded as a 

function of the variable y. The following theorem (due to Prings- 
heim) throws some light on this question : * 

Suppose that a positive value X can be found such that 

|A(y)|Jt»<4n^ a^y^h, 

where A, p are fixed and positive, and n has any value. Then 
2/n(y) • is ^ continuous function of y in the interval (a, b), prcrvided 
that fn(y) is continuous for all finite values of n, and that |a;| <X. 

To prove the theorem, we need only compare the series with 

, which is independent of y and is convergent when 

|aj| <X\ thus the series I>fn(y)^x^ (by Weierstrass’s test) con- 
verges uniformly with regard to y in the interval (a, 6), and is 
therefore a continuous function of y in that interval. 

It was erroneously supposed by Abel that the convergence of 
Tifniy) • interval (a, h) was sufficient to ensure the con- 

tinuity of 2/„(y)x" for 0<a:<jr (assuming /„(y) continuous). 
But Pringsheim has constructed an example shewing that this 
condition is not sufficient (see Example (6) below). 

* Further results have been established by Hartogs {Math. Annalen., vol. 62, 
1006, p. 9)» using more elaborate analysis. 
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The following examples are due to Abel, with the exception of (5) : 

(1) The series Pa; + 2^a;*+ ... + 71 ^ 3 :**+ ... .([a;|<l) 
represents a oontinuous function of y> 

(2) The series a: sin y + sin 2y + Ja?» sin 3y + ... 

is continuous as regards y when Ixj < 1 ; but although the series still con- 
verges if a; = 1, it is discontinuous at ^ = 0, +2r, ... (see Art. 65). 

(3) The eeries /(j,)=^-- + _y_a, + ^ 

is a continuous function of y if |*| < 1 ; and thus lim/(y) =0. But if a; = 1, 

theseriee V + +» +... (,ee Art. 11) 

1+y* 4+y* 9 + y* 

diffeta from / = tan-*y 

•'1 * T* y 

by less than the first term y /(I + y*). Thus it is evident that 

(4) The convergence of the series 

2[Um/,(y)]x" 

does not follow from that of '^fn(y)x^ for all values of t/>0. Thus the 

y y y y 

converges if x < 1, when y > 0 ; but the series 1 + 2x + 2*x* + ... + 2"a^ + ... 
diverges if x > (. 

(6) PringHheinCs Example : 

Let Mn tend steadily to oo with n in such a way that lim if„= oo , 
and let Mo“0. [For example, M^-O, lf„ = a”.] Then write 

and it is evident that the series converges for all real values of y 

and for any value* of x. Further, the functions /j,/], ... are continuous for 
all .real values of y. BrU if x^l, Bte aeries 2yj,(y)*’* is diaeoiUinvoua at 
y=o. 

For ^/„(0)»*»=0. 

But 

and BO if |y| >0, 


/o(y) +/i(y) + — +/tt-i(y) = 


S/n(y) = L 








* Because /„(y)x« = - YTl ^) » 

and converges for any value of x, since lim fM^=cc. Of course 

we have taken y not to be zero ; if y=0, all the terms of the series are zero, and 
S/„(0).x*«=0. 
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Now tiw terms ^(y) ere foaitiee, so that 

0 

From these facts it is clear that the series is discontinuous at - 0, if a; ^ 1. 

Of course if |a;| < 1, the series is continuous at y = 0, because f^iy) is 
positiye but less than 1, and so 

and thus the Weierstrass if-test applies. 

« 

64. Multiplication and division of power-series. 

As regards multiplication of two power-series, the results of 
Art. 34 shew that if both series 

converge absolutely in the interval * ( —I, their product is 
c.+c.*+(vr«+.... 

which converges absolutely in the same interval, where 

Cn^%K+CLlK-l + --+(^nbo, •••• 

If we apply Abel’s theorem (Art. 51) to the equation 
2c„a;"=(2a„a;«).(26na?'»), 

we can deduce at once his theorem (Art. 34) that C =^ABy provided 
that all three series converge. 

For dimsion, we assume first that the constant term bg is different 
from zero ; and for simplicity we take it as 1. Thus we consider 
first ^ 

1 +bjX+b^*+ . . . ”” 1 -f y 
where y=biX+b^^+ .... 

Now (i+y)“^=l— y+y*~y®+ •• , 

and by Art. 36 this series may be arranged in powers of provided 
|x|<M^+i). 

p being any number such that 26n/t>" i® absolutely convergent, ana 
M the upper limit of |5nl/®" (of course here «=1). 

* If the two seriefl have different regions of oonveigenoe, this interval wiU be 
the §maUer of the two. 
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We obtain 

(1 = 1 (6i®~ 26A+*>8)®® + • * • • 

This series may then be multiplied by any other power-series in 
Xy and we obtain a power-series for the quotient 

(ao+OiaJ-f . . )/(l +h^a;+5ja5^ 

Of course if some of the initial terms in the denominator happen to be 
zero, the quotient may still be found as a power-series together with a rational 
fraction. 

Thus, suppose that —0, &i -0, but that is not zero ; then we have 

+ ...)* 

where 5i = 6*/6„ ... . 

Then, as above, we find 

' l +BiX4^g« + .. . “ ®» + (®» + (a. -«.Bi + ... . 

In working out special oases begmners are apt not to cany on the denomi- 
nator to a sufficient number of terms ; for instance, to obtain the constant 
term in the last series it is necessary to include B.,, or ; that is, the denomi- 
nator must include terms in 


In practice it is often better to use the method of undetermined 
coefficients ; thus we should write 
a^+a,x+a^x*+... _ 

then multiply up, and we obtain, in virtue of Art. 52 (6), 

from which we get successively 


9[o* ?i» 9% 

Or, what is practically the same thing, we may follow Newton’s 
practice and use the ordinary method of long division, to find the 
successive coefficients 

?o> 9u — 

A more exact determination of the interval of convergence for 
ZjfiiX** will be found in Art. 89 below. 
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56. Rev 0 rsit>n of a power-series. 

Suppose that the series 

( 1 ) y=a^x+ii^^+a^x^+... 

converges absolutely in the interval (■— Z, + Z), and that it is required 
to express a?, if possible, as a power-series in y. 

Let us try to solve the equation, formally, by assuming a power- 
series solution 

( 2 ) , 

and substituting (2) in equation (1). 

If is convergent for any value of y other than zero, the 

resulting series may certainly be re-arranged in powers of y without 
altering its value, at any rate for some values of y (see Art. 36) ; 
leaving the question of what these values may be for the moment, 
we have, in a certain interval, 

or ^^>3 -f- 2 ( 12 ^ 1 ^ 2 “!“® 3^1^ 

and so on, in virtue of Art. 52 (5). 

Thus we can determine, step-by-step, the succession of coefficients, 
6„, by the equations * 

It is evident from these results that must be supposed different 
from 0, or the assumed solution will certainly fail.f We may then 
take ai=l without loss of generality, for the given equation can 
be wntten y/ai=x+(aJai)x*-\-{ctJoi)^+--- > 

and so, with a slight change of notation, we can start from 

y==x+a^^+a^^+.,. . 

Then the equations for 6aj ••• become 
61 = 1, 62” ®2» 63= — 

64= — ®2(26i63-f62^) — ^3(’^^1*^2) — ••• • 

* This method gives the coefficients as far as 63 or 64 without much labour ; to 
find the genera] term, we can use Lagrange’s series (Art. 55- 1 ), or some other special 
process as in Arts. 64, 95. 

t For the case when a, =0 and a, is not zero, the reader may refer to Ezs. B, 
23>26, at the end of the chapter. 
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Hence — 1, 162l”“l®2l> l^al ^2|(*2| . + 

I^4| = I^|{2|6sI+V}+3|<^8|‘ + ••• • 

These equations shew that |6n| ^/3ri> where the /8*s are given by 
/3i=l, j 82 =cx^, j88=2a2^2+a3, 

/^4~^2(2j93+i®2*)+*^^ A+^4> ... , 
provided that I «« ! = «.„. 

Now the equations for the /J's are the same as those which would 
be obtained by inserting the series 

^=ri + . . . 

in the equation ^ — — 

Now if p is any positive number less than I, the series 2|a„|p” 
is convergent, and, if M is the greatest term* in this series, we 

Thus we can put rx.„=M/p”, 

and then //=f- -f- (^l+- + - 2 +...) =i - a • 

P ^ f> P / p{p-0 

Now this equation leads to the quadratic for 
{M+p)^—p(p+ri)^+phj=0 ; 
thus 2{M+p}i=p (p +t}) -p {{p +»?)* -4i/ (Af +/o)}^ 

the negative sign being taken for the square-root,' because f and 
tf tend to zero simultaneously. 

But (p (M +p) = (\ -Tj)(p 

where X+p=^iM+2pf XfJi~p^, 

so that \=2il/-j-p-j-2 -j-p)}^, 

p=2M+p-2{M{M+p)}^. 

It follows that 

2{M+p)i=p{p+n)-p\l-l)\l-J^^’ 

and thus, since X > p, the value of ^ can be expandedl in a con- 
vergent series of powers of tj, provided that 0 < jy < /z. But this 


• For an alternative determination of jlf, see C'auehy’s inequalities in Art. 84 
below. 

t Wo anticipate here the binomial o^epansion of Art. 61, for the case 1^=1, and 
utilise the rule for multiplication of power-series (Art. 54). 
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senes is clearly the same as which therefore converges if 

0<fj<iuL, Now so that finally is absolutely 

convergent in the interval (— yu, Consequently the formal 

solution proves to be a real one, in the sense that it is certainly 
convergent for sufficiently small values of y. 

It is perhaps advisable to point out that the interval ( +M’) has not 

been proved to be the extreme range of convergence of the series ; 
we only know that the region of convergence is not leas than^the interval 
(-/*, +/x). 

For instance, with the series 

a?* a:* JB* 

we may take p = 2, if == 2, and then the equation for v/ is 

This is found to give 

A = 6 +4^2. /i = 6 -4^/2 = -343..., 

and so the method above gives an interval only slightly greater than (~}i, + ^). 
But actually (see Arts. 58, 62 below) 

y=e*-l, so that ® = log(l + y), 

and the series for x converges absolutely in the interval (-l<y< +1). 

55*1. Lagrange's Series. 

In books on the Differential Calculus, an investigation* is com- 
monly given for the expansion of x in powers of y, when an equation 
holds of the form 

This process gives an analytical expression for the coetncients in 
the expansion ; but it gives no information as to the conditions 
under which such an expansion is possible. As a matter of fact, 
the expansion is generally not possible unless f(x) can be expanded 
in a convergent power-series, the first term not being zero.f We can 
then write the equation in the form 

y:=xlf{x)=^a„x'*, 

1 

on carrying out the division. Thus Lagrange’s problem is now 
seen to be, in reality, equivalent to the reversion of the power- 

* See for inetance Williamson, Differential Oakulus, chap. 7 ; Edwards, Differ- 
enUdl CaJeulua, chap. 18. 

t Compare Exs. B, 24-26, at the end of the chapter. 
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series in the form »=26^. Lagrange's investigation shews 
that ^ 

or that nbn is equal to the coefficient of in the expansion of 
{/(^)}” ; or, what is the same thing, to the coefficient of in the 
expansion of (1/y)". 

The proof of this result is contained in that of the more general 
form of LAgrange’s series in which g(x) is expanded in powers of 
y, where y(aj)=2c„a;” is another given power-series. We know in 
fact (from Arts. 36 and 55) that for sufficiently small values of 
\x\ and |y|, we can write 


9(^)=Po+^Pny^ 


where Po=Cf^, Pi=<hl^i the other coefficients have still to be 
found. The interval of convergence cannot be found, by elementary 
methods, until the coefficients have been determined. 

Now we can differentiate this series term-by-term (Art. 52), and 
we find ^ 

f nr.\ = t vi/n 




Divide now by y*', where r is any whole number, and we get 




Suppose both sides of this equation to be expanded in ascending 
powers of x ; then, on the right, there is only one term * containing 

0 ?“^; this one is the term rp,.- given by w=r, and there the 
coefficient of x”^ is rp,.. ^ ^ 

• Except for n =r, we have 

but in this expansion, even if n is less than r, there can be no term in ar^, beoause 
ari is not the differential ooeffioient of any power of x. 

On the other hand, if »=r, we have 

1 ^_ai+2a|jjc+30|»* + ,.. 
y d»”oia;+o,!r^ + 03a!*+ ... ’ 

=- + 2J^+.., . 
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If we now change the notation, writing n for r, it is clear that 
is the coefficient of in the expansion of g'(x)ly^ in ascending 
powers of x\ this conclusion is due to Jacobi, ♦ although the 
result is equivalent to Lagrange’s formula 

It is to be observed that if the equation in x, 

ce 

1 

is solved by some algebraic (or other) process, there will usually be 
more than one solution. The series found here gives the solution 
which tends to zero with y. 


Bz. 1. If y-x-ax^t and g(x) = x^ we have to find the coefficient of 
in the expansion of 


Thus we get- 


rn _ »(» + l) -(2w-2) n-i 

(n-1)! ® ' 


and BO aj = y + tty* + 2a*y® + 6a*y*+ , 

which converges if \ay\ < J. 

Of course this series gives only one root of the quadratic in x, namely 
{l~V(l-4eiy)}/2a, 

because this root tends to zero with y. The reader will find it instructive to 
verify Lagrange’s series by expanding this square-root in powers of y. 


Ez. 2. In like manner, if y = x- we find for one root 

. 2w + 2 , , (wi + 2)(sm + 3) ... (aw + s) ^ , 

X = + - gy - a*2/*^* -I- ... + j — — ^ + ... . 


Ez. 3. The reader will find similarly that if ^ = x(l + x)^, then 


* = « 2m 3w(3wt + l) 4m(4»n-l)(4m + 2) 

* 9 21 ^ 3] y 41 jr-r 


Ez. 4. To illustrate the method of expanding g{x), we take the following 
example : To expand in powers of y = xe^. 

Here g'{x)lj^ = oar^* €<"■"***’* and so the coefficient of ar^ is easily seen to be 


Thus we find 


a(a - ?i6)”'V(n - 1) ! . 

- a{a-2b) . a(o-36)* . ^ 

e»*»=l+oy+ g. - — gy — y* + ..> , 

which converges if |y2^| < 1/e. 


Oee. Wtrlotf vol. 0, p. 37. 
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In partioul&r, with o = l, 6* -1, we obtain EiBenstein's eolation of 
the equation log f (eee Ex. 11, Oh. L), in the form of the seriee 

^ = 1 +y + 3|^ +4 *|t » where |y| < l/e. 

66. Applications to the theory of differential equations. 

Although it is not (strictly speaking) a part of the ordinary theory 
of power-series, yet it seems convenient to give here three of the 
simplest existence-theorems from the theory of differential equa- 
tions. Such 'theorems are available in English, only in more elabo- 
rate discussions of the theory of differential equations. But the 
ideas underlying these special cases involve no more difficulty than 
we have already encountered, for instance, in proving the existence 
of the reversion of a power-series (Art. 55 above). 

These results relate to the existence and character of the solutions 
of linear differential equations of the second order, which we suppose 

expressed in the standard form 4- P ^ -I- = 0. 

The first theorem refers to those values of a?, say x=^Xq, for which 
the coefficients P, Q can be expressed in the form of power-series 
in (aj— a?o). Then it appears that the two solutions are expressible 
in the seme form, with limits of convergence extending at least as 
far as the smaller of those of the series for P, Q ; and such points 
as Xq may be described conveniently as ordinary points of the 
differential equation. 

Take now a point {x=a, say) in the neighbourhood of which we 
can express (a?— a)P and (x—a)^Q as power-series in (x^a); one 
at least of P, Q being supposed to tend to infinity as x a. 

Then the two solutions are usually expressible in the form 
{(x— a)‘ X a power-series in (x—a)}, the limits of convergence again 
extending at least as far as the smaller of those of the power-series 
in the coefficients ] and such points as x==a may be called 
regular singularities of the differential equation. 

It is now clear that a study of the coefficients of a linear differ- 
ential equation of the' second order at once gives considerable 
information in reference to the character of its solutions. 

To save lengthy algebra it will be supposed in the formal proofs 
of Arts. 56*1, 56*2, and 56*3 that the points x=Xo, x=a are brought 
to the origin by making a preliminary change of variable (taking 
X— Xo or X— a respectively as the new independent variable), 

B.1.8. L 
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und generally 

{(^ + w) (^ + w- — 1 ) + (^ + w w 

= ““ {(^ + W ■“ 1 )Pl +? 1 } n-l — {(^ + Wr — 2 )Pjj + y 2 } »i-2 
Thus t must be a root of the index-equation 

assuming that Aq is not zero. Then, if t' is the second root, we 
have (t-\-n){i-\-n — l)-\'{t-^n)pQ-^qQ=n{n-]-t — t'). 

Thus the conditions become 


(l+t-t')A^ =—(tp^+q^)AQ, etc., 

from which we obtain successively Aiy A^y A ... as multiples of A^. 

To discuss the convergence of this assumed solution, we introduce 
an auxiliary set of coefficients such that Bn=\A^\. The 
equation corresponding to the equation for A^ will then be 

n(n-5)i{„=M|(n+T)--;-=H(n-l+T)^;^?+...+(l+T)^}. 

where i'|, t = |/1, |p^|<M/f” lj„| <M/r", and n>S. 


If we take So=ii4ol Bp^\Ay\, so long as p^(5, we shall 
have 1-4^1 when n>o. Further, the last equation gives 

r{n(n-^^)5J-(n-l)(n-l-(5)5^^i = M(w+T)£„_i, 
(n-l)(w-l--^) , Min+T) 1 


so that 


(w— l)(w— 1—^) M(w+t) 

rn{n—6) ^rn{n—6)~^r' 


or 


lim(5„^i/£„)=r. 


Thus, as in the last article, the series 24 converges if |a;| < ii ; 
and so the assumed solution really exists. 

The second solution is obtained by interchanging the parts played 
by the indices t, i\ 

It should be noticed, however, that ilt—t' is equal to a positive 
integer m, the second solution in general breaks down on account 
of 4^ having a zero denominator. B’urther, if t' no second 
solution can be obtained on these lines. We shall consider these 
cases briefly in the following article. 

It may be useful to add a special remark about the case in which 
the roots of the index-equation l)+Po^-hjo=0 are found to 
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be i- O, (so that 0, liegiiiiiers are iJicii apt to 

assume that the solutions should be of the character considered in 
Art. 56*1 ; but this is not the case, unless it happens that 5 i =0 
well as pQ=0y go=0. 

For instance the equation 

g -|=0 (with < = 0 , 1 ) 


has a soluti^ of the t3q>e 

.Vi -X (Ao +AiX +-4 jX* -f ...)» 


where 




1 

1 . 2 ’ 


4* 

A/ 


1 

2.3’ 


But the second solution is of the form 


A,_ 1 
i4i“3“ 4 


yjloga; +^o -^iic*(l +i) (1 +:j + \)- ... . 

Just as in Art. 56*1 it is easy to deal with series in descending 
powers of x, provided that we have expansions of the type 


P“;(p.+?+5+-)- «-i.(?.+S+S+-) toiN>a- 


ThenweaflBume y=J,(A+^ + ^*+ ■). 


and the quadratic for t becomes now 

^(^+ 1 ) — tpQ-\~qQ=0j 

but the remainder of the discussion is effectively unaltered. 

Thus the conditions that ^ infinity should he a regular singularity^' 
of the differential equation are simply 

P=0(l/x), P=0(l/x«). 

56*3. Case of equal roots in the index equation. 

When the roots of the index-equution are equal, it is evident 

^o=l-2<, ?»=<“■ 

The discussion of the first solution by means of the equations 
n^A„ = -{{t+n-l)pi+qi}A„_i-...-(tp„+q„)Ao 

and w*J5„=M((»+T)^H...+{l+T)f„») (I.) 

is carried out exactly as in Art. 56* 2. 

To find the second solution, we begin by supposing Pq, go slightly 
changed so as to make the second root of the index-equation 
/'==<— X, where X will be small. 
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is tlic method of Erobenius.* But a formal proof of convergence 
seems more troublesome on elementary lines. 


56*4. Exercises on differential equations of the second order. 

In the following examples (which are really of the nature of book-work) 
it is assumed that the coefficients P, Q are rational algebraic fractions in x ; 
and accordingly there must always be at least one singularity. As a rule* the 
singularities will be supposed regular, except in Exs. 3, 6. 

1. One regular singular point. 

Suppose that the point ia x— a, and that the indices are Prove that 

p=:0, = -1; P^ 2 l(x-a), Q= 0 , 

and that the solution is a d ^ 

If the point is taken at infinity, we find P - 0, 0 = 0, and the solution is 

y =A -f Bx, 

If P, 0 are taken to be any polynomials, we can obtain the simplest types 
of a non-regular singularity at infinity, all other points being ordinary points. 


2. Two regular singular points. 

Suppose that the points are x^a (indices p, p'), and a; = 6 (indices q, q') ; 
then prove that 

p_l-p-p' ^q-q' / yP'__ 

x-a x-h * (a; - a)(a; - 6) \a; - a x-hj^ 

and deduce that p +(7 = 0, p' + g' = 0, so that actually 


1 .. p-p' 1 +p+p^ ^ ^ (a - h ypp ' 

x-a x-h ' ^ {x - ay{x -b)^ 


If y~z(x- 0)^7 verify that 2 has no additional singular points and 
has indices (0, p' - p) at a ; form the differential equation for 2, and integrate 
it, and finally prove that the general solution is 




If the second point (6) is at infinity, prove that 


p 1-p-p' 


^ (x-a) 


S’ 


which, as a matter of fact, are the values found by making b-r co m the 
previous results ; and shew that the solution is then 


y=A(x-a)^ + B(x-a)K 


•See, for instanoe, Forsyth’s Difftrentia! Equations (.Srd or 4th editions), 
Ch. VI. 
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A Himple oxamplo of tliitj tyijo of diSoreutial equation is given by Art. 68 
below. 

3. One regiilax singular point and a non-regular singularity at 
infinity. 

Verify that these are the charaoteristios of the equation given by 

q__pp: 

x-a ’ (a:-o)» *’ 

the character at infinity being of the types (Compare Art. 116 below.) 

Writing fqr brevity a = 0 and S = p - p', prove that the general solution is 


y = ^a?'|l+ j 


2(2 + 8) 2.4(2 + S)(4 + 8) "•] 


i*** 




2(2-d)"2.4(2~8)(4-S) 
and examine the second solution when S is an even integer. 

4. Three regular singular points. 

Taking the points as 6, c with pairs of indices (p, p% q, q'), (r, r'). 

verify that 

1 -p -p' ^ I -q- q' ^ l-r-r' 
x-a x-h X ~ c ' 

and 

Q ^ / pp'(a -h) (a- c) qq'(h -a) (h-c ) r r'[c-a){c-h )\ 

{x ~ a) (x -b)(x-c) I x-a x-h x-c i 

where p + p' + g + g' + r + r' = 1. 

Also, if the third point (c) is taken at infinity, prove that 
^_1 -p-p^ 1 -q-q' ^ a-b 




O- 4. \ 

^ {x-a)(x-h)\x-a x-h a -by 


x-a x-b ’ {x-a){x- 

which, as a matter of fact, are the values found by making c oo in the 
previous results. [PArrERiTz.] 

5. Reduction of Ex. 4 to standard form. 

^ x-a fb-a (x-af(x-bY 

Wnte ^ = 

and verify that rj has indices (0, p'-p) at ^ = 0, (0, q'-q) at ^ = 1, and 
(p + g + r, p + g + r') at 00 , the sum of the six indices being again unity. 
Calling these indices (0, A.), (0, p), (v, v% we find, from Ex. 4, at once 

- JTl ) I + 1(7- 1 ) A + /^ + r + V ' = 1 . 

which can be solved in the form (when jf | < 1) 

,j = AF{v,v', l-\,$) + B^^F{v+X, y'+X, 1+A,f), 
where F{()l, /i, y, S) denotes Gauss's Hypergeometric series (Art. 12*2). 

In this way the familiar 24 solutions of Gauss’s hyx)ergeometric differential 
equation can be constructed by interchanges of the points a, &, c, and of thr 
indices p, p\ etc. 




-A 1 
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6. One regular singularity and two “ confluent ” singularities. 

Take the case of Ex. 4 with c at infinity, and let & oo , so that two singu* 
larities tend to coincidence (or to be confluent”) ; and let g, q' also tend 
to infinity so that {q+q')lb has a finite limit I, while and 

(2qq' - rr')lP -► t. Then verify that 


X -a 


(a: - a)* x-a 


where p, p\ a, t are unrestricted. 

When Z = 0 and Z = 0 this equation can be reduced to Ex. 3 by writing 

x-a = k^^t 

which makes the new indices 2p, 2p' at ^ = 0, and the new coefficients are 

P=L-jp-2p', (2=^-:+4te. 

7. Special cases of Exs. 4, 5. 

(i) (1 - = 0, (Arte. 67, 68) 


for which the indices are (0, i) at a; = ± 1 and (n, - n) at oo . 

(ii) If wo write in (i) y = (1 - x')^z, we find that the indices for z are (0, - J) 
at a; = ± 1, and (n + 1, - n + 1) at oo , so that we get 

which can be used to obtain the other series of Arts. 67, 68. 


(iii) (1 + Z*)^^, -2(n-l)Z^+n(w-l)2 = 0 (Art. 68-1) 

has indices (0, n) at Z = ± < , and ( - », 1 - n) at oo . 

(iv) The functions {^'(1 +a;) ± 1}'' give indices (0, p) at a; = 0, (0, J) at 
x=-l,{-^, -J{p-1)} at 00. 

Thus [iW(l+^) + l}f = 1-1>, -a?), (Ex. A21) 

and log [J Ml + ®) + 1}] is deduced by making p-t-0. (Ex. A 9) 


CERTAIN SPECIAL POWER SERIES. 

67. The exponential limit.* 

We shall prove that 

where a; = lim(^^). 

V ->• CO 

Consider first the special case when 1/ tends to infinity through 
integral values n, and write n^ = X 


* The reader is recommended to refer to Appendix II. before proceeding further. 
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Then we find,* on expanding, 

+ - +0 “ i ) V ! • 

Now, this expression satisfies the conditions of Tannery’s 
theorem in Art. 49 ; we can use as the comparison-series, 

where Xq is the greatest valuef of |A| for any value of n. For 
we have 

where Xq is of course independent of n. Also 
limi;,-(w) = x^/r!, 

M-> 60 

because limU -^j = l and limA = a;. Finally the index p is 

Ti—yco V ft/ ,j_>.ac) 

equal to w, and so of course tends steadily to infinity. 

Thus lira(l+f)”= l+»-f ••• to x. 


If now V tends to infinity in any other way, v will, at any 
stage, be contained between two integers n and (n+1) say; 
and of course n will tend to infinity witli v. Thus (1+^)*' will 
be contained betw'eenj (1+f)” and (1+^)’' ^^; and i/£ will be 
contained between and (w+1)^, so that 

lim (n^) = lim {n+l)( = x. 


* For the general tenn in the binomial expansion of (1 + f)'* is 

n(7.-l)(7i-2)...(n-r + l) ,, 2^ r-iyn^ 

t That there is a maximum is evident, because it is supposed that X approaches 
the limit ar, as n increases to infinity. 

^It is of course understood that the positive value of (1+^)*' is taken; and 
then this value is obviously contained between (1 + f)" and (1 + ^ rational. 

On the other hand, if v is irrational, the statement is a consequence of the definition 
of an irrational power. 
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Thus, from what has been proved already, we see that 
= ... == lim(l+f)»+‘, 

n-^oo *5 1 n-*-at) 

and since (1 + f)'' is contained between (1+f)" and it 

follows that 2 ^ 

lim I4-a;+75;^ + — + ... . 

V— ► 00 id. O . 

If we write for brevity 

rsrO 

it will be seen that we have used the theorem 

lim n) = i {lim /.(a;, n)). 

r=-0 r=rOM— ►ao 

That is, we have replaced a single limit by a repeated limit ; and of course 
such a step needs justification (see the examples in Art. 49). 


Special cases. 

If i=llv, we have the equation 

The sum of this series has been calculated iii Art. 7, and we found 
that 6=2-718281828... . 

If ^=l/(i/— 1), we have 

so that lim {l—l/v)-^=e. 

These two results may be combined into the single equation 
lim(l+X)^/^=e, 

A-^O 

where X approaches 0 from either side. 


58. The exponential function. 

We may denote by the symbol E(x) the exponential serieE 

a?* X® X* 

l+®+^ + ^+4!+-- 


Then (by Art. 52) we see that E{x) is a continuous function 
of X, and that its differential coefficient is given by term-by-term 
differentiation, so that 

^£(x) = l + x+~ + ^, + ... =:£(x), 

d x^ _ x^“ ^ 
dx r!'”(r— i)! 


because 
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Fuitjier, we see from Art. 57 that 

E{x) xF(y)=lim (l+|) .lim(l+|) 

71— >00 \ W/ ft— >00 \ 

^ ^E(x+y). 

This result can also be proved directly from the series for E{x), 
by applying the rule (Art. 34) for multiplying two absolutely con- 
vergent series. The result leads directly to the equations (in which 
n, p are positive integers) 

e- = {E{l)}-=E{n)={E{n/p)r, E(^x)=[E[x)]-\ 

Thus we see that E{x) is the positive value of e® for any rational 
value of x. But the equation must also be true for irrational values 
of x; for if , a^, ... represents a sequence of rational 

numbers whose limit is x, we have 

e® = lim = lim £^(a„) = E{x), 

n->x «->ao 

the last step being valid because E(x) is a continuous function 
(Art. 52). In future, we shall generally write e® instead of E(x) ; 
but when the index a; is a complicated expression it is sometimes 
clearer to use exp x, as in Ex, A 20, at the end of the chapter. 

Ez. Ab a numerical example, the reader may shew that' 

4-810..., 

andhenoethat 6*^ = 23-14..., e^=535-6... . 

To obtain the first result we need only odd up all the terms calculated 
in the example of Art. 59. 

69. The sine and cosine power-series. 

Write 

and cos *- |l - Jj + - ... + { -1)--^ 

Then it is plain that iSn(a;), 0„(x) are both continuous functions 
of X, and that 
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Now Ci{x)^cosx—l is negative, and consequently (a;)} is 

negative; but Si(x) vanishes with x, and consequently Si{x) is 
negative when x is positive.* 

Thus (»)}=— 51(2;) is positive when x is positive; but 

C^{x) vanishes with x, and therefore C2(x) is positive when x is 
positive. 

Hence ^{82{x)}=C2(x) is positive when x is positive ; and 

vanishes with x, so that S2(x) must be positive when x is positive. 

That is, ^^{C2(x)} =—S2{x) is negative when x is positive ; and 

therefore, since C3(x) vanishes with x, C^ix) is negative when x is 
positive. 

We can continue this argument, and by doing so we find that 

Cj(x), C.^x)y C^{x), Cj{x)j ...’I are negative when 
Si(x), 8^(x)y 8^(x)y S>i{x ), J X is positive, 
while the expressions with even suffixes are positive. 

This shews that sin x lies between the two expressions 


/V.3 /%-2n — 1 

nfS — 1 




(2n+Ty! 


Hence, since 
we have 


|.2n+l 


J™(2n+1)!' 


=0 (see Ex. 4 , p. 9 ), 


X* . X® x"^ , 


CO . 


In like manner we prove that 

, X* x^ X® 

CO8» = l-^, + J]-g, + -tO0O. 

These results have been established for positive values of x only ; 
out it is evident that sin x and its series both change sign with x, 
while cos x and its series do not change sign, so that the results are 
valid also for negative values of x. 


* We make use throughout this article of the fact that if y is increasing with x 
and is zero for x=0, then y (if continuous) must be positive for positive values 
of X ; this fact is intuitive, but can be proved by arithmetic reasoning. 
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The figure below will serve to shew the relation between sin a; 
and the first two or three terms in the infinite series. 



Fig. 17. 


Ez. Let us calculate cos (^tt) and sin (Itt). 

We have a;=j7r =1*6708 very nearly. 

This gives Jx- = 1 *2337, = *0047, 

*6400, j^J,o^*^ = *0009, 

‘2637, ^-^,-,5X« = *0002, 

*0797, = *00003. 

*0209, 

Hence cos (Jtt) = 1 -2546 - 1 *2646 =0, the error being less than *00003. 
Also sin (Jtt) =1*6507 - 0*6507 =1, the error being less than *00003. 


60. Other methods of establishing the sine and cosine 
power-series. 

(1) Probably the most rapid method of recalling the series to memory is 
to assume that sin x and cos x may be represented by power-series. 

Thus if ^x^a^+aix + anx* + 0^3^ + 


we have 


008x=^(8inx)=Oi -r2o2aJ + 3a,x*-l- ... , 


-Bmx = ^(coBx) = l .2a,-i-2. 3.aaX + 3.4.a4X*-t- 


Further, =0, Oi = 1, because sin x is 0 and cos x is 1, for x =0. 


Hence we get 1 . 2 . a, = -a, =0, 

2.3.0, = -ai= -1, or o,= -Aj, 

3.4.0, = -a,=0, 

4.6.a,= -a„ or 
and so on. 


But of course we have no a priori reason for supposing that sin x and cos x 
can be expressed as power-series ; and therefore this method is not logically 
complete. 
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(2) We may etart from the sertes, and call them, say, S{x), C(x). Thm 
multiplioatioii of the series (by Art. 54) giTes 

a(x)C{.y) +8{y)0{x)=^8(x + y), 

C{x)0{y) - 8(x)8(y) = C(x + y). 

Hence in partioular {0(x))‘ + = C(0) = 1 

and S(2x) = 2S(2:) C(x), C(2x) ={C(a;)}* - {8(x))K 

From these formulae we can shew that 8{x) and C(x) satisfy the ordinary 
formtilae of elementary trigonometry. 

Further, C(0) =1 and C(2) is negative,^ so that C(x) =0 has at least one 
root between 0 and 2. But 

^{C(!e))= -8(x), 

and 8{x) is always positive t for any value of x between 0 and 2. Thus C{x) 
can have only one root between 0 and 2, because C(x) steadily decreases in 
that interval. 

Call this root then we have 

COx)=0, {5f(a)}* = l, 

and so iS(a) =1, since iSf(a.) mast be positive (0 < a < 2). 

Hence 8{2(jl) =28(a.)C(a.) =0, 

C(2a)={C(cL))*-{5(a)}*=-l, 
and so 8(x + 2a.) = -'8{x), C{x + 2a) = - C{x), 

Thus <S(a; + 4a) = +fS(a;), 0(a; +4a) = + (7(3?). 

On these formulae the whole of Analytical Trigonometry can be based ; 
TT being defined as equal to 2a. 

(3) It is not difficult to prove, by induction or by the methods given in 
Chap. IX. below, that 

sin«<?=ooe«0{«e-?^^>^«*+ 

ooB«<?=cos»0{l - _ ...}, 


where ^-tan^, and both series terminate edter ((n + I) terms, when n is 
odd ; or after or ^(n + 2) terms, when n is even. 

Thus we have, on putting nB=x^ 




where 


^ =ntan(«/n). 


* Because 
t Because 
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To these expressions in biaokets we can apply Tannery's theorem of 
Art. 49, using as the oomparison-series 

where | wtan(a;/m)| ^ |f |, ra being an integer less than h, and chosen 

so that X lies between - Imir and + ^mrr. 

The argument is, in fact, almost identical with that employed in Art. 57 
for the exponential limit ; and we deduce that 


Finally, 


0<l-cos'*'=2gin**<.% 
n 2n 2»*’ 


1 > 008" - > ( 1 


(Art. 38) 


lim cos"- =1. 


(4) Another instructive method is to apply the process of integration by 
parts to the two equations 

8mx=j ooB{x-t)dt, oo8a: = l-/ sm{x-t)dt. 

•'o .'0 

If we integrate twice by parts, we obtain 

Binx = [^eoo8(a;-f)-2,Bin(x-t)J l)dl 

-X- „-iCOB(a;~<)d< 

Jn X ! 

and cosa; = l - |^<8in(a;-0 + 2 'jCoa(a:- 0 j + ^Bm{x-t)dt 

= 1 "21+ 

and SO on. 

Thus we find that, in the notation of Art. 59, 

=( - 

rx #in— 1 


Hence, as in that article, we find 


rixi 4xn 

,’\S\ 

|0„(3:)|'=/ .-s-^ 


1 “' -?!!*< > 1 *^* 
(2») ! {2n + 1) ! 


I (2n-l)!"-(2«)! 
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61 . The general binomial theorem. 

We shall now discuss the genml binomial series 

/(x)=l+j/a;+i/(i/— 2)~+... to qo. 

We know from elementary algebra that if i/ is a positive integer 
this series terminates and represents We proceed now 

to examine the corresponding theorem for other values of 
By Art. 12*2, the series is absolutely convergent ^if |»|<1; 
and so (Art. 50) the series is uniformly convergent in any interval 
(—A, +Aj), where 0 < i < 1. 

Now 

/'(a;)=i/|l+(i/-l)x+(i/-l)(i/-2)|^j+... to oo ^=vg(x) say, 
where g{x) differs from f{x) by having 1) in place of v. 

Also (l+%(a:)=l+{i/-l)x+(»'-l)(i'-2)~+... 

+ 2(i— 

or (l+x)^(x)=l+»«E+i/(i/-l)|-*+...=:/(x), 

SO that (1 +x)f(x) =i/(x). 

Hence we see that ^ {(^ =®’ 

or f{x)=A{l+x)\ 

where A is independent of x. But /(0)=1 ; and consequently, if 
we choose the positive value for (1 +xy, we have A=1 ; that is, 

/(a;) =(!+»)’'. 

This result has, of course, been proved only for an interval 
( — -fc, +i;) ; let us now see if it can be extended to include the 
points —1, +1. The quotient of the nth term in the series by 
the (w+l)th is 

— n/(n— I/— l)a;, if w> j/+l, 

and so the series converges at x=— 1 if v is positive (Art. 12*2), 
and at a;=+l if iz+l is. positive (Art. 19). Thus by Abel’s 
theorem (Art. 51) the sum of the series at a;=~l is 0, if i/ is 
positive; and at «=+l the sum is 2*' if »/+l is positive. 
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Other methods, 

(1) The most rapid method for recalling the series to memory is to solve 
the difierential equation 

(l+x)f'(x)=vf(x), 

by assuming a series f(x) =1 +aiX + ... . 

On substitution, we find that 

ai = r, 2ai+ai = vai, 3^3 +2aa =j/aa, etc. 

Of course wthis investigation must be supplemented as above in order to 
complete the proof. 

(2) We can multiply together two series with different values of i/ (say 
vi and I'a) and verify (by Art. 54) that their product is a similar series in 
which the coefficient of x'^/nl is a polynomial of degree n in i/j and the 
terms of highest degree being I'l” and Now when vi, va ar© any integers 
greater than n, this coefficient is equal to 

(i'i+V2)(i'i +»'a'- 1) ... (I'l +i^a -«- + !) 

by the elementary binomial theorem. Hence this expression represents the 
form of the coefficient generally. Thus the product is equal to/(a;), where 
V ‘'i + 1 ^ 3 ; compare Art. 96, below. Then we can apply the same argument 
as was used for the exponential series (Art. 58) to prove that f(x) must be 
the vth power of its value for v = 1. 

(3) The proof given in the example of Art. 36 may bo regarded as one 
of the best of a purely algebraic type. 

(4) We have (1 +ar)‘' = 1 +vj| {I +x 

= 1 +|'a; + ^'(l' -l)j|^ {I +x 

where we obtain the last line by integrating by parts. Continuing thus, 
we get 

= ... {v +x 


Now, if a: is positive, lies between 1 and (1 +a;), so that 

rx m ajfi+i 

provided that n>v -1. 

On the other hand, if a; is negative, we can only say that 

I /•* «« ! 
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Thus, In either case, if |a;| < 1, the difference 

(1 +x)- - [l +v* + ... +v(i--l)(v-2) ... (•• -n +1)^] 
tends to sero as n increases to infinity. 

When it is sometimes useful to replace (1+a?)*' by a 

selected number of terms from the binomial series (compare Art. 
116 below) ; and it is then necessary to make an estimate of the 
error introduced by this step. We can obtain such an estimate 
from the formulae just worked out by integrating by ^arts. The 
results are easily found to be : * 

If x>\, and n> V, the error involved in using the first n tenns of 
the series, in place of (1 +«)% is less than the next term of the series. 
But if X is negative a/nd numerically greater than 1, the previous 
estimate must be multiplied by 1 1 

If a;=— 1, it is interesting to note that %ve can sum the binomial 
series to a finite number of ter ms. Thus we have 

1 1)— i)(i/— 2)=(i -’0(1 -"iO(i 

and so on. 

Hence the sum to (n+1) terms is 

It is clear from Art. 39 that as n tends to <x> this sum tends to 0 
if 1 / is positive, and to oo if i/ is negative.f 

62. The log’arithmic series. 

We take as our definition of the natural logarithm the equation 

Cx ^4 

log(lH-a:) = | .. . (See Appendix 11.) 

Jo J T"^ 

Now when | 2 ;| < 1, we can write 

to 00, 

the series converging uniformly from ^=0 to Hence (by 

Art. 52 (2)) we obtain the series 

log(l+ir)=a;— Jar‘+... to oo . 

• It should l>© noted that we have here written (n - 1 ) for n in the actual 
formulae worked out under (4) alxive. 

t Because the series 1 + ^ + i 4- . . . to oo is divergent. 



62] 


LOGARITHMIC SERIES 


181 


However, it is not necessary to make use of uniform convergence 
in order to integrate term-by-term ; for we have 

Thus log ( 1 +35) =a; — i a;® + ^05® — . . . + ( — 1 - a?" 

If X is positive, the last integral is clearly less than 

which tends to zero as n tends to infinity, provided that 0 < ^ — 1 • 
Thus the logarithmic series is valid * even for x=l. 

This result follows also from Abel’s theorem (Art. 51) ; and has 
been obtained previously in the form 

log 2=1 — • (Art. 19) 

On the other hand, when x is negative, we can only say that 

A 

Jo 1-t"^ 

1 1 

(n+l)(l+x)’ 

and from this expression it would be expected, that x=— 1 must be 
excluded from the region of convergence of the logarithmic series ; 
and, as a matter of fact, the series 


is less than 


II 

+ajJo ( 


— (l+i+i+i+--) 

has been proved to be divergent (Art. 7, Ex. 2). 

It should be noted that even if x > 1, the difference between 
log (1-fx) and the first n terms of the series is less than the following 
term. 

The special case n=l leads to the results 

0 < X— log (1 +x) < Jx* if X > 0. 

0 <x— log(l+x) < Jx*/(l+a5), if -l<x <0. 


*That is, the operation of term-by-term integration can here f»e extended 
beyond the region of uniform convergence of the integrated aeries (compare 
Art. 47 and Art. 52). 
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Afioiher method. 

From the identity (1 -^x)" = 

we see that (Arts. 58, 61) 

i+j^+y(y-i)-|’ +y(y-i)(y-2)^, + ... 

=1 + y log(l + *) + 2 j{ylog(l +»)}*+ ^{y log(l +*)}• + ... • 

It is now neoessaiy to consider whether the first of these series oan be 
re-arranged in powers of y without changing its value. By ^Art. 26, this 
derangement will be permissible if the series 

£8 

1 +T/^+r;(7;4-l)|-,-|- »j{i/-f-l)(7/+2)|-y+ ... 

is convergent, where ^ = |a;|, ?/=|y|. 

But the last series is the expanded form of (1 - which is convergent 
if f < 1 ; that is, if \x\ < 1. Thus the derangement will not alter the sum. 

Hence we get (from the coefiiciente of y and y^) the equations 
log(l +x) =x- la:* -I- - Jar* + ... to oo , 

J{Iog(l +x)}» = la;* - -hi) + Ja:i(l - ?X’(1 +?■ +J + })+... to oo . 

Similar (but less simple) series may be deduced for higher powers of 
log(l +a7), [Compare Chrystal’s Algebra, Ch. XXVIII. §9.] 

63. For purposes of numerical computation of logarithms it is 
better to use the series 


log f ...), 

which can be found from the previous series by writing —x for x 
and then subtracting; or directly, by integrating l/{l—x^). In 
either way the remainder after n terms is seen to be less than 

2x*«+i 

Then, by writing x=ll{2p+l), we deduce the formula 

)=^{ 2 ^ 1 + 3 ^ 1)»+5 •••}’ 

which is a very convenient form for numerical work. 

Bi:. The natural logarithms from log 2 to log 10. 

By writing p =2, 3, 4, we obtain three series, the first of which is 

The second and third give similar series for log ^ and log 2. 
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The details of caloulation for log | may be arranged as follows : 


1 

6 " 

•20 0000 00 


*2000 0000 

1 

6 »” 

80 00 00 

- t -3 

26 6667 

II 

32000 

- r 6 

6400 

1 

6 ’“ 

12 80 

-^7 

183 

II 

61 

^9 

06 


•20 27 32 66 
2 


log3 = -40 64 66 


The errot involved in neglecting terms beyond the fifth is loss than 
2 (lyi 1 /\\9 

li r(l)*“l32\6/ ' cannot affect the eighth decimal. Hence the 

result is correct to the sixth decimal. 

Similarly, we get 

log ^ =2{14286714 + 00097182 + 00001190 + 00000017} 

= *287682 to six decimals, 

the error involved being again less than a unit in the eighth decimal. 

Also log f =2{*11111111 + 00046726 + 00000339 + 00000003} 

= *223144 to six decimals. 

From these results we find the natural logarithms of all integers from 2 to 
10 (with the exception of 7, which can be found similarly from log 
In particular, we have 

log 2= -693147, logs =1098612, 
log 6 = 1 *609438, log 10 =2*302686. 

Of course other series than the above have been found, which converge 
more rapidly, and so enable the logarithms to be easily calculated to a great 
number of places. To illustrate, the reader may find formulae for log 2, 
log 3, log 6 in terms of the three series obtained by writing p = 15, 24 and 80 
in the general formula. 


64. The power-series for arc sin x and arc tan x. 
If x=Bin0, we have 




and BO, by the principle of reversion of series (Art. 56), we can 



SPECIAL POWER SERIES 


1S4 


[OH. vm. 


express the numerically least value of 6 as a convergent power- 
series in X, the first two terms of which are seen to be 
6==x+lx^+..,. 

However, it is not easy to obtain the general law of the coefficients 
in this manner ; but we can overcome the difficulty by using the 
Calculus. 

We have in fact 


cos 0 “ ^(1 - 1 *)“^ ■•'2 “^"^2 74 ‘^■'■ 2 . 4 . 6 ’ 
where 6 is supposed to lie between —Jx and + Jtt* so that cos 6 
is positive. 

do 

The series for -j- is obtained from the binomial series by writing 


J and for +x; it will therefore converge uniformly in 
any interval (— +k) if 0 < A < 1. 

H ence we may integrate term-by-term and so obtain 

arc 8m x-^B=x+-^ 3 +2 5+27476 7 +- ’ 


which converges absolutely and uniformly in the interval (—1, +1), 
as may be seen from the test of Art. 12*2 (5). Thus, writing a;==lj 
we liave the fonnula 


1 -1 . J-4 4- 

2 ^ 2 3*2 4- 5 ' 2 4 6 y • ^ 


but this series converges so slowly as to be quite unsuitable for 
numerical computation. 

Although we have not found * a series for tan x, we can easily 
find one for arc tan x. For, writing a;=tan 0, we have 
d0_ 1 ^ 1 
dx sec*0 l+»* 


•Wo can, of course, form such a series by dividing sinrc by oosa: (compare 
Art. 64), but there is no simple general law for the coefficients except in terms of 
Bernoulli's numbers (Art. 100). The first three terms are 
tana; = *+isc*+iV5*^+ • » 
and more ooefiicients are given in Art. 100 below. 

The method used in Art. 54 shews that this series will certainly be convergent 

iji any interval for which + calculation will shew 

that this is satisfied in the interval (-1*3, + 1 *3) ; but by means of a theorem 
given in Art. 89, we can shew that the region of convergence is ( - iir, + Jir). 
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+<-’>■£ 1 


I2n 

0l+«® 


(ft, 


where 0 is supposed to lie between — Jtt and +^Tr. 

The integral last written is less, in numerical value, than 




_\x\ 


2n+l 


■2w+r 

and this tends to 0 as w tends to oo , provided that |x| ~ 1. 
Hence we have * Gregory’s series 

arctana;=a;— to oo, 


where — +1, —Jtt — arc tana; ^+J7r. 

In particular we have 

J7r=l— \ +-i — 1 + ... . 

The last series converges very slowly, but by the aid of Euler’s 
method given in Art. 24, the reader will find no great difficulty in 
calculating Jtt to five decimals, from the first 13 or 14 terms. The 
result is Jtt ='78540. 


For the aotual calculation of ?r to a large number of places, it is necessary 
to use special devices to increase the convergence of the series ; a well-known 
method is to write =arc tan 


or 


Then we find tan 2(x. - ,'*1, , tan 4a = f y J • 

Hence tan (4a - Jtt) J j* 

Jtt =4 (arc tan J) - (arc tan .j J „ ). 
For other series to calculate tt see Ex. A 42, p. 196. 


65. Various trigonometrical power-series. 

It is clear from Art. 27 that the expansion of 
(1— 2rcos 0+r®)'’^=l+(2rcos6— r*)+(2roos 6— r®)*+... to oo 
may be arranged in powers of r without altering its value, provided 
that to 


*Oi course the term-by-term integration could also have been Justified by 
making use of the uniform convergence of the series I -x^+x - .... 

fFor |2roostf| + r®^2|r|+r®; and when r satisfies the condition above we 
have 2|rl -1-7^= If < 1. Thus |2r cos ^ j +r® < 1, as required by Art. 27. 
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The fiequence of coefi&oients is, however, more easily determined 
for the fraction (1 —r cos 0)/(l — 2r cos 0 +»**)• 


Write 


1 — f cos 0 




1— 2r cos 0+r* 

where A^, A^^ ... are of course functions of 0. Then we have 
the identity 

1— rcos 0=l+4ir +A 2 r* +^ 3 r*+... 

— 2r cos 0— 2i4ir2 cos 6 — 2 A 2 r^ cos *0— ... 

+r* +^ir»+..., 

and hence we get, using Art. 52 (5), 

^Lj ^^cos 0, 

A2==2Ai cos 0 —1 =cos 20, 

A2=2A2 cos 0— i4i=C08 30, 

A^=2A2 cos d—A2=COB 40, 

and BO on. 

Thus we find the series 

1 --2rcos 0+r*cos 20+f*cos 30+... to oo . 

If we subtract 1 and divide by r, we deduce that 

- — r . -=co8 0+r cos20+r^cos30+y^CQs40+... to oo . 

1 — Jr cos u 4-r* 

Combining these two series, we get also 

= — — ^-n-r^=l+2rcos 0+2r*cos20+2r®cos30+... to oo . 
l--2rco8 0+r* 

An exactly similar argument gives the formula 

where, on multiplication, we have 

Rj—sin 0, B2=2Bi cos 0=sin 20, 
B8=2J3tCOB0— jBi=sin30, etc. 
rsin 0 


Hence: 


=rsin 0+r®sin20+r®sm30+... . 


1 — 2r cos 0+r* 

By inspection we see that all these series converge when 
l+r+r*+r*+... converges, or when — 1 <r<l. Thus we are 
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led to enquire whether the equations are not also true for the 
interval (“1, 1). Now we find, identically, 


1 — r COB 6 
1 — 2r COB 0+r* 


1 +r COS Q +r* cos 20 +. . . 


cos (n— 


where 


r" cos n6 —r^+^ cos (n—\)0 
l--2rcos0+r® ' 


so that ^ |i2J < if p=^\r\. 


Hence, as for the geometrical progression (Art. 6), we see that 
lim Rn=0, if — 1 < r < 1, and accordingly the first equation holds 
for the interval (—1, 1). And the other equations can be extended 
similarly. 

Again we have 


d 

dr 


log (1 — 2r cos 6+r^) 


2 (cos 6—r) 
1— 2r Qos0+r* 


= —2 (cos 0 +r cos 20 cos 30 + • • • ) 


by what has been proved. 

Hence, integrating,* we have 

log (1 — 2r cos 0 +r*) = —2 (r cos 0 cos 20 + Jr* cos 30 + . . . ). 

no constant being needed because both sides tend to zero as r->0. 

It may be noted that the same result is found by integrating 
the sine-series with respect to 0. 

Also we have 


p sin 6 dt _ p sin 0 __ T 

Jo 1—27 cos 0+^®'” Jo (<— cos0)*+sm*0”’L 

=arctan 


^ /i-cos 0\T 

arc tan I — : * ' 

\ sr 


8in*0 + (r ~ cos 0)(O 
Thus we find 

r sin 0 


8m0 /Jo 
r sin 0 


/ (r— co s 0) si n 0 —(0 — co^0) sin 01 _ . ( r sin 0 \ 
\ 8in*04-fr~cos0KO -cos 0) / ^\l--rcoB0/ 


arc tan 


/ rsin0 \ r 

\1— rcos0/ Joi— I 


sin 0dt 


2^cos 0+i* 



*(8in 0+«sin20+i*sin30+...) 


=rsin0+Jr*sin20-fJr*Bin30-[-... . 


•Term-by-term integration is permissible because, if lr|^A;<l, the series 
may be oompared with 1 + ^ -f- + Ar* -f- . . . , and Weierstrass's if- test con be applied. 
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We have only established the equations above on the hypothesifi 
that — 1 < r < 1 ; but we know from Art. 22 that the two series 

cos 0+1 cos 20+J COB 30 + ... 
sin 0+i sin 20 +J sin 30+ ... 
are convergent, except the first for 0=0 or 
Thus, by Abel’s theorem (Art. 51), we have 
cos 0 + J cos 20 + J cos 30+ ... = lim { — J log (1 — 2r cos 0 +r*)} 

r — >-1 • 

= -ilog(4 sin*J0) ; 

and when 0 < 0 < 2^, this result can be written 

cos 0+J cos 20 +J cos 30 +...=— log (2 sin J0). 

We find, similarly, 

cos 0— J cos 20 +J cos 30—... = lim J log(l+2r cos 0+r®) 

=:Jlog(4 cos*J0); 

which can be written as log(2 cos J0), if — -tt < 0 < tt, 
although a fresh investigation is not necessary, because the last 
series can be deduced from the preceding by changing from 0 to 
^+0. 

In like manner we find the result 

, . ft sin 0 \ 

sin 0+i sin 20 +i sin 30+... =lim arc tan 

Now, from the figure it is evident that the angle in question is 
the angle 0, which, according to the definition of the arc tan function. 



Fig. 18. 


must lie between — and +| 7 r ; so that lim ^=J('7r— 0), when 
0 < 0 < w ; and when tt ^ 0 < 2ir, we readily ^d that the same 
formula applies, by drawing a fresh figure with 0 between w and 27r, 
Thus sin 0 +i sin 20 +i sin 30 +...=4(^—0), if O<0<2w. 
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But if or 27r, the value of the aeries is 0 because each term 
in it vanishes ; thus the series is discontinuous ♦ at 6=0 and 2^. 

If 0 lies between 2kTr and 2(i+l)7r, where k is an integer, positive 
or negative, we have 

sin 6+1 sin 26+ J sin 36 + ... (0-2fc7r)}=i{(2A+l)^-6}. 

These results have all been obtained without the use of the complex variable; 
although, as a matter of fact, they could be established more quickly f by 
assuming certain results obtained in Ch. X. below. 

Thus, for instance, we have the equation 

=1 +X +X* + ... to 00 , 

1 -x 

provided that \x\ < 1. 

If now a;=r (cos sin ^), 

1 _ 1 - r cos ^ + train^ ^ + tr sin 

1 (1 -r cos S)* +(rsin^/)*~ l-2rcos(^+r® 

Thus, on taking the real and imaginary parts, we obtain the same series 

1 - r cos ^ , r sin ^ 

1 - 2r 008 ^ 1 cos 0~+r* 

as were found in the previous work. 

Similarly, by taking for granted the logarithmic series (Art. 95), we can 

obtain the series for log (1 -2r cos 0 +r*) and arc tan ; but it 

® ' VI -r cos * 

will be recognised that a complete discussion on the lines of Arts. 94-96 is 

at the bottom more troublesome than the direct discussion given here. 


EXAMPLES X A. 
Differentiation and Integration. 
1. Justify the equation 

1 11 1 r .. . 


a a +b^a+2h a+3l»^*’* Jo 1+/*^^ (o, 6>0). 

Thus the series can be found in finite terms if bja is rational. [Gauss.] 

Deduce that 1-T+i -rrt + — =h(^ +log2\ ] 

4 7 10 3\v/3 * /’ compare Ex. 5. 


11 1_J^ -^(JL 

2 6'^8 ll’^*””3VV3 




compare Ex. 5, 
Ch. IV. 


• Hence these are points of non-uniform convergence for the series (Art. 45) ; 
a result proved directly in Art. 44*1. 

t The saving is more apparent than real, as at the l>ottom it depends only on 
rearranging the algebra On the other hand, it is probably easier to remember 
the I'esults when expressed in terms of the complex variable. 

{ In a nuinl)er of these examples, the word expansion is used as equivalent to 
power-series ; and in some cases the words Jot sufficiently small values of x are implied. 
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2. Proye, aa in Ex. 1, that 

[Math. Trip. 1890.] 

8. Bhew that if k and n are positive integers 


{a+nh){a+nb + i) 




Deduce that 


(o+n6)..,(a+w6 


+ k) Jo 1 




4 . Prove, from Ex. 3, that 
X 1 


1 . 2 . 3 ■‘■ 3 .476 ■*'6 . 6 . 7 ■*■ ■■■ ^ 

1T27 3 “ 3 . 4. 6 ■‘‘s'. 677 “ ■■■ 

1 _ 1 1 _ _i, - 

2:374 4.6:6 6.7.8 •■■ 

[These results are readily deducible also by rearrangement from the known 
series for log 2 and (Arts. 62, 64). Thus the third series is 

1/1 2 n 1/1 2 1\ 1/1 2^1\ _l/ 7 r 3 N"] 
2\2'‘3'^4/ "*2 U“6‘^6/ ■^2\6"7 "^g/ *” 2\2 ~2/’J 


6. Shew that if ol > 0, y - ol > 0, 
P(o., P, y, X) = -) 




and deduce that if also y - ol - /^ > 0, 

F(n R ii_r(y)r(y-a-^) 

F(a,, y, 1 ) - ^ 

[The investigation of this result given in Ex. 16, Ch. VI., is better, how- 
ever ; because the only restriction required isy-oL-/?>0, which is necessary 
in order that the series jF’(<x, )8, y, 1) may converge (Art. 12*2).] 

6 . From Blx. 16, Oh. VI., prove that 

, /IV /IV / 1-3 V / 1-3.5 r(2) _4 

^■^( 2 ) ■'■( 274 . 6 ] ■'■( 2 . 4.6.8] {r(.iS))» V 

[Write 0 L= -i, /8= - J, y =1, Note that Ex. 5 will not apply here.] 

7. The complete elliptic integrals are 

■'■(2) *''''(2-74) *'•'■■■•]’ lo j. j ■ 


8. Prove that 


tog [1/(1 -*)j 


= jj (1 -xydt = l -tz - i\,®* - - ... . 
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vin.] 

9. Shew tiiatk if \*\ < li 

logftU +V (1 +*)}]=^ 1 “^ J ■‘■JTTTS ^ • 

[Sifteientiate, end the xeenlt follows by integrating the series for (1 +x)~^.] 

10. Multiply the expansions of and log ( 1 and deduoe by 

integration that 

i{log(l -»)}*=4** + J(l+i)a- + }(l+i+J)a;* + .... 

Prove that the result remains tme for a; = - 1 . 

[Compare Art. 02 for another method ; and also Art. 34, Ex. 2 .] 

11. ProTe that, if |a;| < 1 , 

1/ X X. /t l\x^ 1 l\sfi 

2 (arc tM. *)• = 2 - ( 1 + 3 ) ( 1 + 3 +g) ^ . 

Shew that the result is true for a; = 1 . 

12. Prove that 

-log(l+*).log(l-*)=*‘ + (l-J+|) 2+(l-|+J-J+g) 5 + .... 
[By direct multiplication, or by expanding the differential coefficient 
(1 log (1 +x) - (1 +xr ^ log (1 -«).] 

18. Prove that 

s/(l tx») log{*+^(l +x*)}=x+‘J +||i J - ... . 

Shew also that 

^(1 -sc*) arc sin a; = a; 

Prove that both equations remain valid for a; = 1. 

[For the first result, use the equation (1 +a;*) =scu, and find a 

similar equation for the second.] ' 

14. If y =(1 +sc)~" log (1 +x), shew that 

(l+x)^+«y=(l+x)-". 

Deduce the expansion 

y=x -«(«+!) (i +n(« +!)(« + 2 ) g +^) . 


2 aj* 2.4 a?* 


- + ... . 


15. Prove that 

i(aretanx)logi.^=x» + (l-J+J) ®*+(l-|+i-J+J)‘ 

[It is easy to see that 

(1 -*‘)g=(l -x*)(x+ix* + ix‘ + ...)+{! +x*)(x-Jx* + ix‘-...) 
=2(x-(J-J)x‘-U-i)x* -...}.] 

16. Verify that 

i(an) ten x) . log <1 +x*) =<8,^ +)8,y - ... , 
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where 

and deduce that 
[Here 


o ill 1 . 

^iog2=;s.-js«+5s.- 


[Math. Trip. 1897.] 


(1 +»•) =a;(aro tan a;) ^ J log (1 + a;") 

=8^^ -{8^ -8^)x^ + (8, - 8,)x^ - ... . 
For the second part, use Abel’s theorem. ) 


Derangement of Expansions. 

17. Verify the series in Exs. 8, 9, above, as far as the first four terms. 

18 . Determine the first three terms in the expansion of 

a;V{a:-log(l +x)}. 

19. Expand exp (arc tan x) up to the term which contains of*. 

[Math. Trip. 1899.] 

[We can easily expand by direct algebra ; or wo may note that the function 
satisfies the equation (1 ^ =y, and so, if y = 1 + '^a^x'^jn !, 

we find that = 1, - n(n - 1 

This gives aa = l* ^ 3 = -1» a4=--7, .... 

The possibility of the expansion follows from Art. 36.] 

1 

20. Expand (1 +a;)* = exp (1 - Ja; + + . . . ) 

up to and including the term in xK 

[The first three terms are e (1 - Jx + JJr®) ; the possibility of the expansion 
follows from Art. 36.] 

21. Shew that, if |x| < 1, 

[MaJlh. Trip. 1902.] 

Verify the result for p =3, p =4 by dii’eot expansion. 

[As far as the terms in x®, the result can bo checked by noticing that 

For the general term, note that this is the expansion of (1 +y)'', where 
x=4y(l +y) ; then use Lagrange’s series, as in Ex. B. 16. | 

22. If v=ao +ai< + +as<* + ... , 

prove that the first and second terms in the expansions of 

11 . \ Idt 

- — and , 

v-a^ a{t v-a^ t dv 

are respectively 
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28. Apply the first series of Ex. 22 to prove that if 
1 1 


/(*) = - 


and /(a.)=lim /(a;), 


then 

'Where 


0(X) - <^{flL) (x - 

-2^*' =4^ -efc’ 

ShewalHothat ^{/(a)} 

and explain how this result follows from the second series of Ex. 22. 

[Write a; = a. + f, v = </>(a?).] 

24 . Apply the last example to prove that if 

/ (x) = (sin sc - sin a)”^ - {(sc - «.) oos ol}"^, and /(a) = lim /(x), 

x-*a 

then ^{/(a.)} -Um /'lx) = 'J Beo^oi-^BeoaL. 

[Math, Trip. 1896.] 

25. Prove that the ooefiioient of in the expansion of (1 -2/ir is 

1.3. 5...(2n-l) / n(n-l) . «(n~ l)(n^2)(n-3) \ 

n! 2(2n-l)^ 2 . 4(2n- l)(2n-:3T ^ *"J’ 

the number of terms being either ( (n + 1) or + 1. 

[This is Legendre's polynomial P„(/i).] 

26. Prove that the ooeffioient of a?*” in the expansion of (1 +2jw; - is 

w(m + l) ...(m + n-1) ^^ ^ n(m+n) j, ^ n(n -l )(7n +n)(m-fn + l) p, ^ 

where P =4p*/q. 

Shew that it is a multiple of the ooeffioient of in the expansion of 


+ (n+m) 


p*t (n +m)(n +m + l) 


21 




(1-2*)* 

_ 1 / y 

■'n/( 1-3<)V l“5f/ 

[Set as an example in differentiation. Math. Trip. 1898.] 


+ ... 


27 . If [(1 -a?y)(l-a:y*)(l--a:/y)(l-ar/y*)]“» is expanded in powers of x, 
the part of the expansion which is independent of y is equal to 

(1 + JC*)/(1 - a:*)(l - *•)■. [Math. Trip. 1903.] 

[If we expand {(1 -icyXl -»/y))"S we obtain 

1 ■k-x{y + 1/y) +a?*(y* + 1 +l/y*) +y + 1/y + l/y*) + ... 

=(1 -a;*)“^{l +x(y+lly) +aj*(y» +l/y*) + 
ft is then easy to piok out the specified terms in the form 
(l-x*)-*(l+2a;»+2a?* + ...).] 

28 . Prove that (i !.y) . ■”** 

where P( -m, -a, 1, A) is a (tenninated) hypevgeometrio seriesL [Hardy.] 
B.I.S. B 
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89. Prove that £ L if -2 < » < 1. 

u 0 w ! W-I \Z/ 1 -X 

0 0 *0 ml nip] \3/ 1 

and extend to any number of indioes of summation. [MaXh, Trip, 1903.] 

80. Shew that the following series are absolutely convergent, and by 
summing with respect to r first, deduce that their values are as stated : 


« 00 J J 

r?2#?2 (l> +S)*’ p + 1* 




rli .1 (4« - !)•'+> "8 "2 J. .1 {4a -!)»■■ “4 

« « 1 4. 

y T— 

rri.“i(4s-2)*»- 8 


[Steen.*] 


Special Series. 

81. If f{x «)=--« V ^ y(y-i) _i y(y-i)(y-2) i ^ 

«i. u nx,y)-^ y* + l+ 2! *-1-2 3! *-t-3^ ■> 

shew that the series f(x, y) converges if y + 1 is positive ; and if a; is also 
positive, prove that the series is equal to f(y + 1, x - 1). 

^ [If a; > 0 and y > 0, we can prove by Art. 46 that f(x, y) is equal to 

; and this can be extended to cover the case 0 > y > - 1, by 
Art. 176. Change the variable from ^ to 1 - 1 to get the final result. ] 

32. If (1 +6a+(M;*)*"^=l +Pia;+Pi»*-fpaX* + ... , 

then 1 +j,J* + ... 

[Math, Trip. 1900.] 

38. Shew that the sum of the squares of the coefficients in the binomial 
power-series is 

ifirTTn*’ 

[Put a. =j3 = - V, y = 1 in Ex. Ifi, Ch. VI. ; Ex. 6 above will apply if i' is 
negative.] 

34. Prove that 

log(l +ar)=fl?(l -a;) + Ja;*(l -a?*) + Ja:*(l -af) + ... . 

Shew that this equation fails for a; = 1. 

35. Shew that at r per cent., compound interest, a capital will increase 
to A times its original value in n years, approximately, where 


log A f. X \ r 

” *"(* ■^2T2'''"7’ ®"i00' 


* See Biriohlet’s Vorlmungm iiher btBiimfntt. IvitgraU (ed. Meyer), § 117. 
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In partioular, the capital will be doubled in the time given by the approxi- 


mation 


^ ox 
n = + *35, 


40-5 

and increased by half its original value when = — + -20. 


86. If 




prove that /^(x) is a polynomial of degree « in :i; which satisfies the equation 


Shew that/, =a: -l-a, /a -(x +a)® -ha:, /s =(a; J-n)® -h3a:(a7 -ha) -ha:, and that if 
a is positive all the roots of f»{x) =0 are real and negative, and that they are 
separated by the roots of f^_i(x) =0. [Hardy ; and Math. Trip, 1902.] 


Trigonometrical Series. 

37. Provo that the series 

cos 6> . sin -h i coB®^^ . sin 26? + J co8®6? . sin 4 - . . . 

is convergent and is equal to Jtt - 6?, when 0 lies between 0 and tt. 

[Put r =coB ^ in Art. 65.] 

38. Shew that 2 sin (}7r) is approximately equal to 4-^/3, the error being 
about Jth per cent. [See Ex. 6 (c), Ch. IX.] 

Deduce that the side of a regular heptagon inscribed in a circle is nearly 
equal to the height of an equilateral triangle whose side is equal to the radius. 

Ti tan y 1 -h A, . . x 1 ^ 1 

“ tsri=r-A.’ 

deduce from Art. 65 that 

y ~ a; = A sin 2a: -h ^A^ sin 4a; -h J A® sin 6a; h . .. . 


40 . By expansion in series (Art. 65) and torm>by-term integration (Art. 45), 
obtain the following definite integrals : 


log ( 1 - 2r cos 6? + r*) cos 'nOdB— - irr'^ln, 

I arc tan ( smn^d^=^— , 

Jo \l-rcos^/ 2 n 

1 '^ cos nO Binn6?Bin^ 

Jo i-2rcoB^-hr* J 1 - 2r cos ^ -hr* “2 

Here n is an integer and r lies between 0 and 1. 


y.ri-1^ 


41 . Shew that, if |r| < 1, 

r COB 61 + Jr* oofl + Ir* cos 66> + ... =i log (|- 

r sin + Jr* sin 3^ + Jr’ sin 56>+ ... =J arc tan 

r sm 0 - Jr* sm 36/ + Jf sin 50 - ... l°g 1 2r sin g+r*j’ 

r cos ^ - Jr* cos 30 + Jr’ cos 661 - ... = J arc tan • 
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1 *1^1 
^ TT -arc tan ^ +aro tan 


we find ^ ^2 3.2>''‘5.25 •") ‘‘'(s “ST^ ■‘‘sTF* " "■) 

, 77 4 (.22 2.4/2 ^^ ) 3/, 21 2.4/l\3 1 

««1 4“10 (‘■*■310+3.5(10 ) +-| +KI‘+310+3';6(io) +-j ‘ 

both of these results are due to Euler. 

In writing these series down, we note that Ex. B. 2 belo>y*may be put 
in the form 

, m mw r. 2 m* 2.4/ w* \‘^ ^ 

“ in® + ti* ( ^ 3m®+w®^3.5(m*+^/ I 

Using the fact that arc tan ^ = arc tan | + »'ro tan J , Clausen gave the 
identity ^tt = 2 arc tan + arc tan which leads to Hutton’s series 


7r__6 / 2 1 .2.4/ 1 \® 

4 10\ +310 3.6\10; + 


U + ^ +2-V^V+ 

) 100\ 3100 3.6ll00/ "7 


1 13 

Again, from arc tan -2 arc tan - + arc tan - , Euler obtained the result 

•J t iv 

1 r 1 o 4. 3 

= 5 arc lan ^ + 2 arc tan 
which leads to the highly convergent series 

IT 7 r, 2/ 2 \ 2.4/ 2 V 1 7684/- 2/144\ 2.4/144V 1 

t -10\‘ 3(106/ 3.5(100) +'"/ + 'l6^' \‘ + 3 (i 6 v+ 3.6 (i 6V +■■■)• 

43. The various transformations of the formulae in Ex. 42 are special 
ciises of the identity given by the late Mr. C. L. Dodgson (Lewis Carroll), 


provided that 


arc tan- = arc tan -+ arc tan , 

p p+q p+r 

qr = l +^3®. 


EXAMPLES B. 

Euler’s Transformation. 

1. Shew by the same method as in Art. 24, that 
a^x + a._^ + a.^ + 04®'+ ... = -^/(l + y^){aiy - {Da^)y^ + (D'%)y^ - 
if x = ylyJil + y% or y = a;/ ^{1 - 

Similarly, prove that 

ttyX -a.^^ -a^x' + ... =v/(l -y-)[ajy + (2>a,)y*'’ + (D-aj)y*+ ...], 

if or [Euler.] 



EXAMPLES B 


107 


2, By taking a^-ly ®a -?.» ••• *» nlicnv that if \y\ - .1, 

J(iTP) +*'*» = 2'“ 3*^’ + 3 ; 6*^ - ••• ’ 

1 2. 2.4. .c. 1 

■^3®^ ■^3.5®^ ■■■ ■ [•'''■'■kM 

Provo that wo may put yy — 1 in the first series. 

3. Deduce from Ex. 2, that 


2, /l+v^3\ 


, 21 2^4 1 2 J ^.6 1 

32 3.62-~3.5;72‘‘'' 


21 2.41 2.4.61 

2 ■^32'^3.52“''’3'.6.72J'*' ■ 


[Kui.ku.] 


4. By integrating the formulae of Ex. 2 above, prove that if | y | <1, 


i[log{y + x/(l+rW 




2 3 4 3.56 


i(arcsiny)-^=|^|J + 2.4j.^ 

Are these equations valid for y = l ? [Math. Trip. 1897 and 190r».] 

5. By a method similar to Ex. 1, shew that if 

f(x) = b^^■\■b^x + ha^^¥ ... , 

df X* f 

then ao6o + oA* + a«ArK-+ ... =ao/(«) “ 2 • ' 

I Kulrr ] 

6. In particular, if =9t*, we find 

=0, Dai, = - 1* I>%s =fi» D % ~ 6, D'a„ -0, 

and for a„ = nh 

a,, = 0, Da„ = - 1, DX = 14, D X = - 36, D‘a„ = - 24, D'a^^ = 0. 

Thus, from Ex. 5, 2 = (a: + Ikr* + a;®) p/. 


Similarly, 2 ^ ( 

[Compare also Ex. A. 36 above.] 


2 ^ + 7a:" + Car' + r’) e*'. 


* w'’ 

7. U 

j 

iS,. is an integral multiple of e, and in particular 

i8fj=c, i3^=2e, /S'5=5e, /S^4=15€, iSf, =.52 p, 
jSfy=2036» 5;=877c, (8j,=4140g. [Wolstenholmk. 

[These results can be deduced as in Ex. 0 or Ex. A. 36. J 

8. From Ex. 6 above, prove that if 

i8f,» = l» + 2» + 3»+ ...+w*, 

j 8^* + 14a: + 4), 


2(-ir->^.^,=:=0. 


and that 


[Mnlh. Trip. 1904.] 
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9 . Shew, by taking f{x) — (\- x)'~^ in Ex. 5, that 

+ Pj^2>x> + P(P±fi(Pjtl} 3 .*. + ... 

" (i {1 + + 1) ® +p^^)- 

Obtain this result also by differentiating the series for (1 - 
10. Apply Euler’s method to prove that 


X 

: + - 


m m+1 m + 2 wi + 3 


o+ ••• 


m(l +x)[ m 


/'j 1 / a: \ 1.2 / X Y \ 

( ^m + 1 \ 1 +a;/ (wi + l)(m + 2 ) Vl +a;/ ^ ” j 


\ V^^dt “1 

This also follows from the identity / = - = I y 

^ A \+xt .^0 1 +a? - a:(l -0 j 

11, Apply Euler’s method to prove that 

P ('X, /3, y, X) P('«-» y-P>y< a-' l i) ' 

where y.*) = 1 + + ... . [Gauss.] 


Biiscellaneous. 


12. If y =2a:/(l +a’2) and \x\, \y\ are both less than 1, shew that 


-y A 1 . 3 . 52 ^ 

“2 2 4 2.4 6 ■’'2. 4 /6 8 


[Use a; = {l -^(1 -y^)}ly ; or apply I^agrange’s series.] 

13. If y=2z/(l-a:®) and z + ... , 


shew that 


2y». 

3 3 


2.4!^ 




"3.6 6 

j^If X ■= tanh then y =8inh 6 ; and Ex. 2 above gives 

2,2.4 0 _ 0 

^ . 3 ^ "^ 3 . 6^ *”"yV(l+2/*) Binh 0c6Bh6^’ 

If we multiply by dy =cosh Odd and integrate, the result follows on noting 
that 

i Odd _ [dx. +ar\ 1 


14 . From the expansion of (1 determine the value of ^2 to 12 

deoimal places. [1 •414213562373.] 

Obtain in the same way the cube root of 2 from the expansion of 
(1+iilii)^- [126992106.] [Euler.] 
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Lagrange’s Series. 

16. lix=y(a +y), prove that 


y=a-n^^ 


4 Jr* 6.6 


+ ...+( 


(2n-2)! 


a a* 1 . 20 “ 1.2.3a'^'""' *' w !(n - 1)! 

[Use Lagrange’s series ; or expand J { - a +^/(o* +4ar)}.] 

16. Use Lagrange’s series to establish the equation 

(1 -:r)-=l - W t> + ... , 

where * t=x{l-x) and \t\ < i- 

Similarly obtain the results of Exs. A. 9, 21, and B. 12. 


+ ... . 


17. Prove that 


4/» 6.7<» 8.9. lOr 


where 


arc tan x=t h — ‘—x — — ^ 

1 .3^1755 1.2.3 7 

i—x(i-\‘X^) and |f|“ < .j*;. 


+ ... 


18. Prove that the coefficient of in the expansion of [a:/(e' -!)]“» 

( -1)'*“^ [WoLSTEWHOLME ; and Math, Trip. 1904.] 

Prove that the coefficient of x^~^ in the expansion of 
(1 +a;)»»»-'(2+a;)-" 

is J. [Math. Trip. 1906.] 

[Use Lagrange’s series (1) for y - 1 ; and (2) for log (1 -y), where 
y-x{2 ■^x)/{l +a?)^-l -1/(1 +a:)*.] 

19. If f(x) is a power'Series in x, whose lowest term is x, shew that the 

coefficient of 1 /a: in the expansion of in ascending powers of a?, is n 

times the coefficient of in the expansion of g (x), the function inverse to f(x). 

Determine the coefficient for the following forms of f{x ) : 

(l)Sinx; (2) tanx; (3)log(l+x); (4) 1 +x--v/(l +x*) ; 

(6) sinhx; (6) tanhx. [Wolsten holme.] 

[The re-sults are : 

'D 0 or : (2) O or ( - : (3) l/(n - 1) ! ; 

(4) in ; (6) 0 or ( - ® 

The values 0 occur when n is even. ] 


80. Shew that 

2 «-‘ +n . 2 "-» + ... + — 

[Math. Trip. 1903.] 

[This is the coefficient of 1/x in the expansion of {x(l -x)}’^(l -2x)“^ and 
is therefore equal to na„ if 

= - 1 log (1 - 2x), where y =x (1 ~x). 


Hence - i log (1 - 4y), or =4“^Vw-] 

An alternative way of stating the result is to say that the sum of the first n 
terms in the binomial series for (1 -J)”^ is equal to the remainder. 
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21. Show that, if n is a positive integer, 

(i ^ ??«(< + 6)*^* + ... +n,a(a +r6)'‘-'* + ... +a (a -n6)"“S 

where 9i,. is tiio ordinary binomial coefficient 

n (n -1) ... (n -f + l)/f ! [Abel.] 

[Take the result of Ex. 4, Art. 65*1, multiply by e'% and equate coefficients 
of x'^jn 1 . 

Several authors have considered the validity of the equation, also duo to 
Abel, 

<^(t +a) =<fi{t) +a</)'(< + 6) 4 — ^ 426) 4 ... ,, 

but their results cannot be given here. We may remark, however, that the 
theorem fails if <l> (t) is log t or a negative power of t. The most recent results 
are due to Fincherle (Acta Math,, Bd. 28, 1904, p. 225).] 

22. Expand and log t in powers of x, where 

t-fi-t-^={cL-P)x, 

and determine the interval of convergence. 

[Write — 1 4y and apply Lagrange's series ; or otherwise.] 

28. Extend the method of Art. 65 to prove that if 
y +a^x* 4 ... , 
there are two expansions for x of the form 

Xi 46 * 2 / 46 * 2/3 4 ... , a;*= 46 * 2 / -6*f/^ 4 ... . 

Shew also that if g{x) =c* 4Cja; 4c,a;* 4 ... , 

g(xi) +g (a:*) =2c„ +diy 4d,y* +d^ 4 ... , 
where is the coefficient of 1/a: in the expansion of g'(x)(y*^. 

24. As a particular case of the last example, shew that if 

y{\ 4aa: 46 a:* +C3^ 4 ...) =a:*, 
then a:* 4a;* = 02 / 4 ( 0640 ) 2 /* 4 . .. . 

25. If 2 / = a?* (1 we find x^ 40;* =^'o^, 

where Oi=?n, o,=m( 2 w - l)(2m -2)/3 1, 

as= 7 n( 3 m -l)(3m -2)(3m -3) (3w -4)/6 i, etc. 

26. It is easy to write down the general forms for the expansion of a;* a:* 
in the following cases : 

y=x*+aa^; y=x*c'". 


Theorems of Abel and Frobenius. 


27. With the notation of Ex. 9, shew that 


lim 

r— ►! 


Pt "Yf x) _^(y)T{(M.+P -y) 

(l-a;)Y-«-^"" 'r(a)T(/i)' ’ 


lim 


F(a. P. y, x)_ Via. +13) 

iog[ii(\-x)rr(a.)\\py 


if y < fL+P, 


if y=a4/i. [Gauss.] 
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28 . If 2lna, is convergent, so also is (Ex. 2, Oh. III.), and if 

/(*)=Sa„a!». then v««„=lim{/(I)-/(j:)}/(l -*). [Stolz.] 

*-*-1 

[Note that (1 -a!*»)/n(l -a:) gives a deoreaeing sequenoe of factors, and 
apply Abel’s theorem.] 

If vj^x) decreases as n increases and Urn w„(a;) =1, extend Art. 51 to 

Jr — *•! 

prove that if 2a^ is convergent or divergent (to + oo ), 
lim or ao . 

X— a-l 

Alao shew Ihat if tends to a definite limit 1, 

Urn {2xi„»„(*)}/{3„»„(x)} = 1, 

z— ►! 

provided that is always positive and that tends to oo . 

30. If the coefficients satisfy the conditions of Ex. 29, and f^(x) 

decreases as n increases (but is always positive), prove that will 

converge provided that does, if lim =^0. Deduce that when 

/n(l) =0» -On/n(*) 

Z — 1 r ~^ 1 

[Apply the lemma of Art 148.] 

31. If Dv^ =t>„ ”V^i» and lim (»e„) =0, shew that 

%-DH^ +2DHii + ... 

Writing /ij(a;) = in Ex. 30, shew that if Dh)^ is positive, and if 

lim =0, 

«— ►* 

then the series + 2D*Va + - 2t;i + 3?;* - 4t;s + . .. converge and 

are equal. If further has the limit 1 as x tends to 1 , then the last series 
has the limit of ^ as x tends to 1. 


32. Use the method of Ex. 31 to shew that if Dh)^ is positive, and if 
lim nDv^=0 and lim = 1, then lim (Vq - Vj +u. - v, + ...) = J. 

«— ►! jr—^l 

[For another method see Ex. 3, Art. 24.] 

33. From Ex. 29, prove that 


OD 


lim 5:( -!)"-> 

X— ►] 1 


n(l +^») 


=ilog2=limi(-l)»-‘ 

^ x-*l 1 


X~(l -X) 

l-x*« 


34. Establish the asymptotic formulae (as x ->• 1), 


2 




and 

ri-ar*~ 41-x 


n(l +x") 

[The difierenoe between the two sides of the first is less than J ; in the 
second, multiply by 1 - x and'use Ex. 30.] 

35. On the lines of Exs. 31-34 establish the following asymptotic formulae 
(as x->l): 


(i 


X* 

-X^l -X* -X 




( * _ 'l T i 


[Cksaro. 



CHAPTER IX. 


TRIGONOMETRICAL FORMULAE. 

66. Expressions for cos n6 and (sin nd/sin 6) as polynomials 
in cos 0. 

We have seen (Art, 65) that 

log (1 — 2r cos 0 +r*).= —2 (r cos 6 cos 20 + J r* cos 30 +. . . ). 

But (Art. 62) we have also 

log ( 1 — 2r cos 0 +r*) =—{{ry—r^)-^l{Ty — r *)* {ry — r*)* +• • • } 
where y=2cos0; and (by Art. 27) the latter series may be 
rearranged in powers of r, without alteration of value, provided that 

2 

0 < 1' = 1 - It is therefore evident that - cos n0 is the coefficient 
of r" in the expression 

1 (ry -r*)« (ry -r*)"-' + . . . +(ry -r*), 

because (ry— r*)"+^, (ry— r*)"'*'*, ... contain no terms in r". 

Thus 

2 ^ y" (n-l)y"~* , 

- cosn0=^ — ^ 4 — h— 

n n w— 1 


+(-l) 


, (n-s)(n-s-l) ... (n-28+1) 
(n-«).s! ^ 


the number of terms being either i(n+l) or i(w+2)‘ 
Hence 

2 cos n0=:y"— ny""*+--^^j^^y*'“*— ... 


I ^ ^^. w(w-s-l.)(n-s-2) ... (n-2s+l) ^„_^ 
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Similarly, we have seen that 
T sin ^ 

^+*'*8“ 2fl+r»sm 30+ ... . 

Hence we deduce that — is the coefficient of r"“* in the series 
sin^ 

l+(ry— r2)+(ry— r®)2+(ry— r2)3+... . 

Thus 

. . I ( - ("-^*) y»-2.-l 

+ ••• , 

where the number of terms is either \n or ^(w+l). We note that 
this formula can be deduced from the last by diiferentiation. 

It is therefore evident that both cos nO and sin nO/sin 0 are poly- 
nomials in COS0, of degrees n and (w—l) respectively. But for 
some purposes it is more useful to express the functions of nQ in 
terms of sin 6. This we shall do in the following article. 

Before leaving the formulae above, it is worth while to notice that if we 
write y =< + 1/^, instead of 2 cos then 1 - ry +r* -(1 - rt) (1 -r/i). 

Hence log ( 1 - ry + r *) = log (1 - rt) + log (1 - r/t) = - 

and so, from the foregoing argument, we get the algebraic identity 
in ^ i-n^yfi + ... as above. 

SimUarly, r^r I -r/t= 2r"(«--r"), 

in _ i~n 

and so we find — jzzf = y”""^ - (n -2)y^* + ... as above, 

t — 

The reader may find it instructive to contrast the former result with 
Ex. A. 21, Ch. Vm., writing * = - ~ . 

67. Forms for cos nd and sin nQ in terms of sin 0. 

In the formulae of the last article change 0 to then 

y =2 sin 0, and we find 

(— 1)’"2 cos 2m0=y*’”—2my®’”“* to (m-f 1) terms, 
(_l)w-i =:yam-2__(2^_-2)y**”'^+.., to wi terms, 

if n is even and equal to 2m. 
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But if n is odd and equal to (2m }-l), we have 
(—1)^2 8 in( 2 m+l)f?=y*»«^i— to (m+i) terms, 

__(2m— l)y®»"“*+... to (m+1) terms. 

However, these formulae take a more elegant shape when arranged 
according to ascending powers of sin d ; of course it is not difficult 
to reiunrange the expressions algebraically, but it is instructive to 
obtain the results in another way. 
ify =co8 n6 or sin nd, we have 

S+”*»=o. 


If we write a:=sin 6, this equation becomes 


Now, if we consider the expression given above for cos 2m0, we 
see that when n is even, cos n6 can be expressed as a polynomial of 
degree n in x, containing only even powers ; thus we can write 
cos n0=l . +A„x^, 

the constant term being 1, because 0=0 gives x=0 and cos n0=l. 

If we substitute this expression in the differential equation, we 
find 


0 = 1 . 2 A 2 + 3 . 4:A^^+5 . GA^fX* +(n’-l)nA„x^'-^ 

— 2^A^^ — 42 ^ 4 ®* — ... —n^A^x’^ 

+n*+nM^* -\-n^A^x?‘ H ... +n^AnX^. 

Thus 1.2. ^ 2 +n*= 0 , 3.4. 44+(w»-2*)^=0, 

5.6.4,+(n»-4*M4=0,..., 


and 00 i- 4- n*(n»- 2 *)(n»- 4 *) 

ana so iij*— > -^0— g"! , etc. 


Hence cos w0=l— ... to i(n+2) terms 

when n is even. 

Similarly, when n is odd, we find that sin nO is a polynomial of 
degree w, which contains only odd powers of x ; thus we write 
sin »0=nac+i43a:®“f“.455c*+. . . ^A^x^, 
the first coefficient being determined by considering that for 0=0, 
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Hence, on substitution, we find 
0=2 . . 5^gX*+6 . 

—nx-S*A^ — ... — n*.d„a:" 

+n^x+n*A^ -i-n^A^n^ +... +»*.4„a;". 

Thus 2 . 3^j+(»*-l)n=0, 4 . 5.4 j+(m*-3*)43=0 

giving 


.m +“<“■- W-i?) 




OALM. tVW tfftV rt| •*^1 Wt •*' ••• 

' o I 5 ! 

to J(w+1) terms, 

n being odd. 

To verify the algebraic identity between these results and those of Art. 66, 
consider in particular n =6. Then Art. 66 gives 
2 008 66^=^® -6y^ + 9y* -2 

or cos 66 =32 cos® ^ - 48 cos^ 6^ + 18 cos* 6^-1. 

Change from 6 to (^tt - 6 ), and we get 
COB 6^ = 1 - 18 sin^ ^ +48 sin^ ^ - 32 sin® 6 

1 6*-^ • 6*(6^-2-’) . 6‘^(6=^-2-^)(6-'-4-') . ... 

= 1 -g , sm2^+ - ^&in^6- g, 'sin®^, 

in agreement with the above formula for cos n6» 

Again, take n = 7 ; from Art. 66 we have 
.2co8 7^ = y“ -7y^ +14/’- 7y 

or cos 76^ cos' ^-112 cos’ 6^ +56 cos’* 6^ - 7 cos 6^. 

Hence, changing 6^ to we have 

sin 76^ =7 sin ^ - 66 sin’’ 6^ + 112 sin'' 0 -64 sin^ 6, 
and on writing n=7 in the above formula for 8inn6^, the results are found 
to agree. 

By differentiating the formulae just obtained for sinnd and 
cos n0, we find 

coBtl 2! 4! 

to J(w+1) terms, 

when n is odd ; and 

OOS0 3! 51 

to terms, 

when n is even. 


The reader will find that these formulae lead to 

008 7^/008 ^ = 1 - 24 sin* ^ + 80 Bin* ^ -64 sin® 6> 
and Bm6^/ooB 6>=6Bin 6^ -328in*^ + 32Bin®^, 

and that these formulae agree with those of Art. 66 on writing (ir - ^ for ^ and 
leversing the order of the tenns. 
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68 . The expressions obtained in the last article are restricted bj 
certain conditions on the value of n. Let us now see if these con- 
ditions can be removed in any way. 

Take for example the infinite series 


y 


=1 , (x=sin 6) 


4! 


which was proved to terminate and to represent cos n0, when n is 
even. 

If n is an odd integer, or is not an integer, the series does not 
terminate. It is natural to consider whether it is convergent, and 
if so, to investigate its sum. 

The test (5) of Art. 12*2 shews at once that the series converges 
absolutely when |x|=l ; and so, as we have proved in Art. 50, 
the series converges absolutely and uniformly for |a?l ^ 1. 

Thus we can differentiate the series term-by-term, as in Art. 52 ; 
and on substituting in the differential equation 


it is easy to verify (as in Art. 67) that the series gives a solution of 
the equation. 

It follows from the general theory oi Art. 56*1 that this equation has a 
particular solution of the type y, which corresponds to the special values 
A() = l, Aj =0. From the general theory, we can anticipate that the solution 
will converge if jarj < 1, because the coefficients P, Q are multiples of 
(1 =1 +a:* -f ... , which converges for |a;| < 1. But it happens 
here that the series still converges for |a;| =1 as well as for smaller values. 


Thus y is again a solution of the differential equation in d, 

g+.-y-o, 


and is accordingly of the form 

y cos n6 -\-B sin n0, 
where A, B are independent of 0. 


It is usual in elementary text- books to take this result for granted, on the 
ground that no solution of a second-order difierential equation can contain 
more than two arbitrary constants. But it seems worth while to obtain a 
simple formal proof as follows: Write y =zcwnO, then using accents to 
indicate differentiation with respect to 0, we find 

y" =z" cos nO - 2nz' sin cos nO. 
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Henoe + 

gives z^'oos n$ - 2nz' sin nd =0, 

which can be integrated at once on multiplying by cos nO, The result is 
z' cos* 71^ = const. =nB, say, 
or z'=nBaeo*n8. 

Integrating again, we have 

2 =A + Btan n6>, 

or y =2 0 OBn^=A 008 + if sin nft 

where A, B aro arbitrary constants. 

It is perhaps worth while to note that if we assume that y=yo, 

for ^=0, this process determines Ay B m the course of the investigation: 
for (at ^=0) z' =y' and so B=yjn, and (at 0-0) z-y-y^, and so 
^=^ 0 - 


To find the values of A, B we note that 


y=l, ^=0 for x=0. 


Thus we also have 

y=l, ^=0 for 0=0, 

provided that 6 lies between — and +^Tr,* 

Thus we find that A=l, B==0, and accordingly for any value of w, 

cos n6==l—^x^-\ to 00 , 

where x =sin 0, and — ^tt ~ 6 = + Jtt. 

In particular we have the elegant result 

cos i»l7r=l— ^J-| ... to 00 . 


On differentiation with respect to x we find the result 
Binn0_ w(n2— 2*) a , 2*)(n*— 4*)^ 

-__„x 3l ® + 5] . 

which, however, converges only for |a;| < 1 ; the series diverges 
for 07=-!, as might be anticipated from the fact that 
|sin W0/COS 6 | -^oo as 
unless 71 is an even integer. 


* When X = Bin 0 is given, there is one and only one value of d between - and 
+ iir, because x steadily increases in this range of values of &. Similarly, there is 
only one value of $ between and fir, because x steadily decreases in that range 
for 0 : and so on. 
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We prove on exactly similar lines that 

3]— 5] 

is another solution of the above differential equation ; and from 
the values 

we deduce the result 


sin 

where »=8in0 and —\Tr = Q=+\’K. 

In particular we have 

. , n(n»-l*) , n(n»-l»)(na-3*) 

sm \nir =n g, -+— ^ . 


By differentiating with respect to x, we have also 

cosn0_, n*-l* , . («*-l*)(n*-3*) . 

00^0- 2l ® ■ i\ --- T- 


which converges only for |a;| < 1 ; as might be anticipated since 
I COB nd/coB 0 I 00 as 0 -> Jtt, unless n is an odd integer. 

If formulae are required for values of 0 between, say, ^ir and 
it is only necessary to replace 0 by tt— 0 in the above results ; 
and similarly for other ranges of values of 0. 


681. Formulae for cos 7i0, sin 7id derived from de Moivre’s 
theorem. 

The foregoing investigations have been carried out by means of 
formulae which are entirely independent of the complex variable ; 
and, as a matter of fact, these formulae are best established on the 
above lines. 

There are, however, certain other formulae (not independent of 
the previous results) which are most easily found by anticipating 
de Moivie's theorem (Art. 74 below). 

Suppose in the first place that n is a positive integer ; then the 

formula n0 +£ sin nd =(cos 0 +i sin 0)" 

can be written as co8^0(l +«^)”, where < =tan 0. 
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Thus we find, on appl 3 ring the binomial theorem and dividing into 
real and imaginary parts,* 

cos nO =cos"0 (1 +•••)» 

sin n6 ^coa^O (nt +ngf + . . . ), 

both expressions terminating ; when n is even, the cosine-formula 
has J(w+2) terms and the sine-formula has terms ; when n is 
odd,, each formula has i(w-f-l) terms. 

To see the essential equivalence with Arts. 66,. 67 we may consider the 
same values of n as before. Thus for n =6, the above formulae give 
cos 6^ =oos«^(l - 16ta + ISt* - 1«). 
sin 6d = ooa« ^ (6/ - 201^ + 6«‘>). 

Now write « for sin 6^ and then oo8‘’^ = (l =«“/(! giving 

COB 6^ = ( 1 - a^Y - 16«M1 - a'^Y + I6a*(l- a^) - 
= 1 -18fla+48«^-32a«, 

and flin66>/ooe^=6a(l +6^“ 

=6tf-32«3 + 32«s. 

Both of these agree with the formulae found in Art. 67. 

When n is not a positive integer, the same formulae will hold, 
provided that the conditions of Art. 96 below are satisfied. These 
conditions may be summed up as follows : 

It is necessary that t=tan6 should be numerically less than unity, 
and that — Jw < 0 < -f-Jw. 

From the point of view of differential equations, these aeries are found as 
solutions of the equation 

g + »»y=0. or (l+(»4{(l+t‘)|} + «^ = 0. 

It is easily found that the indices of this equation are (^n, at 
r- ± and that infinity is an ordinary point. 

If we now write y =?cos"^= 2 (l it is clear that the indices for z 

become ^ q ^ and - n, 1 - n at oo . 

Thus the difierential equation for z is now seen to be (Art. 56*4, Ex. 7) 

(1 + «*)^ - 2(n - 1)« ^ + »(n - l)i =0. 

and on substituting the series 

z = A^ + Alt + + ... , 

weflndthat _( n-r;H)(«-r) 

ITT, r(r+l) 


*Here n^, fi,, »•), ... denote the binomial coefficients. 
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This leads to the tom 

*= A, J1 -»,«•+ ...) + ^(»><-n,i*+ ...) 
in agreement with the previous results. 

68. Vaxious deductions from Art. 67. 

We have seen that 

(n odd) 

sin Mn 

or gin g +528in*0 + . . . +S„_ 28 iu"-® 0 , {n even) 

where the coefficients are the same as those worked out in Art. 67, 
but are not needed in an explicit form at present. 

Now the left-hand side vanishes for 

6 = ± a, rfc 2a, ± 3a, . . . , where a = 7 r/n, 

so that the right-hand side (regarded as a polynomial in sin d) must 
have roots 

sin 0=±sin a, ±sin 2a, ±sin 3a, .... 

When n is odd, there are (w— 1) of these roots which are aU 
different ; and these are given by 

sin*0=sin*a, 8in*2a, ... , sin*i(n— l)a. 

But if w is even, there are (n— 2) different roots given by 
Bin*0=sin*a, 8in*2a, ... , 8in*J(w— 2)a. 

Thus we can factorise the formulae as foUows : 

sinw9_ sin^^V, sin*^ \ / sin*6 1 

sinO sin^aA sin*2a/ \ sin*i(n— l)aj ’ 

s in ne _ / sin^ey sin»(9 \ I sin^ ^ \ 

sin 6 cos 6 ” \ sin*aA sin*2a./ ' ” y sin*J(n— 2)a /’ 

where the first line refers to odd values of n and the second to ever 
values. 

If we compare these with the explicit forms given in Art. 67, we can deduo< 
various identities, such as 

1 . 1 . . 1 

■«' siniia. (’“***) 

n*-i_ 1.1.. 1 , 

6 Mn»a. ■'■Bin»J(n -2)«.' ("***”>• 

which are deduced by considering the coefficients of sin^^. 
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In a similar way we prove the identities 



cos n0 / 

1 

ain^e \ f 

sin*0 \ 


cos 0 \ 

sin^/S/V 

8iii*3/8r"r 

8in*(«— 2)j8j ’ 

l/v UUtUfj 

cos nd=^ 


8in*0 N f ^ 

8iii»9 \ 

( n. ^ 


ain^SjS/ ‘ \ 

sin*(n— 1)/?/ * 

avofv 1 


where P=irl2n and only the odd multiples of /3 appear. 


On comparing these with the forms of Art. 67, from the terms in sin'^ d, we 
see that 

n*-l_ 1 1 1 , 

2 ~Bin*j8 ^Bm*3j3 ^ 

Again, if we consider the formulae of Art. 66, it is evident that 
(cos nS—cos nw) may be expressed as a polynomial of degree n in 
cos 0, the term of highest degree being 2”""^ cos”0. But the expres- 
sion (cos nO—coa nco) is zero if 

w0 = ±Wft), 27r±nft), •47r±Wa), .... 

Thus the factors of the polynomial in question will be n different 
expressions of the form 

cos 0 —cos (Of cos 0 — co8(a) ± 2a), cos 0 — cos(w ± 4a), . . . , 
where, as before, a denotes 7r/n. 

It is easily seen that the n different factors can be taken as 
cos 0— cos (Of COB 0— cos((o-t-2a), cos 0— cos(ft)+4a), ... 

cos 0^— cos (ft) - 71-2 ( w — 1 )a), 

because cos (o) — 2ra) =cob (co - h2 (n — r)a). 

Hence we have the identity 

w - i 

cos n0— cos Wft)=2”~^ 11 (cos 0— cos(ft)+2ra)}. 

r=0 

If we write 0 =0 in this expression we have 

n - 1 

sin^|wft)=22”~* sin*(Jo)+ra), 

r=0 

or, with a change of notation, 

71- i 

sin n0 = ± 11 sin(0 +ra), 

r=0 

But the ± sign is really +, because, if 0 < 0 < a, all the factors 
are positive, and it is easily seen that both sides change sign together 
(when 0 passes through any multiple of a) 
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69*1. Equations with roots 8in*(r'jr/7i), tan*(r7r/n), 

where r, n are positive integers. 

These equations are constructed immediately by writing 
sinnd/sindM), 

which gives at once nd = ± rw. 

Then, to obtain the actual equations required, we have only to 
express the function sin nd/sin Q in terms of 
(i) sin 0, as in Arc. 67, 
or (ii) cos S, as in Art. 66, 

or (iii) tan d, as in Art. 68*1, 

to obtain the desired equations. 

The method is illustrated by taking n =5, which gives 


(i) 6 -20a?* + 10!ir« =8in S^/sin 8 =0, 


when 

a; = ± sin Jir, 

drain 


(ii) /-3/+l=0, 


when 

y=±2ooeiir. 

i: 2 COB jlTT. 


(iii) 6-10<»+<«=0, 


when 

ftan jTT, 

itan ^TT. 


It will be readily found that any two of these equations can be derived 
from the third, as we should expect. The one which happens to be easiest 
to solve is (ii), giving 

7«=*(3±V6h y=K±v/6 + l). 

It is easy to see that this leads to the ordinary elementary results 
oos36*’ = J(v/6+l). cos72"=J(^6-l). 

The general theory of the solution of equations for sin(r7r/»), etc., 
has led to many interesting investigations by Abel and Gauss, to 
mention only two prominent names ; a few samples of Gauss's 
results are given in Exs. 13-16 of Chap. X. But a more striking 
conclusion (though less easy to obtain by comparatively elementary 
means) is that for w=17 and 257 (and generally for w=:2*"' +1 when 
this is a prime number), the final equations are soluble by quad- 
ratics ; and thus it is possible to construct 17-6ided and 257-8ided 
regular polygons by Euclidean constructions with ruler and compass 
only.* 

• These are the next in order to Euclid’s own construction for n = 5. That the 
case ?t = 5 is capable of solution by quadratics has jnst been proved above. The 
theoiy for n^V! is indicated in Ex. 16 of Ch. X. below. 
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It is, however, quite certain that any practical draughtsman can 
construct a regular figure of any number of sides by various approxi 
mate methods * with far greater accuracy than would be obtained 
by appl 3 ring Gauss’s construction for the IT-sided polygon ; but this 
fact has nothing to do with the theoretical beauty of Gauss’s work. 


70. Expressions of sin 6 and cos 0 as infinite products. 

We have seen in article 69 that, if n is an odd integer, 
sinn^ ^ 

nsin^ r=i \ sin^ra/ 

where a=Tr/n. Thus, if we write n0=e we have 

wsin(0/n) 1 8in*(r7r/n)r 

To this equation we can apply the second theorem of Art. 49 ; 
we have, in fact,t sm^jd/n) ^ 

8m*(r'7r/w) 

because fTr/n is less than Now this expression is independent 
of n, and the series is convergent ; consequently, the 

theorem applies. But we have 
limn8in(0/n) =0, 


and 


sm*(0/w) w*sm*(0/w) 

lim — == lim -r— 
n sm*(r7r/n) „ -^od n* Bm^rir n) 


0^ 


Consequently, 55^=fl(l-^*j). 

The special value 0— Jir leads at once to Wallis's Theorem : 

3 3 6 6 7 
2 2‘4'4’6‘6’ 

7 2 2 4 4 6 6 
2 “r 3 ■ 3 ■ 6 ’ 6 ■ 7 
The reader should find no difficulty in expressing cos^ as an 
infinite product by a similar method. 


TT 1 \ 4r*/ 1 2f.2f 2 


or 


. . . to 00 . 


* Saoh w Ex. A, 38 of Ch. VUI. 

t We see, by difieientiation or from the graph of sin x, that sin xjx deereaMS 
as X inor ea ae s from 0 to t : thus 

1 > (sin *)/* > 2/ir, if 0 < aj < Jir. 

Consequently, n Bin(np/a) > 2f, if r < 

Also |ra sin < |S|, for sjny rslue of $ ; and so the inequality follows. 
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We have in fact (Art. 69) 

8in*(0/n) \ 

'8m*(r7r/2^r 

where n is even. 

Here the comparison-series is Xd^lr^, and the result is 


n-l ( 

COS0= II s 1- 
/•=! I 


/•=!, 3, 5, ... , n— 1, 


cos 




cos 6=- 


Altemative methods are to write 

sin 20 / sin 0 

26 j 6 ' 

and to appeal directly to the sine-product ; or to write for 

6 in that product and then rearrange the factors. 

It is perhaps worth while to refer briefly to an incomplete “ proof ” given 
in some of the older books. Since sin $ vanishes for ^ = 0 and for ^ = ±r 7 r, 
and since sin 0/0 ->>1 as ^ 0, it is urged that sin 0/0 must be of the form 

given above ; but exactly the same argument would apply equally to the 
function sin 0, where a is any real number, so that this proof only 

suggests that probably of the form Bin 0/0; we cannot 

prove that a is 1 on these lines. In this connexion, it may be noted that if 
we separate 1 - into factors ^ 1 - ^1 + ^ j and then take more positive 

than negative factors (say p positive to every q negative factors), the value 

of the product is follows from Art, 41 by writing 

a>_i =a..v = O/fTT^ 

We have already pointed out the danger of applying the theorem of Art. 49 
to cases when the if -test does not hold good. An additional illustration of 
this risk may be given here. 

Since sin (tt '-</>)= sin </>, it follows that the values of sin {rir/n) when r ranges 
from ((n -f 1) to (n - 1) are the same as those when r ranges from 1 to ( (n - 1), 
but in the reverse order. 


Hence 


sin*^ 

{n sin {O/n)) 


Sn»(r7rM) 


(fTr/w)} * 


and if we apply the theorem here, we appear to get 


8in*0_ * / 

"d* rV*/ 

which contradicts the result obtained before. 

sin^O/n) 0 


that the inequality 


sin* (r7r/w) 4r* 


Of course the explanation is 
is no longer true, since nr/n may be 


greater than (tt; and it is, in fact, impossible to construct a convergent 
comparison-series '^Mr* 
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71. WeierstrasB’fl formula for the Bine-product. 

It is sometimes useful to express the sine-product in a form in 
which there is only a single factor in each term ; and it is at first 
sight natural to write 

= n \^1 usmg n m place of r, 

where the accent implies that n=0 is omitted from the product. 

This is, however, apt to lead to errors, because 11 fl ) is diver- 

gent (see Art. 39) ; and we must either write 

ir(l- — ), 

nw/ 

or else modify the factors so as to ensure the convergence of the 
product. The simplest modification is due to Weierstrass, and is 
given by the formula * 

In the first place the last product is absolutely convergent. 

For we have €*=1 +a:+ 5 T + ... . (Art. 58) 


€*=1 +a?+gj + ... . 


Thus 1 +® <€*< 1 +** + ... , if 0 < a: < 1. 

Hence 1 -x* < c*(l -a:) < 1, if 0 < x < 1. 

But if X is negative and numerically less than 1, we see that 

1 +x < c* < 1 +x+Jx* < 1 +X+X*. (Art. 19) 

Thus 1 - X* < e*(l - x) < 1 - X*. 

Hence, if | - $/n7r)\ = 1 1 +«„ |, it is clear i>hat | Wn I i® 1®®® ^'ban 

6*ln*ir *. Thus is absolutely convergent, and so 11 ( 1 + is also absolutely 

oonvergent 

To evaluate the product we need only notice that, since it is con- 
vergent, its value is equal to 


lira if )|. 

.v-> <» -jv I ^ WTr/ ; 


in this product the corresponding positive and negative terms 
can be taken together, and the result is 

limn(l 

jv_>Qo 1 \ ?i*7rV u 

by our previous result. 


is used to imply that n =^0 is omitted from the product. 
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The cosine-product may be expressed similarly as 


COS i 


We have seen (Art. 42) that? 

where C is Euler’s constant ; it will be recognized now that this is, 
so to speak, half the Weierstrassian form of the sine'product. Chang- 
ing the sign of x, we have 

1(1— x) «=i\ »/ 

1 




x»' 

n' 




Bi n ttx 
TTX 


Thus, since r(l+ic)=xr(flj), we have one of Euler’s formulae 


' ' ^ ' siUTraj 

In particular, Wallis’s product is equivalent to the result 

r(i)=s/7r. 


711. Formulae for cot^ and allied results. 

If we take the formula (Art. 69) 

n - 1 

sin n<p 11 8m(^ +ra), (a =irln) 

0 

and differentiate logarithmically, we obtain the result 

71-1 

(A) n cot n<p cot(0+fa). 

Differentiating again, we find similarly 

n-l 

(B) cosec® cosec* (0 -fra). 

For our purpose it will be convenient to suppose n to be odd ; 
and then write n=2m+l. We take then 

7» n-l 

n cot «i0=cot cot(^-l-fa)-t-2 oot(^+fa.). 

1 7»-»-l 

Now cot(0 -fra) =cot(0 +ra — tt) =cot {0 — (n--r)a}, 

since na='7r, 
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ALLIED RESULTS 


rt - 1 n - 1 

2 cot(0+ra.)=;^ oot{0-(n-r)a} 

w+1 

oot(^— rot). 

Thus, finally, we have 

1)1 

(A,) n cot ntjt =cot ^ {oot(0 +nx) +cot(^ —fa) }, 

and similarly 

•* Ml 

(Bi) n* coBec* n<f> =coBec*0 +2 {co8ec*(0 +ra.) +coBec*(0 —roc)} 
where n=29n+l. 

We shall now obtain corresponding formulae for cot 6 and cosec*© 
in the form of infinite series. 

We write n</>=dy and then make to->oo in the previous formulae ; 
and the first step is to obtain comparison-series in accordance with 
Tannery’s theorem of Art, 49. 

Thus we write 

I {cot (^+fa)+cot (^- ra)}= . 

Now we have 

|nsin20| <2n0=2©, (nsin0| <n<l>^d, 

and |n sin ra| > 2r (as in Art. 70). 

Thus, as soon as 2f exceeds 6, we see that 

1 2 © 

- |oot(0+fa)+cot(^-ra)| < 

It follows that, for values of r> J©, we can compare (i4,) (after 
division by n) with the convergent series 

22©/(4i^-©»). 

Hence Art. 49 applies ; and since 
lim - cot 0 = lim ^ 

n-^ooW ^ ^-^O©tan0 © 

and lim - cot(0+ra)= lim ^ — v=x-r — » 
n-^son ^,.->o(©+r7r)tan(0+ra) d+rir 

while lim - cot(0 —ra) - ^ , 


we see that the result is 




/ 1 


1 ^ 
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* ... 

It 18 natural to write (A^) in the simpler form ^1/(0 —fTr) ; but 

~ 00 

(see Art. 8) this form is not precise unless written either as 

(,(.) 

or as 

(4.) 




Of these (A^) corresponds to Weierstrass’s form of Art. 71 for 
the sine-product ; and it is possible to obtain (^2M^4) ^7 differ- 
entiating the various product-formulae directly. But the final proof 
of uniform convergence is no easier than the investigation just given. 

To deal with the series (Sj) is now easy ; for it is at once evident 
that our previous inequalities give 

~ {cosec*(0 +roc) +co8ec*(0 ~ra)}= — 

VTT • / « n n*(sin®0-8in*ra)* 

^(0-rx)2+(0-fr7r)® 2(rV+02) 

< “(4r2-0T “ (4f2-(9^*)2 • 

Thus Art. 49 can again be applied, because the last series is 

convergent. 

Then lim cosec*^) = lim ( ^ ^ 

n-^co\n* V 0^ 


and 


lim co8ec®(0-i-ra)|= lim (7 ^ - - 
}ult is 

coBec*0 =^1+2 


U. ^ ■ 

\4>+m.)] (Q+rir)* 


Thus our result is 

w 

which can be written in the form 


(5.) 


co8eo*0=g^^,, 


without introducing any further modifications, as in {A^) or (.^4). 

These formulae can be found by differentiating (^44) ; the proof 
of uniform convergence will be found in Art. 71*2 below. 


In exactly the same way the identitiee (Art. 69), 


and 


6n * “ ^ 


7 n*ain’ 


1 n-l 


'(nr/* 


ain* 


(n odd) 

(r odd, n even) 
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ALLIED RESULTS 


give, on applying Tannery’s theorem of Art. 49, the two series 
1” 1 4 

e'frV*’ 2"r(2«-l)^*’ 

«.d .Ui + L+i+...=?^. 

I*+3*^6* 7*^“ 8 

Of course there is no difficulty in deducing the second of these from the 
first, because, 

1111 fl 1 11 W1 1 1 \ 

1* ■^7* \ 1* ■^2* ■^3* — y ^ V^I +41 +6* ■*■'**/ 

the transformations being justified by Art. 26. [Compare Exs. 2, 3, Ch. IV. ] 

71*2. Alternative development of the theory. 

It is possible to develop the results of the previous articles by 
starting from the series +» i 

This series converges absolutely and uniformly in any closed regions 
from which the points x=n<i) are excluded ; this follows at once by 
using the M-test (Art. 44). Thus F{x) is a continuous function, and 
its integral may be calculated by term-by-term integration (Art. 45). 
Further 

f (a:+<o) ==2 

SO that F(x) is a periodic function, its period being oi. 

When \x\ is less than \w\, we can write 

and, since \x\ < |ft)|, we have 


1 1 ^ 2 / 5^ > 

(wo— x)* (nto+x)^ w*o*V ' W*a)* 


so that * 


F(x)=-,+Co+c,a;®+C4X*-f ... , 


where ‘=.=^2^^’ etc. 


* This impliei) a rev'ersal of order of summation in a repeated series ; it is easy 

to verify that the condition of absolute convergence (Arts. 31, 33) is satisfied here. 



220 TRIGONOMETRICAL FORMULAE [m. TX. 


Thus ^(o?) is an even function of x and tends to infinity like 
as 

Now consider the function 0(x) derived by integrating F(x) ; to 
make this function definite we shaU write * 

Then we have clearly 0' (x) == -‘F(x), so that f 

and for values of \x\ < \w\, we find the power-series 
G(x) -c^-\ 

Thus 0(x) is an odd function of x and tends to infinity like l/x, 
as £->0. 

Also (?'(» +w) = --F{x+a>) = —F(x) =0' (x), 

so that 0(x+a>) —0(x) =const. 

To evaluate this constant we can write 


(?(*)= lim n+2'(-^+— )} 
' iv-^oo U ^ \x—nw^nQ>/J 


1 

=lim V , 

x^ruo 


and so ©(a+o))— (?(«)= lim 




U+(iSr-l-l)a> X- 

If we write x=— fco, and remember that 0(x) is an odd function, 

= 0 . 


it follows that 


Thus (?(x) is an odd function, with 'period w, and 6(^a))=0. 

We now proceed to integrate again ; t but to remove the 


* Observe that we cannot write simply 
o{z)^ - 1 ’ 

because F({) -► oo like 1/f * as ( 0. 

1 2' implies that fi=0 is to be omitted from the summatioii. 

} Teim-by-teim integration is permissible because the series for 0{x) is uniformly 
convergent under the same oondiiiona as the series for F(x ) : see Art. 46 (2)* 
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logarithms from the formulae, we shall introduce a function 
E(x), defined by 


BO that 
Thus we have 


H'{x)IH(x)=^6{x). 


Also, if \x\ < |a)|, we have 

Thus H{x) is also an odd function of x, and tends to zero as 
a; “> 0, in such a way that H(x)lx 1, 

A • 1 . H'(x+a>) W(x) 

in virtue of the periodic property of G{x), Thus we find 

H{x+w) ^ 

— kv - r ==conBt. 


To determine the constant, let us write which gives 

because H (x) is an odd function of x. 

Thus, in general ff(x+o>)=— -ff(x), - 

and so H(x+2(jo) = --H{x+w) = +H{x), 

Thus H{x) is an odd function of x, with period 2(o and such that 
H{x)lx -> 1 OS X ->0, while H{x+(>)) = —H{x). 

Now H{x) is continuous ♦ for all values of x, such that |x| < \w \ ; 
and thus, from the periodic character of ff(x), it is clear that H(x) 
is continuous for all finite values of x. 

Assuming that these properties uniquely determine the sine- 
function, f we can write 

ff(x)=="8in(— ), 

TT \ U) / 


* The aeries for log {// (a;)/x}, being derived by integrating a unifonniy convergent 
aeries, is itself unifonniy convergent (Art. 45) ; and thus the function is continuous. 

t It seems impossible to prove this without some reference to Theory of Functions. 
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and tiien the two other fonctione are 




H{x) 





Thus, the various series of the present article all agree with those 
obtained in Arts. 70-71*1. 

We are now able to obtain the coefficients c^, C|» ... in finite terms. 

Write for brevity (o =7r, so that H(x) =sain x. 

Then,* by Art. 69, 

_ X* X^ X* 

"" 6 ■‘'IlO'SOiO ■*■••• 




X* 

^ ■ 360 



•••) 

...) 


X* X* x® 

6“l80“2836 


Hence 

giving 


_1 _ 1 2 
“•“3’ ®’~16’ ®‘“i89’' ’ 

yi-!L’ yJl vi.-’Tl 
rn*“6’ Yn'^OO’ rn*“945’"' 


(compare Art. 100 below). 

It is convenient to note also that these values (for Cg, Cg) lead to the 
expansions : 

\ 4 . 1 a 2 e 

^(*)=®ot*--3*-46*’-946®'-”- 
F(x) =co8ec*a:=i +5 +p6** + jfg** + • 


* The justification for these steps is contained in Art. 3G ; the present case 
corresponds to 6 q= 0, in the notation of that article. 
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EXAMPLES. 

Refereaoe m»y also be made to Examples on Oh. XI. 

1. Shew that, if |«| < 1, 

= 008 ^+*008 3^ +**008 6^ + ... +a^00B(2n + l)^ + ... , 
and deduce that, if y =2 oos 20, 

“ V + V + *y* - 3y - 


2. From the formula (of Art. 68) 

am (md) = 9112 ; — 'x‘ + ... to oo. 


(where ^ =aro sin 2 ; and lies between - ^ and + ^t), obtain the power-series for 
(arc sin x)*: namely 


g(aro sinx)* = 


1 ®* 
2 3 


/I 1\1.32:» /I 1 l\1.3.6x» 

'^\l*“^3V5Ti 6 ■^\1*'^3*‘^6V 2.4;6 7 


to 00 . 


Obtain similarly the formula of Ex. B. 4, Ch. VIll., for ^(aro sin x)*. 


8. From formula (B) of Art. 71 *1, prove that 

2 cot (0 +ra) oosec* (0 +ra) =9i* oot 9i^ coseo* 9i^. 

Deduce that, if /? = Ja =7r/49i, 

291* =oot 13 cosec* /? -cot 3)3 oosec* 3)3 +oot 6)3 coseo* 6)3 «... to 9i terms. 

[Math, THp. 1901.] 

4. If 91 is odd and equal to 2971 + 1, shew that 

2 tan* (r7r/n) =^n{n - 1) (91* n - 3). [Math, Trip, 1903. ] 

r=l 

5. D 91 is odd, shew that 

2ooseo*(r7r/n)=J(9i*-l), ' 

rsil 

If n=abc ... k, where a. b, c, k are primes, shew that the above sum, 
it extended only to values of r which are prime to n,\a equal to 

J(a* -1)(6* -l)(c»-l) ... (A;* -1). [Maih, Trip, 1902.] 

6. (a) Shew that the roots of the equation 

x* +x*-2x- 1 =0 

are 2co8(j7r), 2oo8(^7r), 2 cos (fir). 

[Write X + 2 = y* in the formula of Art. 66.] 

6. (b) Shew that the roots of the equation x* - x* + if =0 are given by 
Xy/1 =2 sin (^ir), 2 sin 2 sin (fir). 

[If ^ =2 sin 0, the formula of Art. 67 can be written 
y*=±^7(y*-l). 

To <li«tiTigiiiflh between the two sets of three roots note that 2 sin ( fir), 2 sin ( fir) 
are both greater than 1, while 2 sinfw lies between - 1 and 0.] 
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€. (o) If Bin a. « >/3/4, shew that 

Bin 7a. -^3/266. 

Deduce that the aide of a regular heptagon inscribed in a circle of radius r 
is nearly equal to the height of an equilateral triangle whose side is equal to r. 

[Ex. A. 38, Ch. VIII.] 

7. Prove that 

and + 

-« i (n+c)*j sin* ttc c _« \ n+c/ buittc 

[Euler. ] 

Determine the value of the limit of the product II (l + —^) when 
Jf”, oo 80 that h. 


8. PioTetiiat na- = 

I (n7r+x)*j ainx 

9 . Shew that 

(1 -x)(l +Jx)(l -ix)(l +fx)... =008 (Jttx) -sin (Jttx). 
[Group the terms in pairs and apply Ex. 11, Ch. VI., obtaining 


\ - sin 3ag 
~ sinx ’ 




or write out the product form for sin {ijr(l - x)}/8in (Jxr).] 

10« Shew directly from the products for sin x and cos x that 
sin (x 4-j^?r)=oo8x, cos (x + Jtt) = - sin x, 
and deduce the periodic properties of the sine and cosine. 

11. Deduce the infinite product for sin x from the equation 

Bin (v-x) =2x cos (2xf) dt 
.'o 

by means of the series for cos (2x^) in powers of sin t (Art. 68). 

T4 „ _(»+«l)(w+«.) ■"_(’»+»*) 

"(» +6.) (n +6.) ... (n'+S*)’ 

where 2)o and none of bi, 6s, , 6* are aero, then 

** sin (6i7r) sin {b^Tr ) ... sin (b^Tr) 

If 2)6 - 5)o = 5, shew that 


[Euler.] 


[Euler.] 


«o rr “n 

—T —If 

and that lim IlM„=L~fiP, 

.tf. ►« -M 

where L =lim (N/M). 

Find the value of when » =0 is excluded and some of 6|, bg, ... , b;^. 


are zero. 
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18. Prove that Um {j_^ J ^ 


where in the double summation all values m=n are excluded. 

[Math. Trip. 1895.] 

14. Shew that 

:r{cot(^*) - cot(^a)} = i -^4^) =2 


1 

TT® cot (ttx) cosec ®(7ra;) = ^ 

-oc \x^n) 

{ 2 1*1 
coseo^(7ra;) - ^oosec* (7ra;)| = X (— ^^4* 

15. Shew that 

cosec ^ 1 ^ - 

sec '^{w--iTr~V +p) ■ 

[We can get the expansion for oosec 0 from the identity 
cosec 6 = cot (J^) - cot O."] 

Deduce that 

tt/ tt .. \ _ 1 1 1 1 

4 \®®®25 ' 3*a‘-3 6»a:»- 6 

16. Shew that 

TT 1 / 1 1 \ / 1 1 \ . 

gcot 2 +(2_2+z+2j 


[Euler.] 


[Euler.] 


2 \?--l 2^ + 1/ \s .i Z "i S J 


J XI. i. 1 f 1 1 TT cos TTX 

Deduce that + ^ \ , - . — 

X - y _"ln + a: + (- l n ) ^ sin irx - sm Try 

71 = 0 being excluded from the summation. [Math. Trip. 1896.] 


17. Find the sum of the series 


V' 


5w-2 


^ Qn* - 5 to * + n* 

the value 7i=0 being excluded. 

fNctethat -lVf- = (--4--)+(-^-)-l 
L 6?i®-5w® + w‘ \»-4 nj \w - ^ ??/ J 

18. If the general term of a series can be divided into partial fractions 
in the form 

t4„ = 2 — , wliere ^.4 =0, 

" M + a’ 


then 


^ «74 = S-dTT cot (air), 


where all the numbers a are supposed different from zero. 

B.I.S. p 
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19. If the general term of a aeries is expressed in the form 

A , B ,C , A' . B' , C' 

2n (in - 1)* (in - !)• 

prove that can be summed by means of these formulae, provided that 
A+7A'=0 and 0+0' =0. 

Apply to the particular example 

_48n*-36n+7 
»n*(2n-l)* ' 

proving that the sum is equal to {nK 
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COMPLEX SERIES AND PRODUCTS. 


72. The algebra of complex numbers. 

We assume that the reader has already become acquainted with 
the leading features of the algebra of complex numbers. The 
fundamental laws of operation are as follows : 

If x^=i'+iri\ 

then x-^x* 




{addition) 

(sitbtraction) 

{multiplication) 

{division). 


X 

It is easily seen that these laws include those of real numbers as 
a special case ; and that these four operations can be carried out 
without exception (excluding division by zero). Further, these 
laws are consistent with the relations with which we are familiar 
for real numbers, such as 

x{y+z)==xy+xz, 
xy=yx, x{yz)=-{xy)z. 

Thus any of the ordinary algebraic identities, which are estab- 
lished in the first instance for real numbers, are still true if the 
letters are supposed to represent complex numbers. 

It is natuial to ask whether other assumptions might not be made which 
would be equally satisfactory. Thus the amdogy for addition might suggest 
for multipHoation ^ 

But this is inconsistent with the relation since x'ss2 would 

**»»8*^ 2x=2^+*(0)=2f, 

x + f +>y) = 2f + 2 it;. 

227 


whereas 
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Since the assumption = - 1 together with the ordinary assooiatiYe, com- 
mutatiye and distributive laws are sufficient to fix the law of multiplication, 
we might try to find some other law of multiplication, by assuming that 
+ where cl, P are some fixed real numbers. It can then be shewn 
(see Stolz, Allgemeine Arithmetik, Bd. II., pp. 8-12) that we are either led 
back to the assumptions made above, or else we are forced to admit the 
existence of numbers Xi, such that the product XiX^ is zero without either 
Xi or Xt being zero. Thus the assumption (* = corresponds to the only 
simple natural extension of the laws of algebra as formulated for numbers. 

73. Argand's diagram. 

The reader is doubtless also familiar with the usual representation 
of the complex number * 

by a point with rectangular coordinates (^, rj). 



Nevertheless it may be convenient to give a brief summary of the 
method. 

If we introduce polar coordinates r, 6, we can write 
x=r(cosd+iBm 6). 

We shall call the absolute value of x (it is sometimes 

also called the modulus of x) ; and we shall denote it by the 
symbol I X I . This, of course, is quite consistent with the notation 
used previously ; for if cc is real, \x\ will be either +x or —x, 
according as x is positive or negative. 

We call 6 the argument of x: it is sometimes called the phase or 
amplitude of x. 

From the diagram the meaning of x—x' is now evident. 

If we draw through A, AB, CA equal and parallel to OA', then 
B, C are respectively x+x' and x—x\ The fact that x+x' ^x^ +x 

* Probably tho reader '^ill be more accustomed to the notation z^x^iy for a 
complex number and its “ real and imaginary ’* parts. In tho present account 
X has been deliberately adopted to represent a complex number, so as to bring 
out as strongly as possible the points of similarity between power-series of the 
real and of the complex variable. 
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is represented by the geometrical theorem that A'B is equal and 
parallel to OA (Euclid I. 33). 

Since OB < OA+AB or OB < OA+OA\ 
we have the relation \x+x'\ <N+M, 
and similarly, 1 x —a;' | < | a;] + 1 a;' | . 



Again, supposing OA' < OA, we have 

OB+AB>OA or OB>OA--OA\ 


Thus, 

and so also 


|a;+a;'| > |a;|--|a;'n 
\x—x'\ > |a;|— ja;'| 


if \x\ > \x'l 


It is easy to prove similarly that 

|a:+y+2+H < Ixl+l^^l+lzl+lwl, 

and generally, that \^x\ <2|x|. 


These facts can also be proved algebraically ; for example, ronsider the 
first inequality and write 

Rr=\x+x'\, sothat /J*=(f+^')*+(v+V)*. 

Then we have R* = f* +2(fJ' + >/?/')• 

Hence (r f r')* - R^ =2(rr' - - r;r,'), 

and this is certainly positive if + rjyj' is zero or negative. But if rjri 
is positive, we have 

so that rr ' ^ 

the sign of equality occurring only if =0. 

Thus in all cases (r +r')*- J2*^0 

or r+r'-J?^0, 

and the sign of equality ca*i appear only if and 0 ; 

which is represented geometrically by supposing that OA' falls along OA. 
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74 Multiplication; de Moiinre’s theorem. 

If we multiply together the two numbers 

a==r(cos 0+£ sin 0), x'=r'(co8 O'+t sin 0'), 
the product is found to be 

xa;'»=rr'(co8 0 cos 0'— sin 0 sin 0')+ir/ (cos 0 sin 0' +8in 0 C 08 0') 
=rr'{co8(0+0')+£ sin (0+0')}- 
Thus the absolute value of xx' is rr' ; or 

|axr'|=I®l • l»'|. 

and the argument of oax* is 6+6\ the sum of the arguments of x 
and x\ 

In particular, if /=1, the product a;(cos 0'+£8in0') is equal to 
r{cos(0+0')+£ sin(0+0')}. 



It is therefore clear that if i=cos 0+£ sin 0, is equal to 
cos 20 +£ sin 20 ; to cos 30 +£ sin 30 ; to cos(— 0)+£ sin(— 0) ; 
and so on, as indicated in the diagram. 



Hence if n is any whole number, positive or negative, we have 
(cos 0+£ sin 0)"=r*=cos w0+£ sin n0. 

To interpret where m and n are whole numbers, we agree 
that the law of indices is still true. 

Hence if t^^=p{Gos 0+£ sin 0), 

we have p*»(cos +£ sin n<f>) =cos w0 +£ sin mO ; 

thus, p"=l, and ntp=md±2k'7r, 

where k is any whole number. 
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mi. X- ^/- md+ikir ^ . mQ+2hir , 

That IS, t»»'»=cos \-i sm ^ , 

n n 

thus has n different values, given by taking Jc=0, 1, , n— 1. 
The case k=0 constitutes de Moivre's theorem. 

A large number of elegant geometrical applications have been giyen by 
Morley, some of which will be found in Harkness and Morley’s ln*rodv4^ion 
to the Theory of Analytic Functioned chapter II. We note a few examples : 

1. The txlanglee z, y, z and x\ y\ z' are directly similar if 

a?, y, z -0. 

y\ 

1 , 1 , 1 

2. If the triangles y, z and x\ y', z' are directly similar, any three points 
diyiding xr', yy', zz' in the same ratio form a third similar triangle. 

3. The conditions 

z, y, z =0 and yz+xw^ zz-\^yWd xy-hzw =0 

o^ jS, 7 , fit y 

1 . 1 , 1 1 , 1,1 

(where a, /?, y are real numbers) axe respectively the conditions that x, y, * 
should be oollinear, and that x, y, z, w should be concyolio. 

For other applications, see Exs. 1-8 at the end of this chapter. 

76 . General principle of convergence for complex sequenoee. 

If /S„==Z„+trn» we say that the sequence {SJ converges, when 
both and (r„) are convergent ; and if -> AT, and -► F, 
we write s^^X+iY. 

The necessary and sufficient test for the convergence of the sequence 
{Sn) is that, corresponding to any real positive number e, however 
small, we can find an index m such that 

ifw>m. 

To prove this statement, we observe that 

|5,-fl„|*=(x,-z„)*+(r„- rj*. 

so that 1^^ — ^ I — +1 

and \8, XJ, \S^ 

Now, if (df„) oonvei^es, (X„) and ( 7„) are also convergent, so that we can 
find m to satii^ 

|J„-XJ<e, |r„-rj<€, ifn>in, 
and consequently < 2e, if n > w ; 

BO that the condition is necessary. 
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On the other hand, when this inequality is satisfied, we have also 

if W > m, 

and therefore the sequences (X„), ( are convergent. 

Thus (Sf^) converges ; and therefore the condition is sufficient. 

As an application of this principle we consider the interpretation 
of where ^=cos0+«sin0 and a is irrational. We note as a 
preliminary that * 

I (cos sin 0)— (cos sin \/r)| 

=J{{cos 0— cos \/r)2 4-(sin 0— sin xp')^} {2 —2 cos(0— \/r)} 

-2|sin J(<^-x/r)i < 

Now, if (oL„) is any sequence of rational numbers which has cl as 
its limit, we can find m so that 

l^n ^^1 < e, if n > m. 

Thus 

|{cos(a„0)+zsm(a„0)}-{cos(a^0)+/sin(a^e)}| <e |0| 
if n> m; and so the sequence i“"=cos(a^fl)+( sin(a^6) is con- 
vergent. It is therefore natural to define f as lim ; but it is of 
course to be remembered that all the limits f 
lim{co8a„(0-t-2fc7r)+/sina^(0+2A;7r)} (fc=±l, ±2, ±3, to oo ) 
may equally well be regarded as included in the symbol Thus 
special care must be taken to specify the meaning to be attached 
to t * ; for most purposes it is sufficient to retain only the value 
which reduces to 1 when 6 is zero (that is, the value given by A;=0). 

Convergence and divergence of a series of complex terms. 

H <^n=in+tnn> WC haVC 

<»l+«2+- • • +^n=(^l+f2 + * ’ • +iv^+l{Vi+V2 + -‘ • +??n) =-^n+< Yn- 

Then if A Y^ are separately con\ orgent to the limits s, t respec- 
tively as n tends to cao , we say that 

«l+«2 + ... to 00 
converges to the sum s+it. 

But if either or diverges so that |A^ti+« =|2a„| 

diverges, we shall say that diverges ; and generally, we shall 
call a series divergent if diverges. 

* The geometrical interp^etation of this inequality is that a chord of a circle is 
less than the arc. 

t All these values are unequal, because no integer k makes ko. equid to an integer ; 
of course h must not vary with n. 
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It is easy to see from this definition and the foregoing discussion 
for sequences that the necessary and sufficient condition for conver- 
gence is simply that, corresponding to any real positive number e, 
we can find m such that 

no matter how great p may be. 

It is not very cosy to frame a deiimtion of oscillatory series of complex 
numbers, which shall be consistent with the definition adopted for series of 
real terms in Art. 6. It is clear that in the first place there are nine possible 
types for the behaviour of a complex number as n tends to infinity ; 

for each part may converge (C), diverge (D), or oscillate (0). Of these 

nine types, one has been defined as convergent (represented by G, 0) ; and 
five as divergent (represented by C, D ; O, D ; 2), 2) ; D, C ; D, 0). The 
remaining three are represented by C, 0 ; 0, 0 ; 0,0; and may fairly be 
called oscillatory. 

On the other hand, if the limits of oscillation of either part are - oo to + oo , 
then the absolute value |X„ + may tend to +oo as a limit.* 

However, to avoid minute discussions of so many possible types in dealing 
with actual series, it seems to be simplest to agree to call all series divergent 
for which |X„ + tr„| +oo , even though this agreement will now class 
some series as divergent, which might be called oscillatory with more accuracy, f 

We can formulate a similar definition for the convergence of an 
infinite product of complex factors ; but as a rule we need only 
absolutely convergent products, which will be discussed in the next 
article. 

76. Absolute convergence of a series of complex terms. 

If ^ud if 2|a„| is convergent, we shall say that 

is absolutely convergent It is evident in this case, from Art. 18, 

• It would not do so if, say, 

jr„=n{l+2 00B(^)|, = 

For then X„->+oo if »=6m, Gw + l, or 6m + 5, 

if n=:6m + 3, 

X„=0 if n = 6m + 2 or 6m + 4. 

Thus I X„ + f I -► 00 except for » =6m +2 or 6m + 4, 

but I X^ + i r„ I = 1 for these values. 

t For example, X^ = ( - 1 = l/» 

gives I X„ + 1 I = v'(»* + 1 M*) « . 

On the other hand, the series 

x„=(-ir», F„=o 

(which consists purely of reed terms) would be classed as divergent by this definition ; 
and as oscillatory by the definition of Art. 6. 
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that the separate series are both absolutely convergent, 

because and 

It follows therefore that is convergent in virtue of our 
definition (Art. 76) ; and by Art. 26 the sums 'Efin indepen- 
dent of the order of the terms. Hence also, the sum of an absolutely 
convergent series is independent of the order of arrangement. 

It is probably obvious from what has been said as to series of 
real terms, that absolute convergence is not necessary' loi conver- 
gence. An example of a series of complex terms which converges, 
although not absolutely, is 

For both real and imaginary parts converge, by Art. 19, and the 
sum is — ilog2 + J^7rz, by Arts. 62, 64 ; but the series of absolute 
values is 1+ 1 + , 

which diverges by Art. 7 (Ex. 2) or Art. 11. 

It is evident from Arts. 25, 28 that the sum of a non-absolutely 
convergent series may be altered by derangement. 


Absolute convergence of an infinite product of complex 
factors. 

The infinite product n(] 4-Un) is said to be absolutely convergent 
if the product n(l-f |a,i|) is convergent. It follows at once that 
if is absolutely convergent^ so also is 11(1 + o,j), and conversely. 

For we know that Sja^l converges : and so by Art. 39 the two 
products n(l-f|o„|) and 11(1 — |a„|) are convergent. Similarly, 
if either of these two products is convergent, so also is 2|a„|. 

However, it is not quite obvious that if 2|a„| converges, then 
n(l-|-o„) must also converge, in the sense that we can find m, so 


that 


w+p 

ii:=ii(i+o») 

t»+i 


is as close to unity as we please, however large p may be. 
To establish this property, we observe that if 


m+p 

4:=n(l + |anl), 

m+1 


then every term in (iC— 1) has a corresponding term in ; 

but in the latter, every term is positive. Hence 
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But 

m+1 

(by Art. 38) 

where 

m+1 


Thus we have 

\K-i\<nja-vJ, 



and since as w->oo (because S|a«l is convergent), we can 

find m to make as close to unity as we please. 

The proof of Art. 40 needs only a few verbal alterations to shew 
that if is absolutely convergent the value of n(l+<^n) ^ unaltered 
by changing the order of the factors, 

77. Intension of Maclanrin’s integral test. 

It can be proved that* if f{x) tends steadily to zero, as x tends 
to infinity, and if <f>(x) tends steadily to infinity while tends 
steadily to zero, in such a way that the integral 

I f(x)^'(x)dx 

is convergent, then the two series 

2/(n) cos{0(n)}, S/(n) 3m{<t>{n)} 

converge or diverge with the integrals 

I f{x) cos {f{,x)}dx, I f{x) sin {^(x)} dx 

respectively. 

Without going into the proof of this general theorem, we shall 
investigate the most useful special case — ^namely the seriesf 
where /£=a+</8, (a>0). 

Now let us write 

— A. _ f 

* See Bromwich, Proc, Lond, Math, 8oc. (2), vol. 6, 1908, p. 327 ; and G. H. 
Hardy, ibid., vol. 9, 1910, p. 126. 

t In the notation of the general theorem, this eeries is given by taking 
/(*)=*-«, ^(*) = /3loga:. 

See Arts. 93, 96 ; and note that the conditions laid down for the general theorem 
are verified here. 

X We assume that the ordinary roles for differentiation and integration remain 
formally unaltered when complex indices are used. This assumption can be 
justified quite easily as so<m as the definition of complex powers has been fully 
cleared up : for instance, on tihe lines adopted in Arts. 93, 96 below. 
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Thus, if we write |/ul=x/(«’*+^*)=/), say, 
we have \V„\ = 

because or 




Now fx > 0, by hypothesis ; and in the last integral x lies between 
n and w+1, so that 

1 

n* x“"“n“ (n+i)® 

Substituting, we find that 

Thus, summing to n terms, we find that 

And thus, by Art. 2, the series is convergent ; or 2?7„ is 

absolutely convergent, and its sum is less than pin. in. absolute value. 
Thus,* on writing out the sum of 217„ to (n— 1) terms, we see 

that 1 

l + ^ + ^ + --+^ JjXe 

tends to a definite limit as n tends to infimty. 

T, 1 fi L ^ 

jj a?* /X— 1\ n"''/’ 

and so, if tt>l, this integral tends to the limit l/(/< — 1) as 
n -> 00 ; and so the series Sw** is then convergent. 

On the other hand, if 0<a<l, the integral behaves like 
_^) as » -► 00 (because the absolute value of this expression 
also tftnHa to infinity) ; and accordingly the same holds for the sum 
of Or, in symbols, 

1 1 

1+ — + ...-1 — , if 0<a<l. 

K we adopt the convention of Art. 76, the series Sn-'* would be 
called divergent, if 0 < a < 1 ; because its absolute value tends 

• Note th«t In"**! =»"*, end so n“'‘ tends to zero as « tends to infinity, because 

a >0. 
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to infinity, although both real and imaginary parts oscillate between 
— 00 and + 00 . 

The only case remaining for discussion is given by a=l ; and 
then — fi) oscillates between finite limits, so that the same 

is true for the series* Sn“^. All that we can then assert is that 
the range of oscillation is equal to 2/j8 for both real and imaginary 
parts of the sum. 

Hence, &ially, we sum up our results as follows : 

The series Sn”'* {where /z = a+i/3) is convergent if a>l; 
divergent {in the sense of Art. 75) a< 1, amd the sum to n terms 
is represented asymptotically by the formula 

When cx. = 1 {and ^ is not zero), the series oscillates finitely ; and 
the range of oscillation is equal to 2/^8, both for the real and for the 
imaginary parts of the sum. 


78. Ratio-Tests for absolute convergence. 

Since the series to be tested is which consists solely of 

positive terms, it is evident that we can apply at once any suitable 
test from Chap. II. ; but nearly every series of importance is covered 
by a natural extension of the ratio-test (5) of Art. 12 '2. Thus it 
seems worth while to formulate this extension in a form specially 
convenient for application to series of complex terms ; similar 
extensions for other tests will be given in the small type below. 

We suppose then that the quotient aja^^i can be expressed in 
tk,for„ 

a„+i n \wV t^>l 
where in most ordinary series the index A is 2. 

Then, to test for absolute convergence, we form the quotient of 
absolute values |o„| 

\a„ " VnVl 


This expression is clearly equal to 
where k is the smaller of the indices X and 2. 


* Note that the range ot oscillation is the same for the series as for the integral ; 
although the actual Umits of osciUation are not the same. This is due to the fact 
that the difference tends to a definite limit. 
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ThuB we have 




and so the results of (5), Art. 12*2, can be iinmediatelj applied, 
shewing that S|a,,| converges if a> 1, and diverges if a~l. 
Thus the rule now applicable to series of complex terms is : 

If the quotient ajun+i can be expressed in the form 



1 + 




ft=a.+t^ 

\>1 


then the series Ea„ is ahsoliUdy convergent, provided that a > 1 ; brit 
cannot converge absolntely, if I.* 


Pringsheim’s tests for absolute convergence of a complex series, f 

Since lo„| + .?„•), if »„ =^„ +»»„, 

it is evident that the square-root complicates some of the tests given in Chap. U. 
for series of positive terms. 

Of course the tests of Art. 9 can be at once changed to 
llin . |a„| • < 00 , (convergence) 
lim > 0, (divergence ) ; 

but the same transformation cannot, as a rule, be applied to the ratio-tests 
of Arts. 12*1 and 12*2. 

Thus, the condition 

is by no means sufficient to ensure the convergence of '2\a ^\ ; because 
whenever lim D^ = <x) (which is usually the case), the above condition does 
not exclude the possibility 

— 1 l®n+ll J 

and this may occur with a divergent series. 

For instance, with l/a„ log n and =n (n > 2), we find 




Thus, 




but yet D|a„| diverges, as we have proved in Art. 11 (2) ; and in fact it will 
be found Uiat rial 1 


* It may still converge ; but the condition of aheolute convergence is broken 
when a ^ 1. This rule is contained in one given by Weierstrass (see below, 
Art. 79). 

t ArehivfUr Math, u. Phya, (3), Bd. 4, 1902, pp. 1-19. 
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Fri n ga heim therafcxre has introduced the oonditionB 

ImiIdJ — I {convergence) 

I |®n + l! ) 

Sm I — I - “>^-4 < 0, {divergcTUse) 

which are substantially equivalent to the conditions of Art. 12*1. 

For if the first condition is satisfied, we can find p and m so that 

Now in aU cases of practical interest,* it is possible to assign a fixed upper 

limit to and say 1; then - D^.i^pl2l, and so the 

I ®»i+i I -^n I ®n+i I 

first condition of Art. 12*1 is justified, proving convergence. 

But if the second condition holds, we can find m so that 

BO that the first factor must be negative, leading to divergence as in Art. 12*1. 

It is easy to transform Pringsheim*s conditions by writing D^^f{n) as 
in Art. 12*2, and then we find 

lim > 0, convergeTMJC ; lim < 0, divergence, 

where I I* = 1 + . 

|an+il /(») /W 

The only fresh condition to establish is that {/'(»)} *//(n) 0. 

For Urn = lim = lim 2/"(®), 

in virtue of L’Hospital’s rule (Appendix 1., Art. 147) y now we assumed that 
f"{x) -*■ 0, and so {/'(jp)}*//(a?) also tends to zero. 

In particular, let us take 

{l)/(n)=l, (2)f(n)=n, (3) /(n) =n log ». 

We obtain, after a few transformations, the following conditions : f 
n\ {convergence) 

^ ' — l«w+i! < {divergence), 

1S37.' 


* Pringsheim admits slightly more general conditions, 
t The inequalities < i 

are here used as equivalent to the two lim P > 1, lim P < 1. 
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79. Ratio-tests for non-absolute convergence. 

Again supposing that the quotient aja^+i can be reduced to the 
special form given at the beginning of Art. 78, let us consider what 
information can be obtained when a ^ 1. 

In the first place we observe that (when w > 1), Art. 96 below* 

(±±i):=i+^ 

^ \nV’ 


and accordingly we have 

(«+iro„, ^ v»-/’ 

where, as before, k denotes the smaller of the indices \ and 2. Thus 
if it is easy to see that the quotient 


is the typical factor of an absolutely convergent product (since 
/c> 1) by Art. 76. 

Thus bn tends to a definite limit as w oo ; and so we can write 
o„ = 0(w-'‘), 

and |a„|=0(»-*), 

because a is the real part of //. 

It follows that if a^O, [o„| does not tend to zero as w->oo ; 
and accordingly the series cannot converge at all unless 
a>0. 

When 0<a<l, it is clear that |an|-^9, and tiius a„ also 
tends to zero, so that convergence may occur. We can now appeal 
to Art. 77, which proves that Sn”'* diverges (in the sense explained 
in Art. 75) ; and so 2a„ also diverges in the same sense. 


* Although it is convenient to place the present results here (for the purpose of 
grouping together all rules on ratio-tests for convergence), yet we make no use 
of the present rules in establishing the convergence of the binomial power-series 
for values of x such that | a; | < 1 ; these rules are, however, used in the discussion 
of (1 +9;)*' at points on the circle of convergence | a; | =1. Here the expansion of 
(1 +l/n)^ has been assumed for the special value x = lfn <1 ; but the same result 
can be deduced from the relation 
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It will be convenient to sum up the results of these considerations 
in a single rule : * 


If 

then 


a«+i n 


,nV’ U>1 


(i) if OL> 1, is absolutely convergent'^ 

(ii) if a=l, and /3 is not zero^ oscillates finitely \ 

(iii) ifO<CL< 1, diverges (in the sense of Art. 75, so that 

[Sa^l (although the individual terms a^ still tend 

to zero ; 


(iv) 0 .^ 0 , the terms a^ do not tend to zerOy and convergence is 
■ accordingly impossible. 


It will be noticed that for series of the present type, non-ahsolute conmr- 
gence cannot occur. But although the present series include almost all those 
which are commonly wanted in analysis, yet it is easy to construct non- 
absolutely convergent series, such as the series given in Art. 76. 


It will be convenient to establish here the further result that : 
When Un/^n+i ^f the form given abovCy the series 
absolutely convergent, provided that ooO.f 
In fact we have 


uid accordingly = 

But \aJ[-^0(n-% 

and accordingly | «n — ®n 4 1 1 =0 since k>1. 

Thus 2|a„— converges (provided that a>0) in virtue of 
Art. 11 (1) ; and so the result stated is established. 


Ez. As a special example we may take the hypergeometric series F(tx, jS, y , 1 ) 
considered in Art. 12'2, for which 

®n ^ (w + l)(?i+ y) 

«n+i {n+a.){n+fiY 

BO that /I =1 +y -(oL +)S). 


♦First given in its general form by Weierstrass {Oes. Werke, vol. 1, p. 186), 
This includes Gauss’s rule (Art. 12*2) as a special case. 

•fit will be noticed that S(o„-a„^j) is obviously convergent, because 
when a > 0 ; it is not obvious, however, that the convergence is abaohUe. 

B.I.S. Q 
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Th^n we see that, if the real part of (y - a. - /?) is positive, the hypergeo- 
metrio series F(ol, /^f y* 1) converges absolutely ; and that if this real part is 
not positive, the series cannot converge. 

80* Abel’s Lemma (for complex series). 

The preliminary transformation of Art. 20 remains unchanged ; 
but, if the letters denote complex numbers, we cannot make any 
advance beyond equation (^4) without bringing in some condition 
with reference to the series of differences, 

The simplest general hypothesis appears to be the assumption that 
the series of dijfcrences ^(Vn—v„+^) is absolutely convergent.* 

Since the sum of this series to (n— 1) terms is equal to 
it follows that has a definite limit (say 1) as n tends to infinity ; 
and if we now take the absolute value of equation (A) of Art. 20, we 
obtain the inequality 

i p 

i {Ivi-VjI +|vs-«sl +• •• +|vp-i-iVl +|Vp|}, 

1 

where H is any number not less than the upper limit to |si|, 
l^gl, ... |5j„|. If the expression in { } brackets is called 7p, it is 
easy to see that 

Thus the sequence (F,j) is an increasing sequence of positive 
numbers ; and so tends to a limit V given by the equations 

7-X==|v^-V2l + |t;2-V3|,+ ... to 
where X~lim|t;„|. 

n-^oo 

Hence the new form of Abel's lemma is f 

\±a„v„\^HV, 

1 

where H is not less than the upper limit of \si\, l^gl, ••• and 7 is 
defined by the last pair of equations. 

* In Art. 20 we assumed these differences to he all positive ; so that then the 
condition of absolute convergence follows at once, 
fin Art. 20 F -\=^(t;i -v,) + (V|-Vj)+ ... to oo 

=Vi-X» 

r=:r,. 


and BO 
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81 . Farther tests for convergence. 

The reader will find no difficulty in modifying the proof of Art. 18 
to establish the theorem : 

(1) If is absolutely convergent, so also is jyrovided 

that never exceeds a fixed nurnber K. 

(2) Ahers test for complex series. 

If the series Sflfn w convergent, and if the series Vn+i) ^ 

absolutely convergent, then ^Za^v^ is convergent* 

Let us apply Abers Lemma (Art. 80) to the remainder in 
namely 

m+p 

^j^nVn “1“ * • “l"®Tr»+j)^Tn+p* 

m-f 1 

! w+P 

We see that 2 

I.J+1 ' 

where is not less than the upper limit of 

and F„-X =| Vm+i-Vm+sl+IVm+i-Vm+sl + • • • to oo , 

while X=lim|v„|. 

Now clearly 7„=7i=7 (in the notation of Art. 80), and since 
2o„ converges, we can find m so that H„ ~ e, however small e may 

be j and then m+p 

'^a„v^ <eV, 

7«.^• 1 

SO that Sa„Vn satisfies the fundamental condition of convergence 
(Art. 75). 

(3) Dirichlet’s test for complex series. 

If the series oscillates between finite Umits, and the series 
Z{Vn—Vn+i) is (Absolutely convergent, and if, further, lim ^,^=0, then 
Za^Vn is convergent. 

In fact we need only note that here remains less than a fiixed 
number K, and that K can be taken independent of m (although it 
naturally depends on the limits of oscillation of 2a„) ; also X=0, 
and m can accordingly be chosen so that 

F„<e. 

* As a rale will not be absolutely convergent or we could apply the first 
test above. 
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Thea we have 


m+p 


»H + 1 


< €X, 


and accordingly the fundamental test for convergence is again 
satisfied (Art. 75). 


The series 

^ + + , where i=co8^+tBm^, so that |<|=1, . 

converges except for < = 1, that is, ^=0. 

For ’^'1" =(m+i(i _ t), 

»>i+l 

and«o rir«”j = 2/|l-«|; 

I W+l I 

and if = 1/n, . is a convergent series of positive terms. 

It is evident that this series is not absolutely convergent; because the 
senes of moduli is Sl/n, which diverge. 


82. Double series of complex terms. 

The reader should have little difficulty in modifying the definitions 
and theorems given in Chap. V., so as to apply to double series with 
complex terms. 

In practical work we usually deal with absolutely convergent 
double series only ; and with reference to such series we have the 
general theorem (Arts. 31, 33) : 

If a double series has been proved to be absolutely convergent for any 
mode of summationj it will be absolutely convergent for all modes of 
summation^ and the sum of the series is independent of the mode of 
summation. 

As an example we shall consider the series 

(iH,n) 

where il—rnw+rua\ and x, w, w' are complex (but such that the 
quotient w'/w is not real). 

In the first place we note that we can write 

I* -fl|* - am* +2hmn +cn* +2/m +2gn+h, 
where t}=oi+iP, '(a' -cl' + 1^', a-oL*+/?*, h-auaJ o=ol'*+/5'*, 

sJid/, g, k depend on r;, where ^ + i7j=x. 

Now oc - 6* = {mfi' - a.'/?)*, which is always positive because w7w “ not real, 
BO that oifi' - ol'P is not zero. 

Thus, as in Ex. 3, Art. 32, we can write 

A*(m+?i)* > am*+26mTH-cw* > 5*(m+n)*, 
where A* is the greatest of a, c, and we can take 5* =(ac -6*)/(a + c -26), 
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Now the discussion of the convergence depends on largo values of m and 
n ; and consequently we can find positive values of A, such that 

+ > am^ +2bmn+cn* +2fm-\-2gn + k > B(in+n -fi)*, 

provided that m and n are sufficiently great. 

Thus we have 

A(m-\-n + k) > |a;-12| > R(m+w-/i), 
assuming that p is positive. 

Hence, appl 3 dng the test (2) of Art. 33, we see that 2|a?— n|“^’ 
converges or diverges according as converges or diverges ; 

thus 2|a:— converges if > 2, and diverges if ; and 
accordingly 2(a;-— fi)”^ is absolutely convergent only ifp > 2. 

It has been tacitly assumed that x is not equal to (} for any value 
of m, n; but if x should be equal to some value of Q, it wiU be 
necessary simply to omit one term from the series. The remaining 
terms of the series will still converge absolutely (if p > 2). 

It has also been assumed that in the double series m and n are 
restricted to be positive (as in Chap. V.) ; but in most applications 
m and n are allowed to take negative integral values as well as 
positive. When this is done, the conclusion is easily seen to be 
unaltered, although the result is proved most quickly by super- 
posing four separate series in which m and n are restricted to be 
positive (the signs of co, w' being reversed as necessary). 

We conclude that : 

The series 2(a;— in which n=wia)-j-w«', and m, n va/ry 
independently from — oo to +oo , is absolutely convergent, if p> 2, 
and only under this condition ; so that the sum of the series is inde- 
pendent of the mode of summation, provided that p> 2. 

In particular this result holds for p=3, which is the most interest- 
ing special case (Art. 103). 

Bx. 1. Prove that 2;'I2-*=0, etc., 

where the accent implies that the term m =0, n =0 is omitted. 

Ex. 2. Prove that 

V'/ L I V' f ^ 4. i + \ 

12*)’ \x-12^i2^12V 

ere absolutely convergent. 

83. Uniform convergence. 

After what has been explained in Chapter VIL, there will be no 
difficulty in appreciating the idea of uniform convergence for a 
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series Z/n(^), when x is complex; the only essential point of 
novcJty being that now any region of uniform convergence usually 
consists of an area in the (^, i?) plane (if x—^+irj) Instead of an 
interval (or segment) of the axis of x. It is also sometimes con- 
venient to use the idea of uniform convergence along a curve, which 
should present no fresh difficulty to the reader. Just as in Chapter 
VII., an area of uniform convergence is always closed, so that the 
boundary must be included in the area. 

(1) Weierstrass’s M-test for uniform convergence remains almost 
unaltered, thus : 

If for all points (x=^+<»?) within a certain area A, the function 
/n(^) property that 

where is a positive constant, and if the series 2 M „ converges, then 
S/„(ap) converges absolutely and uniformly at all points within A. For 
brevity we may call such series normally convergent, in agreement 
with Art. 44. 

Abel’s and Dirichlet’s tests for uniform convergence (for a com- 
plex series) are obtained at once from the analysis of Art. 81. 

(2) Abel's test for imiform convergence. 

If the series 2a„(ir) is uniformly convergent, and if the sum 
and lim |i’„| are both less than a constant K for all points 
X within an area A, then the series 'Za^(x)vJ^x) is uniformly con- 
vergent for all points within the area A, 

In fact, for all such points, we have 

F — A < £, \<K, and so F < 2K, 
using the notation of Art. 81 ; thus the remainder ^ a„(a;)v„(a;) 

rJi-t-l 

is numerically less than 2eK for any point within the area A, proving 
uniform convergence. 

(3) Dirichlet’s test for uniform convergence. 

If the series ^oj^x) oscillates between finite limits for all points x 
within a certain region, A, <^nd if 2(v„— v^+i) is normally convergent 
while v^{x) tends to zero uniformly at all points x unthin the area A, 
then 'Lan(x)Vn(x) is uniformly convergent within the area A. 

In fact, here < 2K, where K depends on the limits of oscilla- 
tion of 2a„(x), but is independent of x, in accordance with the 
h 3 rpothe 8 is as to the limits of oscillation of 2a„(a;). 
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Further, X=0, and by means of the comparison series of positive 
constants for 2 1 | we can find m so that < c, and then 

m+p I 

m+1 I 

for all points within the region A. Thus the proof of uniform 
convergence is completed. 

In the applications which we have in view, a„ will depend on the 
variable x while is independent of x. 

The proof of Art. 45 (1) can be modified at once to shew that 
fit continuous function of x within any region of uniform 
convergence^ provided that the separcUe functions fn{^) o/re continuous 
in the same region. 

The discussion of differentiation and integration with respect to 
the complex variable x falls outside the scope of this book ; but it 
is not out of place to mention that (once the fundamental notions 
have been made clear) the results of Arts. 45-47 remain practically 
unaltered. 

It is evident also that Art. 48 remains valid, when re is a complex 
variable ; and that the two theorems of Art. 49 remain valid, when 
the functions Vr(n) are complex. 

It is often necessary to integrate a complex function with respect 
to a real variable ; in particular it is useful to consider : The mean 
value of a continuous function f{x) along a circle |xl=r, which is 
defined by the equation 

9K/(») I f{x) dO, where x =r (cos 0 +< sin 6), 

The existence of a definite mean value is inferred at once from 
the continuity of / (sc), just as in Art. 161 of Appendix II. ; and 
the following conclusions are immediate consequences of the 
definition : 

(i) 3D?/(5c)=a, if f{x) is equal to a constant a, 

(ii) |!iD?/(a;)| < if , if l/(aj)| < M on the circle, 

(iii) 9Ma:^=0, 3>lr"*=0, if i is an integer (not zero), 
because »*=r*(cos kO+i sin kd) and 

[ cos(i0)i0=:O, [ sm(kd)d6=0, 

Jo Jq 
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Further, from Art. 45 (2), we deduce that if the series 2/n(®) 
converges uniformly to the sum F{x)for aU poitUs on the drde |x| =r, 

mF(x)=i{mux)}. 

We can define the mean value without using the Integral Calculus, by 
supposing the oiroumferenoe divided into v equal parts at Xi, ...Xy, and 
writing i 

9W/{«) = lim i {/(a?,) +f(x,) + ... +f{x,)). 

|/— ► oo •' 

This method leads to the results {i)-(iii) just proved ; and thus Caiic'i'iy’s 
inequalities (p. 249) can be established without the Calculus. 

84. Circle of convergence of a power-series 

i'rom Art. 10 it is evident that the series is absolutely con- 
vergent if 1 

lim < 1, 

and the series certainly cannot converge if 

1 

lim|a,»a;"l’‘> 1, 

because then cannot tend to zero as a limit. 

Hence, if we write, as in Art. 50, 

Iml|a„|»=l/Z 

(where, of course, I is real and positive), the power-series con- 
verges absolutely if |ic| < / ; and cannot converge \i \x\>l. 

To interpret this geometrically, let a circle of radius I be drawn 
in Argand’s diagram ; then the series is absolutely convergent at 



Fiq. 23. 


any point within the circle, and cannot converge at any point 
outside the circle. The circle is called the circle of convergence ; 
and it will be seen that, when is real, the interval of convergence 
(— Z, +1) obtained in Art. 50 is a diameter of the circle. 
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For most series of practical importance in analysis, the quotient 
l®n|/|««+i| has a definite limit /, when n tends to infinity; and 
then I is equal to the radius of convergence as just defined 
(Art. 149). 

Of course we know nothing at present with respect to points on 
the circle of convergence ; but when I— I (a case to which every 
other can be reduced, excepting 1=0 and oo ) we can usually obtain 
information by means of Weierstrass’s rule given in Art. 85 below. 

When 2a„ is absolutely convergent and 1=1, the region of uniform 
convergence is the whole of the circle \x\=l, including the circum- 
ference ; this is evident from Weierstrass’s M-test. 

When 2|a„| diverges and J=l, in general we can say only that 
the series converges uniformly within and on any circle \x\=k, 
where k lies between 0 and 1. We shall, however, consider this 
point more fully in Arts. 85 and 86. 

The reader will find little difficulty in seeing that the theorems 
of Arts. 62-56 hold for complex power-series, certain small verbal 
alterations being made ; some extensions of these results, such as 
Art. 52 (4), depend on Cauchy’s inequalities below. 

Since a power-series converges uniformly on every circle \x\=r^ 
for which * r <1, we can readily obtain its mean- value along the 
circle by integrating term-by-term. 

QO 

Thus, if f(x) ='^a„x”, we have 

=2«n3Ka!" =a,=/(0), 

0 

so that the mean-value of a power-series along a drck \x\ ^r( < 1) 
is equal to its value at the centre. 

Similarly, we see that 

m{f{x)lx-}=a,. 

Thus, if M is the maximum value of |/(x)| on the circle \x\=r, 
we have 

|aol = a»|/(x)| <M and |a,,|^a»|/(a;)/x«| < M/r«, 
from which we deduce Cauchy’s inequalities. 

|ao|<Af, |a„|<M/r«. 

*If the oircle belongs to the region of uniform convergence, we may 

of course take r=Z. 
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Again, since the series 

X ^ C I , 

=1 H — 1“ "^^9 

x—c X x^ ' ' 

converges uniformly on the circle lx] =r, we find 

x—c ^ X ^ 

Similarly, we find 

We are now in a position to obtain the extension of Art. 52 (4), 
that if the first term {uq) of a power-series f{x) is not zero, there is no 
root of f{x)=0 within a certain circle whose centre is the origin. 

For, writing \x\ = p< r, we have 

+ a,x* +... 1 < Jlf(^ + ^ . 

Hence !/(*) | > |o, | - Mpl(r - p), 

or if [Oo I =-4, |/(«)| > 0, provided that p < Arl(A + Jlf). 

Thus there is no root within the circle 

|a;l=:Af/(A + Jif). 

It follows, as in Art. 52 (5), that if a power-series can he proved 
to vanish at all points within a circle whose centre is the origin, then 
the series is identically zero. 


85. Behaviour of a power-series on the circle of conver- 
gence. 

We assume that the circle is reduced, if necessary, to the special 
circle |a;|=l ; and that is not absolutely convergent. 

Then we can often apply Dirichlet's tests * of Arts. 81, 83, to 
prove that the series converges on the circle ; and further, to estab- 
lish an arc of uniform convergence for points on the circle. We 
assume that a^ is such that is absolutely convergent and 

that tends to zero.* 

Then consider the value of 

a;"*+»+a;»"+2+. .. -x^)/{l -x), 

where \x\ =1, but x is not equal to 1. 


* Note that now plays the part taken by in the articles quoted ; and that 
a;" corresponds to what was there called a„(x). 
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It is evident that 

. . +af*+^| = |1 — a ?'1 /|1 
which oscillates between 0 and 2/|l— x|. 

It follows that, under the above conditions, converges at 

all points of the circumference |a;|=l, except for a:=l ; and the 
convergence is uniform along any arc of the circle for which 
|1— a?|~c, leading to an arc such as PBQ in Fig. 24, where 
AP=AQ=c. 



Two important special classes of such series are given by the 
following : 

(i) When (a„) is a sequence of real numbers steadily decreasing to 
zero as a limit 

For example, Un^ljn, 1/n log n, log n/n. 

(ii) When (a„) is such that 

-1 + 0 (-- ^ =“-+‘^ 


and 0 < a~l.* 

For then, as we have seen (Art. 79), a„+i) is absolutely 

convergent, and |a„| tends to zero, as n tends to infimty. Also 
\x\ =1 is the circle of convergence (Art. 84). 

It should be noticed that if ol^O in case (ii), the series cannot 
converge at any point on the circle |®|=1; because |On®’*|=l®nl 
does not tend to zero as n tends to infinity (Art. 79). 

We see from Art. 79 that in case (ii) the series cannot converge 
for a;==l unless 2|a„| is convergent; and then the whole of the 
circumference |®| =1 is included in the region of uniform convergence. 

For examples of this t 3 rpe, see Exs. 38, 39 at the end of this 
chapter. 


♦ Weientrass, QeB, Werkt, vol. 1, p. 185. 
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To fthew that aeries exist which converge, btU not absoliUely, at all points of 
the circle of convergence, Pringslieim has given the following example : 

Let the series be given by = bj - 6^ " ^3 + ^4 + ^6 + ~ •*• » 

where bi = 1, 6|=4, and thereafter 6„=l/(nlogn), and the signs alternate in 
groups of I, 2, 4, 8, ... terms. 

Then clearly is divergent. 

Further, it will be seen that is convergent by noting that this series 
of terms can be arranged in groups of positive and negative terms; and 
the terms in the mth group (c^) are numerically equal to from n = 2”^^ 
to 2^ - 1. Thus, as in Art. 11, 


xlog X 2»»»“*log2^i ' 

Now this integral is 

and so we find that 


, / m \ . /m + l\ 1 

Thus c„ - c^, > log ^ ni* " 2*»m log 2 ^ 

Thus steadily decreases ; and since- 

it follows that -► 0, as m -► oo . 

Hence converges by Art. 19. 

Further, we have 

2 |<»n " ®n+l I = (^l + + (^2 “ ^ 3 ) + (^3 + ^ 4 ) + (^4 “ ^ 5 ) + •” 

= + 2bi2 + 26^ + 2bg 4- . . . 

< 1 +f + J , 

and this is clearly convergent. 

Thus converges at all points of the circle \x\=l ; for we have just 

proved that the series conveiges for a; = l (that is, that is convergent) ; 
and Dirichlet's test (Art. 81) enables us to assert that the series converges 
at all other points of the circle. 

That the convergence on |:r| =1 is not absolute convergence follows from 
the fact that =2\a^\, which is a divergent series. 


86. Abel’s theorem and allied theorems. 

Let us suppose next that the series 2a„x" converges, but not 
absolutely* for some point 


* When absolute convergence csn be asserted, we can appeal to the if- test and 
deduce at once nortnal convergence (as in Art 83) ; the whole discussion is then 
much easier. 
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Now we have seen (Art. 84) that any power-series converges 
absolutely at all points within the circle of convergence, and that 
it will not converge at any external point ; thus x=^Xq must lie oil 
the circumference of the circle of convergence. 

If we write in the first place x=kxQ, and treat ifc as a real variable 
varying from 0 to 1, we shall be considering points on the radius 
joining the origin to the point Xq ; and the series to be discussed is 
then equalto 2(o„V)Jfc". 

It follows at once * from Art. 50 (the original Abel’s theorem) that 
lim 2(aA")*5”=2ana^o”* 

Or, returning to the original notation, we may write 
lim 

j-o 

when the point x travels up to the point along the radius of the circle 
of convergence, assuming that the series on the left converges. 

In like manner,. if diverges (in the sense of Art. 75), we 

see that the modulus of tends to infinity, when x tends to Xq, 
along the radius. 

The results, so far, are substantially due to Abel in his classical 
memoir on the binomial series. The next generalisation is due to 
Picard,t who proved that by a slight modification in Abel’s analysis 
it is possible to allow x to tend to x^ along any curve which does not 
touch the circle of convergence at x^. But instead of giving the proof 
of this generalisation, we shall now proceed to establish uniform 
convergence within an area which is attached to the circle at the 
point x=Xq, 

By taking xjx^ as a new variable, we see at once that there is no 
loss of generality in supposing that the special point x^ coincides 
with x=l ; and in the remainder of the article we shall assume that 
Sa„ is convergent (but not absolutely), so that the circle of con- 
vergence is now |a;|=l, and we shall discuss the uniformity of 
convergence in the neighbourhood of a;=l. 

If we take v^^x^ in Art. 80, we find that X=lim |Vn|==0, and 

so that ^=2|v„— «„+i|=|l— a;|/{l— |a:|}^l. 

* Strictly speaking, the real and imaginary parts of the series should be 

considered separately ; but the result follows immediately, 
t TraiU d^ArudyM., t. 2, 1893, p. 73. 
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We can now use Abel’s test for uniform convergence (Art. 83), 
because the series is convergent. Thus the series will 

converge uniformly in any area for which 

where K is any assigned constant greater than 1, and of course 

i»i <1* 

To interpret this inequality we observe that it may be written 
p^K{l-r) or 

where 1 — a?=p(co8 ^+£ sin 0), (see fig. 25). 

Thus K.^ — ^Kp-\~p^ —.^ 1 ^( 1 — 2p cos ^-|“p*) 

or (i^®-l)p ^ 2(A:2 co8 (f> - X). 

In this condition, ^ lies between and the equation 
(iC2-i)p=2(iSracos ^-X), (-Jtt < 0 < Jtt), 

gives the inner loop of a limagon, which has a node at p=0 ; this 
curve is indicated roughly in figure 25 for the case X=3.* 



Fio. 25. 


It is easy to see that the arc of the limaqon approaches the more 
nearly to the circle \x\ =1, the larger K is taken. 

Thus the region of uniform convergence of may be taken as 
the iwner loop and the contained area of any one of these limagons.'^ 

If any regular curve is drawn from a point inside the circle to 
the point x=l, then, provided the curve cuts the circle at a finite 
angle, we can draw one of these lima^ons to enclose the whole of 
the curve : that is, the series will converge uniformly along the 
curve. Henoe lim 2a„x"=2a„, where x approaches 1 along any 

* At this argument does not hold ; but here X=I, bo 

that the point can be included in the area of uniform convergence. 

I Stolz and Gmeiner {Einleitung in die FunktionerUkeorie, 1905, p. 287) use a 
lima 9 on which in the present notation would be represented by p =2 cos 0 - 2/X. 
Thu iima^on lies within the loop used above. 
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regular curve which cuts the circle at a finite angle. This is Picard’s 
extension of Abel’s theorem to complex variables. 

The theorems in Art. 51 relating to the divergence of 2a„ cannot 
be extended so as to hold for complex variables quite so easily, 
because the lemma of Art. 80 gives less precise information than 
the lemma of Art. 20, and it is necessary to assume that the series 
^a^x^ possesses some further property in addition to the divergence 
of 2a„. Fgr as a matter of fact, even if a^ is real and positive, 
Pringsheim has shewn that the divergence of does not ensure 
lim 12an^”|=oo 

for all paths defined as above. (See below.) 

The condition introduced by Pringsheim is that of uniform 
divergence, which implies that 

where an> ^ and the point x lies within the lima(;on. 

It then follows, as in Art. 51, that lim lSa„a5"| =oo . 

The reader will find no great difficulty in modifying the proofs 
given in Art. 51 so as to apply for complex variables when Prings- 
heim’s condition is satisfied. 

It is easy to verify that Pringsheim’s condition is satisfied by 
most elementary series of analysis, sucli as those used in the 
examples of Art. 51. 

To obtain Pringsheim’ b extension of the comparison theorem of two divergent 
series, we find that the choice of m, as in Art. 51, leads at once to the inequality 

I S 6„*"! < M ^ 0, 

I w-l-l I 0 

or I S <(t/o-)iia„*”L 

I m-fl I 0 I 

on applying Pringsheim’s condition. 

The remainder of the argument proceeds exactly on the former lines. 
For examples, see Art. 51 and Exs. 41-45 at the end of this chapter. 

To see the necessity of the condition of uniform divergence, Pringsheim 
hM given the example =exp{a -*)-}. 

It is easy to see that is positive ; and further must diverge, beoause 
when a; 1 (by real values) the exponential function tends to infinity. Thus 
cannot converge (by using Abel’s theorem). 

Now (1 - ar)" * =/)“* (cos 2(^ - 1 sin 2<^), 

and s6 if ^ < <^ < ^, the real part tends to - ao as p 0 ; and so the 
exponential function will then tend to zero (not infinity). 
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861 Gonrerse of Abel’s Theorem. 

If lim exists and is equal to a finite number A, it is not 

possible to infer the convergence of SOn without some further 
restriction on the coefficients. In two simple cases we can make 
this inference : 

(i) When the coefficients are all positive after a certain stage. 

[Pringsheim.] 

(ii) When lim =0, and x approaches 1 by any path within the 

lima9on of Art. 86.* [Tauber.] 

Sinoe in case (i) x can approach 1 by real values, we can infer from the 
existence of lim that cannot diverge ; further, cannot oscillate. 
Hence, in case (i) converges, and is therefore equal to A, by Abel’s theorem. 

In case (ii), write n\a^\=c^; then we find 


^ajl-x^)\<\l^x\ 


because |(1 ~a;)| =| 1 +x + x*+ ... ^n; 

also, ii Hv is the upper limit to c^, c^^i , ... to oo , we have 

I I < + 1*1 + 1 * 1 * +...)< . 

Take then a; as a point on the given path such that \x\-l - I jv; we 
have, as in Art 86. |l_:rl<A:/„. 

and BO I '2 On " 2 »„*" I < (Kfv) 2'c„ +H,. 

I 0 0 I 0 

As V 00 , each of the terms on the right tends to 0 (the first in virtue 
of Art. 149) ; and so „_i 

lim S ttn ~ = 

v— ►an 0 X— ►! 0 

But if na„ has no definite limit, we can infer the convergence of from 
the existence of lim (for some path within the lima 9 on), and from the 
condition 

lim^(ai + 2aj4- 30, + ... +na„)=0. 

These conditions are both necessary for the convergence of , and, taken 
together, they are sufficient. 

Again, if tends to a finite limit as x comes up (along the radius) to every 
point t on the circle of convergence, yet we cannot infer that converges 
for any single point on that circle. 


* Tauber, Monalahefte /. Math, u. Phys,, vol. 8, 1897, p. 273 ; Pringsheim, 
Jftcnc^er Silzungsberickte, vol. 30, 1900, p. 37, and vol. 31, 1901, p. fi07. See 
also Landau, Monatahrftef. Math, u, Phys., vol. 18, 1907, p. 19 ; Littlewood, Proc, 
Land. Math, Soc, (2), vol. 9, p. 434, and Hardy and littlewood, ibid^ vol, 11, 1913, 
p. 411. 
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For oonflider Pringaheirn’e example 

=exp {(» - l)”i} 

(whidi tends to 0 as x 1 along the radius). 

Here, if x 

«zp {(* - l)r-»} =«'*{ooB oot I) - 1 sin oot 

SO that the real and imaginaiy parts of this function have an infinite number 
of maxima and minima in the neighbourhood of c^=0. But if the series 
were .oonvergent these functions would be continuous ; thus 
cannot converge. 


87. Poisson’s integral. 

We shall now consider the question : Can a power-series be deter- 
mined so to have given values along a definite circle, say jxl =1 ? 

Let us write the coefficients in the form oLn+i^n where a„, 
are real ; and put 2/x„a;“=/i(a;), 2/)8na;’»=/j(a;), so that 
/(a:)=Sa„a:’»=/i(a:)+/,(®). 

Now suppose that when a5=co8 O+t sin 6, we have 

fi{x)=Ui+iViy / 2 (»)=t^*+/t ?2 and f{x)=u+iv, 
where u^, Vi, etc., are all real functions of 6 such that 


V=Vi+V2‘ 

Then, if |c| < 1, we find as in Art. 84 (assuming imiform conver- 
gence of 2a„a5" on the circle |cc| =1) 


fl(c) 


_ 1 
2TrJo 






, xde 

0 


In the second integral put l/x for x : this will change u^-^-iVi to 
Ui~~tVi (because the coefficients are real), and so we have 


1 

“"sj. 


c 

c—x 


de. 


If we subtract the last result from the formula for/i(c), we obtain 
Sixnilarly, by addition we get 

In the same way we can find integrals for f^(c) in terms of i/ 2 » • 

the only essential change in the argument being that when x is 
changed to IJx, u^+iv^ becomes — This, however, does not 
alter the final formulae ; and so by addition we see that these 
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forrmlae remain true when suffixes are omitted throughout Thixs /(c) 
is completely determined (save for a constant) by a knowledge of 
either u or v. But, given an arbitrary continuous function for u 
(or t?), we do not yet know that it is actually possible to determine 
/(c) so that its real (or imaginary) part does assume the given 
values on the circle. 

We proceed to find the limiting values of these integrals. 

For example, suppose that v is an arbitrary real continuous 
function ; then the second formula gives a value for /(c) which 
can be expanded as a power-series in c, convergent if |c| < 1. 
We shall now prove that if this function is denoted by U+iV, 
then F tends to v as c moves up to any point on the circle ; so that 
we have determined a 'powef’Series whose imaginary part has an 
assigned continuous value v along the circle |c| =1. 

Clearly it is sufficient to establish the result for any point on the 
circle ; and we shall calculate the limit of F as c moves up to 1 . 

It will be seen that 

^+c__l — j-2<f sin (6 — oj) 

X— c^" 1 — 2r cos (0— a>)+r* ' 

where now x=co8 ao+i sin w and c =/‘(co8 0+i sin 0), 

BO that V=~ 

2*7rJo 1— 2r cos(0— ■ft})-|-r® 

This integral F is known as Poisson s integral ; and it is clearly 
a solution of Laplace’s equation (in two dimensions), because it is 
the imaginary part of a function of the complex variable x. We 
shall see now that F v as r -> 1 ; so that F solves Dirichlet’s 
potential problem for the interior of the circle r=l. 

From Art. 66, 

and, since the subject of integration is positive, the value of the integral taken 
over any smaller range must be lees than 1. 

Thus, if Vo is the value of v for w =0, we find that 

rr .. 1 r (t;-Vp)(l-f*)da, . 

1 -2rco8(^-to) + r*’ 

and, since v is a continuous function of u), we can determine a so that 
|i;-Vp|<€, if |(o|<2a. 

-i I / ^ \ -r*)d ci) 

2t\Jo -2rcoe(0-w) + r* 


Thus 
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We have next to consider the integral from ia =2<x to w =27r -2a. ; here, 
provided that | ^| < a.» cos(^ oi) is not greater than cos and so 

1 - 2r oos(6? - w) + r* 1 - 2r cos a. + r* —sin* (jl + (cos fx - r)* ^ sin® a. 
while l-r*<2(l-r). 


Thus, if H is the upper limit to the values of |v| on the circle, wo have 


Consequently 


|r-2rcoB(5-(o) + r» 


8m®oL ' ' 


1 -2r co8(0-o>) +r* Bin*a * 


if |(9|<fx. 


It is therefore possible to find first a and then S, so that 
\V -Vq\ <2€y if . \6\ < a, and 1 — r < <5, 
that is to say, V approaches the limit Vq as the point (r, 0) moves up 
towards the point 1 by any path. 

If V is continuous except at (d =0 and is there discontinuous, the integral 

still gives a power- series for /(c), and the preceding work is valid as c 

approaches any point on the circle except 1. To deal with the point c-l, 

suppose that v has the limit U when (o -> 0 through positive values ; and the 

limit m when (•> 0 through negative values. Then, if we write 

, Z - m ~ 1 . 
v=v~ r-Bmww, 

TT n 

it is evident from Art. 65 that v' becomes continuous at o> =0, if wo assign 
to v' the value J(f +m) for m =0. 

Further, 2’^"8in»6» = F - — 

TT n 77 

where represents the same angle as is Indicated in Fig. 25. 

Now from the theorem just established we have 

lim V ' -lim r' —i(l + m), 

(»■, (f) (w) 

so that lim F = J (Z + m) (Z - m) , 

(r. e) 77 

where </>o is the limiting value of </> as (r. $) approaches 1. 

In the particular cose when v is given in the form sin 7iio, wc shall 
have m= - I, and then the result is 

lim sin nO =2ltf)Ql7r, 

{r,e) 

It will be noted that in this case the series cannot be convergent ; 
for if it were convergent we should have 

lim' (cos n$ + 1 sin nB) = 

ir,e) 

in virtue of the extension of Abel’s theorem (Art. 86) ; that is, 

lim sin nO =0, 

(r, e) 

which is not true. Thus cannot converge. 



260 


COMPLEX SEMES AND PRODUCTS [CH. X, 

88. Taylor’s theorem for a power-series. 

We have seen that a power-series represents a continuous 
function of x, say f(x), within its circle of convergence 



lot us now attempt to express /(x+A) as a power-series in A. Draw 
the circle of convergence, and mark a point x inside it, such that 
|a;|=r; draw a second circle (of radius jR— r), with centre to 
touch the first, and mark a point x+h within the second circle. 

We shall now see that f(x-\-h) can be expressed as a power-series 
in A. 

In fact f(x+h) is the sum, by columns, of the double series 

+ajh+2a^h-i'3a^^h+ ... 

-{- -j“3033^*-f- ... 

+ ajA® +... 

-f-... . 

But this series is absolutely convergent, because, if we replace 
each term by its absolute value, we get the series 

where /o=lA|. Now this series is convergent, because r+p <R 
by the construction ; and therefore the double series converges 
absolutely. That is, we can sum the double series by rows, without 
altering its value (Arts. 33 and 82). 

Hence /(aj+*)=/(ic)+Vi(*)+|j/»(*)+^/3(*)+ ” . 

where fy(x)=<ii+2a^+3a^+... , 

/,(a;)=l . 2a,+2 . 3a,a;+3 . 4a«a!*+... , 
y 3 (tr)=l . 2 . . 3 . ^q>^x-\~3 . 4 . , etc., 

so that these series may be obtained from f(x) by simply applying 
the formal rules for successive differentiation, without paying any 
attention to the meaning of the process. 

The series in A may be called Taylor* 8 series. 
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It may 1^; useful to iTiinark that tli« ciivlo of (’oiivorgeuiut for tlir new 
series often reaches beyond the circle |x| = /£ ; wo know that it must roach 
as far as this circle^ but there is no eridenoe that it may not extend further. 
For instance, it is easy to see that if we write 
f(x) = !+ « + a;* + **+..., 


then 

which converges 
or if 


/(j‘+fc)= 

if 


_L ft 

|A!<|l-i.| 

|ftl < K/6. 


A* 

(l-iO* 



Thus the Taylor’s series converges in the shaded area outside the original 
circle of convergence. We have thus a new power-series which continues the 
function f{x) beyond the area of its original definition. Some examples of 
this process of coutinuation will bo found in Exs. 30, 31, Chap. XI. 

The idea of continuation is fundamental in Woiorstrass’s theory of Func- 
tions, but further details lie outside our province. The reader may consult 
Harkness and Morley’s Introduction to the. The/try of Analytic Functions for 
a good account of this theory. 

It will be seen that in the last example that for any point P on 
the upper half of the circle \x\=l, a further Taylor-series can be 
obtained within a circle, centre P, which at least reaches up to the 
dotted circle ; and in fact the circle of convergence usually reaches 
further. But as a matter of fact no such Taylor-series can be 
found for the special point 37=1 ; and accordingly the point. x=l 
is called a singular point fefr the function defined by 
f(x)=l+x+x^+a^+.,, . 

This is, of course, evident from the fact that 

f{x)=^lj{l-x), when |3 j1 < 1. 

}lut, in general, a function defined by a power-series will not be expressible 
in terms of kno\vn elementary functions; and then wo can sometimes recog- 
nise the existence of a singular point by the following theorem : 
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if nteffivmtls of a pirwer-aeries are all jmitive {at any 

rale after a certain slaye), the series has a singular point at the point 
x=R, if R is the radius of convergence. [Vivanti and Pringsheim.] 

Suppose, if possible, that, for some value of r between 0 and i2, the series 

S/n(^)' — has a larger radius of convergence than R-r; we can then 

choose a real number p{> R), such that the last series converges for x=p. 
Now this series can be arranged as a double series, which contains here onhj 
positive terms; it will therefore remain convergent when summed as 
+ That is, will converge for a;=p, contrary to the 

original hypothesis ; and x~R must be a singular point for the given 
power-series. 

It must not be assumed (as might perhaps be expected from the 
previous example) that the power-aeries is divergent at a singular 
point. In fact the general theorem of Vivanti just established 
shews that the convergence of ^a^R^ will not affect the fact that 
x=R is a singular point for the power-series; although naturally 
x=R will certainly be a singular point if Ha^R^ diverges. 

Ex. 1. The point a; = 1 is a singular point for the following series ; 
a;* x® X* 

2® 3® 4® 

although the series converges to the sum jJtt® for a; — !, and consequently 
Abel’s theorem (Art. 86) may be applied to shew that the function is con- 
tinuous within a lima^'on joining up to the point a; = l. 

Ex. 2. Similarly a; = 1 is a singular point for the series 
^ a;-' x^ 

1.2 *‘2;3^3.'4 ■'■ ■■■■ 

This fact can be confirmed by noting that this series can be written in the 
form 

r+ 2 + 3 + -) ■ (2+3 + 4 + •••)’ 

(Art. 96.) 

Thus the point x = 1 is clearly a singular point for this series ; but yet 
as X ->> 1 (from the interior of the circle), the sum tends to 1, in agreement 
with Abel’s theorem, because 

1 L. 1 

1.2'^2.3'^3.4 * 

In all the examples given so far, the series has only one singular 
point ; but it is easy to construct examples with more singularities. 
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B*. 8. + .... (Art. »5.) 

Write here a; = ± ly ; then the series becomes 

+ + j3/‘ + !y’ + •••)• 

Hence, by Vivuiti's theorem, the y-series has a singular point at y =1 ; 
and oonse<^uently the x-series has two singular points given by x = ± t. 

It is easy, to prove similarly that the points :r = 1 are both singularities 

of the a;-Berie8 ; although as a matter of fact the series oonverges absolutely 
at all points of the circle |a;| = 1. (Art. 12*2.) 

We have seen that the radius of convergence R of may 

often be determined from 

R=lim\a„\l\a„+i\. 

Fabry * has proved that if lim(o„/a„.ii) is determinate, and equal 
to I (so that 22=1 Z|), then the point ic=Z is a singular point of 
the series. 

This theorem will give at once Exs. 1,2, but it does not give Exs. 
3, 4 (because «„/«„+! oscillates between 0 and oo ) ; thus in some 
respects it is less effective than the theorem of Vivanti. 

89. Extensions of Cauchy’s inequalities. 

If we apply the mean- value method to any circle (with centre Xq) 
which falls entirely within the circle of convergence |x|=22, it 
follows from Art. 88 that 

/(Xq) =aW/(a;), for \x- Xo\ =s <? R-r^, 

which is the analogue of Gauss’s mean- value theorem in Potential- 
theory. 

Thus we see that \f{xo)\ is less than the maximum of |/(a;)| on 
any circle \x—Xq\=8 which falls within the circle of convergence. 

It is therefore evident that if we consider the values of \f(x)\ 
corresponding to points within or on a circle |a;|=r<22, the 
greatest value of \f(x)\ must occur on the circle. Or if, as in Art. 84, 
M denotes the maximum of |/(a;)| on the circle \x\==r, then 
\f{x)\ < M at all internal points. 

Suppose next that the exact radius of convergence of f{x) is not 
known, but that \x\=r is known to be within the circle of con- 

* See Hadamard, La Sirie de Taylor, pp. 19-25 ; and for various extensions see 
Van Vleok, Trans. Amer, Math, 8oc, vol. 1, 1900, p. 293. 
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vergeuce ; and further that for all points on the circle ja;| =sr, the 
/(-series for f{x+h) converges uniformly on |A|=s. Then, if M 
is the maximum of |/(x-)-A)| for all points such that |z|=r, 
|/(| =5, we have by applying Cauchy’s inequality to the A-seiies 


n\ 


<gn=^> say. 


Applying the same inequality to the aj-series for/„(a;) we see that 


(m+w)(m+n— 1) ... (m+1), 
nl ■ ' 


<f= 


M 

fingn' 


Thus, in the expanded form of every term is less 

than M ; and therefore 

(r + I <(m+n+\)M. 

It follows that the radius of convergen/ce of is at least equal 

to (r+fi). 

This leads at once to the theorem that there is at least one singular 
point on the circle of convergence of a power-series ; that is, a point 
in the neighbourhood of which Taylor’s series cannot be applied. 

In fact, if we assume that the Taylor’s series is valid for all points on the 
circle |a;| -/?, there will be a lower limit (say S) to the radii of convergence 
of the Taylor’s series (for points on the circle |a;] =jB). 

Thus, if 0 < ^ < we can apply the foregoing argument to shew that 
the radius of convergence would be at least equal to R+ 8, which would bo 
greater than R, 

Thus 8 must be zero ; and accordingly there is at least one point on the 
circle of convergence for which the Taylor’s series does not converge. 

From this inequality* we can shew that the circle of convergence 
of the reciprocal of a power-series is not less than that of th& primary 
series, unless the latter has a zero within its circLe\ and then the 
circle of the reciprocal reaches up to the ^ero of the primary series 
which is nearest to the origin. 

In fact the argument of Art. 54 shews that if 2^ is the maximum value of 
|/(«)| on any circle \x\=R'< R, then the power-series for will 

converge if 1^1 ^ 2 ,), if |aj =a. 

Now, if I denotes the minimum of |/(a;)l within and on the circle \x\ = R'^ 
it is evident that 

Z < Ittol , or 1<A \ and so lj[l + L)<A /(A + L), 


* H. F. Baker, Proc. Jjond. Math. Soc. (1), vol. 34, 1902, p. 296 ; the discussion 
given there is for series in two variables, and of course can be extended to any 
number. 
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and aooordmgly the series for {/{»)}“* will oertainly converge if 

By transferring now to a point Zi such that \xi\ 1(1 +//), we can 

infer that expressed as a series in (x - Xi) will oertainly converge if 

z 

Thus, by means of the result established above we see that the radius of 
oonvergenoe of {/(a;)}"^ is at least equal to r„ where 
f. = ri + (JB'-ri)Z/(Z + L), 

so that B'- r, = (R' - r i)JD/(Z + L) = R'{LI(l^L)}\ 

Continuing the process, the radius is seen to be not less than where 
R^r^^R{LI(l-^L))\ 

and consequently, so long as Z is not zero, the radius of oonvergenoe cannot 
be less than R ' ; and so must be at least equal to R, 

90. La^ange’s series. 

The discussion in Arts. 55, 55*1 is not affected substantially by 
treating 5r as a complex variable ; but we can now indicate a method 
of estimating the radius of convergence of Lagrange’s series. Sup- 
pose that the series for reversion is given by 

the term being here zero. 

Then, as proved in Art. 55*1, the expansion of g(x) in powers of 
y is equal to where nh^ is the coefficient of in the expansion 

of {x)ly^ in ascending powers of x. 

Thus, applying the mean-value process, 

nbr,=^lxg' (x)l{fix)y\ for \x\-^r. 

Thus, if I is the minimum of \f{x)\ and M is the maximum of 
|^'(a;)| for |a;l=r, we have 

Hence certainly converges if |y| < 1. 

Now I will usually depend on r, and, provided that r is less than 
the radii of convergence of g(x) and /(x), we can adjust r so as to 
obtain the largest value available for h 

To illustrate the method, consider the examples of Art. 55*1. 

Ex. 1. Here l-r-Ar*, if i4-|a|, and the greatest value of Z is given 
Ar=i, l=lliA. 

Thus the y-series converges if A |y| < J (as obtained directly in Art. 56*1), 
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Ex. 2. Similarly l—r- Ar"'^', and the greatest valno of I is found to be 

Ex. 3. Here l=>-(l-r)* r<l, 

and the largest value is ^ . 

El. 4. Here ifB=|&|, 

and the largest value of is given by J3r == 1 ; and this is 1 l{Be) — m agreement 
with the result previously found. 

It may be proved by less elementary considerations, that the best 
value of r is given by the root x=Xy of f'(x)=0 which is nearest to 
the origin; and that the largest value of I is equal to the value 

of \fM\- 

The method adopted in the present article is substantially the 
same as one used by Goursat.* 

91. Weierstrass’a double-series theorem.f 

Suppose that the series 

fm(^) - S ctm.waj'* (m=0, 1, 2, ... oo ) 

<1 -0 

are all convergent for |arl < i?, and further that the series 

F(x)=^ if^(x) 

m =0 

converges uniformly along every circle whose radius is less than R. Then 

QC 

(1) the series X a»ii, » converges for every value of n ; 

m~0 

(2) if then F{x)^ 2 la:| < R. 

»rt =0 

For 2 a,„., = 2 

m =-0 »»»=0 

the meani)eing taken along any circle |a;|=ri<iiJ. Now on this circle 
F(x)~'Zf^{x) is uniformly convergent, and so the series IX*. n must be 
convergent and equal to '^{F{x)fx”}. 

Again, if /# is any integer and 

0{x)— 

m=tL 

we have similarly s^^^^a{x)lx^), and so ] B„| < MJrf 

if Ml is the maximum of on the circle |a!;| 

♦ Cours d" Analyse Math. vol. 2, p. 131 : for other methods see Bchlomilch, 
Kompendium der hdheren Analysisj vol. 2, p. 100 ; and H. M. Macdonald, Proc. 
Land. Math. 8oc. (1), vol. 29, p. 576. 

I Weierstrass, Oes. Werhe, vol. II. p. 206. 
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Hence, if |x| -r{< r^), we imve 

j i £„*”!< 2if.(r/r.)’*=Jlf»r,/(r.-r), 

I fl=0 I w=0 

and by Art. 89, |0(a:)| < so that 

1 0(*) - 2 -Bn®” I < ■Wj(2r, - r)/(r, - r), if |a;| = r. 

I ti=0 I 

Now, we haye identically 

F{x)-0(z)^ v(A„-R„)x». 

• »i-0 

because this equation contains only a finite number (fi) of series : and so 
we find ^ 

|i'(a:)- < ifi(2ri-r)/(ri-r), if |a;l =r. 

I i»-0 I 

But, since F{x) converges uniformly on the circle |a:| =r, we can make 
My BA small as we please by proper choice of /x. Thus, since J(x) and 

or- 

are indepe^ident of /i, we must have F{x)= ^ 

«-o 

EXAMPLES. 

Geometrical applications of Complex Numbers. 

1. If the triangles AOB, BOC are directly similar, and if 0 bisects BK, 
prove that the triangle AKC is directly similar to the first pair. 

[This follows at once from the algebraic identities 

h c 6+c c-k j 

2. If X and y arc complex, prove that 

\x + y\^-^\x-~y\^^2{\x\^-v\y\% 
and interpret this equation in Argand’s diagram. Deduce that 
ja: + 2/1 + |a; - 2/1 = la; + - «/*) 1 + 

[Harkness and Morley.] 

3. If B are the points in Argand’s diagram which represent the roots 
of aa:® + 26a; + c =0, and A\ B' represent the roots of a'a;® + 26'a; + c' = 0, 
shew that the condition ac' + a'c - 266 ' = 0 is equivalent to the conditions 

OA^=OA' . OB', AVA ^AOB', 

where 0 is the mid point of AB, [^Math. Trip. 1901.] 

[Transfer to O as origin, which gives 6 = 0.] 

4. Shew in a diagram the roots of the equation 32a;® = (a; + 1)®, and prove 
that they are concyclic. 

6. If the equation ^ + 6o^‘ + + o, =0 

has real coefficients, and if its roots in Argand's diagram are concyclic (two 
being real and two complex), then 

+ 2aiaga, - o^a** - Oi*a4 - a,® = 0. 
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6. If l reproHentR a comx)lox number such that |(| - i, show that as i 

varies, the point ^ ^ 

x= ^ 
i-o 

describes a circle, unless |c| =1, when the locus is a straight line. 

[Morlby.] 

7. If t varies so that |<| =1, shew that the point 

2x =aJt + b/i 

in general describes an ellipse whose axes are a| + |&| and ‘c -|h|, and 
whose fod are given by x* =ab. 

If Id =|&|, prove that the point x traces out the portion of a straight 
line which is terminated by the two points x* =a&. 

8. If t varies so that |^| =1, prove that the point 

X + 26^ + c 

in general describes a lima^on, whose focus is c - Z)®/a. Find the node ; and 
if \a = |&|, shew that the lima^on reduces to a oardioid. [Morley.] 

9. Constructions for trisecting an angle. 

If a = cos a. + ( sin a., the determination of is equivalent to the 
solution of the equation in <»=d 

To effect this geometrically we use the intersections of a conic with the 
circle |<| = 1 ; the form of the conic is largely arbitrary, but we shall give 
three typical constructions, the first and second of which, at any rate, were 
known to the later Greek geometers (e.g. Pappus). 

(i) A reclangviar hyperbola. 

If wo write our equation in the form 

and then put f = f + t?;, l/< = ^-o/, we find that the points trisecting the 
angle are given by three of the intersections with the circle + r;* = 1 of 
the two rectangular hyperbolas 

oosa. + //8ina) = 0, 2^7/ - ^ sin a. + ?/ cos cx. = 0. 

The fourth intersection of the hyperbolas is at the origin and so of course 
is not on the circle. 

Either of these hyperbolas solves the problem, but the second is the easier 
to construct ; its asymptotes are parallel to the axes (the one axis being an 
arm of the angle to be trisected), its centre is the point ( - } cos a, i sin a.), 
and it passes through the centre of the circle (that is, the vertex of the angle 
to be trisected). Since a hyperbola is determined by its asymptotes and a 
point on the curve, we can now construct the hyperbola. 

(ii) A hyperbola of ec^ntricity 2. 

The first hyperbola in (i) cuts the circle - 1 in the same points as 

the hyperbola - Sry* - 2 (^ cos ix. + 1 ; sin «.) + != 0. 
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X.] 

This hyperbola has eccentricity 2, and coie focus at (cos a., sin t/i), and 7 ) 
is the corresponding directrix; (ooa cl, -sin cl) is the vertex on the other 
branch of the curve. From the present point of view, this hyperbola pre- 
Bents itself less naturally than those given in (i); but the reverse is the 
case if we use geometrical properties of conics, and this was of course the 
method used by the Greeks. 

(iii) A parabola. 

Again, we find that the first hyperbola of (i) outs the circle ! in 

the same points as the parabola 

^ cos a + *>; sin cl - 1 = 0. 

This parabola has its axis parallel to =0, passes through the points 
(ooscL, i sin cl), (oobcl, -sin a), 

and touches the line f cos u. + ?; sin cl - 1 =0 at the point (sec a, 0). 

Results connected with functions of 2Trlk. 

if -I 

10. If a; = exp(27r(/a) and X= shew that 

«-o 

(i) a =7 gives X =4^/7, (ii) a = 11, X = t^ll, and (iii) a = 13, X = ^/13. 
[Taking case (i), we find at once that X = 1 + 2/8, where 
8=J! + a;* + a?‘-^, 8' = a:*’ + + a?’, 

the sequence of indices in 8 being given by 

1*, 2*, 3* =2 + 7. 

It is easily proved that 8 -i- 8' = - 1, since (a?^ - l)/(a; - 1) = 0, and 
88' = 3+8 + 8' = 2. 

Thus 8 is a root of 8* + 8 + 2 = 0, which gives 
X*=-7, or X=.tcv^. 

It is easily proved that the sign must bo + by considering 
sin(27r/7) +sin(87r/7) + 8in(47r/7) ; 

compare Ex. 6, Ch. IX. 

In like manner we deal with case (ii). 

In case (iii) we write again X = 1 + 28, where now 

8 =» +x« +®» +ar'* +a:i2 +a;*®, 8' +2?'’ +*« +a;^ 

the sequence of indices in 8 being given by 

1*, 2», 3*. 4* = 3 +13, 6»==12 + 13, 6* = 10 + 20. 

Here a^^in 8 + 8'=-l, but 88' =3(8 +8') = -3. 

Thus 8* -f 8 = 3 and X‘ = 13. That 8 (and therefore X) must be positive 
is obvious by considering that 

i8 =00B(27r/13) + oos(87r/13) + oos(6ir/13), 
in wluf U the only negative term is the second, and that term is less than the 
first li*. *iiiincrical value).] 
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11. With the same notation as in the last example, shew that 
(i) a=4 gives X = (l + 1)2, (ii) a=8, X = (1 + t)2v'2, 

(iii) a = 12,X = (l + t)2v^3. 

[In the first case we have x = l. 

In the second case, we have = t, ic = (1 + 1 ) / ^^2. 

In the third case, a;* * = t, « = i(V3+00 

11-1 

12. The value of the more general sum y = S a?"^'*** where 6 is an integer 

♦ 1-0 » 

prime to a, can now be inferred in these special cases. We find, in fact, that 
y =X (in the cases of Ex. 10) if 6 Jfa, where A;, M are integers. Thus, 

for instance, (i) a=^. ( y=+i^, if 5 =1,4, 2, 

[or if&==6, 3, 5, 

with similar formulae for (ii), (iii). 

In Ex. 11, if 

a=8, j' y =(1 + i)2v/2, if 6 = 1, or ( - 1 + t)2v'2, if 6=3, 

[or (-1 -1)2^2, if 6=5, or (1-02 n/ 2, if 6=7. 


13. It will be seen from a consideration of the special oases discussed in 
Exs. 10, 11, that the set of values may, or may not, be equivalent to the 
set a;“*. In the former case, a is of the form + 1, where k is an integer; 
and the sum 8 consists of k pairs of terms, whose indices are complementary 
(that is, of the form i', a - v). On multiplying 88' out, it is easily seen to 
be the same esk(8 + 8'), 

Thus we find 8^ + 8-k~0 or X* =4k + l=a. 


Similarly, if a is of the form 4k + 3, we find that the terms a;""*' belong to 


S\ and then we find 


88' = {2k + l) + k(8 + 8')=k + L 


Thus 8^ + 8 -hk-hl -0 or X*= - (4A; +3) = -a. 

[Math. Trip. 1895.] 

A general determination of the sign of X (and indeed a complete discussion 
of the distribution of indices between 8 and 8') belongs to the problem of 
quadratic residues in the Theory of Numbers.* 

When a is an even integer a = 2k, where k is odd, we note that 
jp(M+ir)« _ _ gQ ^ jg idontically aero. 

When a =4k, the results of Ex. 11 suggest that X =(1 + i)y/a, but a com- 
plete proof of this requires some further discussion, f 

14. Deduce from Ex. 10 that 

tan jY + ^ [Math. Trip, 1895.] 


* For example, see Gauss, Disq. Arithm,, Art. 356 ; Werke, vol. 1, p. 441 ; Werke, 
vol. 2, p. 11 ; G. B. Mathews, Theory of Numbers, pt. 1, pp. 200-212 ; H. Weber, 

Algebra, vol. 1, § 179 ; Diriohlet, ZeMe^heerrie, §§ 111-117. 

t Gauss, Werke, vol. 2, pp. 34-45. 
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X.] 

[In fact, 

. 3ir iF* — 1 a;^ — 

flUice aj“ = 1. Thus, in the notation of Ex. 13, 

t tan = S - S' - 2 (ar - ®'«).] 

15. The results of Ex. 10 lead to an easy geometrical construction for 
the regular heptagon inscribed in a circle. In fact, we see at once that 
X, «•, a:* are ttie roots of the cubic - 8t^ -^S't -1=0, or of 

t* - - 1 ) - iHtJl + 1 ) - 1 = 0 , 

BO that 1, X, x\ X* are roots of 

If we write t=^ + iy), l jt=^-i7), we find from the last equation 

+7^/7 -1=0, 

which represents a rectangular hyperbola passing through the vertices 1, a;, 
a;®, a:* of a regular heptagon inscribed in the circle + 7/® = 1. 

Another construction is given by either of the parabolas 

4$*-^ + r/V7~3 = 0 , 4>;* + ^-7;v'7-1=0. 

[Oxford Sen, Schol., 1904. J 

16. Let a; = exp(2jri/17), and arrange the various powers of x according 
to the sequence of indices formed by taking powers of 3 ; thus write ♦ 

iSf = a; + *0 + a?^3 + 3.15 + a;i« 4. 3-4 + ^.2 = _ 1)^ 

= ar** + + a:® + + a;^^ + a;" + x^’^ + 0;^’. 

Then 5 + iS' = - 1, S8' = - 4, leading to /8f - fif' = + ->yi7, because it is easy 
to see that S is positive when expressed in terms of four cosines. 

Next take p = a; + a:^^ + a;*® + ar*, g =ar* + a;® + x^* + x^^, 

p'z=x^ + x^^ + X® +a;^ q' — x*® + x'^ + x^ + x“. 

Then p+p'=S, pp'=-l, +4), 

q + q' = S', qq'=-l, g - q' ^ J{S'^ + i), 

each square-root being found to be positive as before. 

Finally, put r =x + x'®, r' =x*® + x*, 
and then r + r ' = p, rr'=q, r-r' = - 4g), 

this square-root being also positive. 

It follows that oos(27r/I7) can be found from the solution of four 
quadratics ; and accordingly a regular 17-8ided figure can be constructed by 
Euclidean methods. [Gauss.] 

♦ We note that 3® = 10 + 17, 3* = 13 + 68, etc. ; but in writing down the sequence 
of indices, multiples of 17 may be rejected. Thus the sixth index is derived from 
3 X 13 =6 + 34j and the seventh from 3x6 = 16, etc. 
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17. If p is an odd integer and q is any integer prime to p, shew that 

*^2 8in(2Xn^) oot(7i^) =lp - X, 

1 

where O^irqlp, and A is any integer from 1 to p-1 (both included). 
Determine the value of the sum when A is greater than p. 

[Eisenstkin and Math, Trip, 1897.] 
r Write then from the theory of partial fractions 


px^-i 1 inx 


if l^A^p. 


Take the limit of both sides as a; 1, and we get 

i (p + 1) - A = - 1) (» = 1. 2. ... p - 1). 

Also - 1 = if we now suppose A < p, 

80 that 2 ] 

18. Prove similarly that, with the same notation as in the last example, 
W cos k{oi + n6) . ^kioL + nd) 

where k is odd and not greater than - 1, but p need not be odd. 

[i^oZ Univ, of Ireland, 1900.] 

[Write A = J(ik + 1), x=e in the partial fractions used in Ex. 17.] 


Convergence of Complex Sequences. 


19. If an infinite set of points is taken within a square, the set has at 
least one limiting point (that is, a point in whose neighbourhood ^ere is an 
infinity of points of the set). [Bolzako and Wxdsbstrass.] 

[For if the square is subdivided into four by bisecting the sides, at least 
one of the four contains an infinity of points of the set ; repeating this argu- 
ment, there is an infinity within at least one square whose side is 0 / 2 *^, where 
a is the side of the original square, and n is any integer. It is then not difficult 
to see that we can select a sequence of squares, each within the preceding, 
and each containing an infinity of points of the set ; the centres of these 
squares then define a sequence of points which can be proved to have a 
limiting point. Finally, we can shew that within any square whose centre 
is at this limiting point, there is an infinity of points of the set.] 


20. Suppose that =/o(a?) +/i(») +/i(a?) + ••• +/n(*)» and let the roots 
of S„{x) =0 be marked in Argand’s diagram for all values of n : if these roots 
have X =cl as a limiting point, the series 

/•(*) +/i(*) +/.(*) + - 


has x=a. as a zero, provided that the series converges uniformly witldn an 
area including os =:=«(.. [Hcrwitz.] 


21. If 


F{x, n) 


nj 

a?(x + !)...(* + 10' 


the series ^„F(a;, n) converges absolutely, provided that ^|a„| does so, 
where ^ is the real part of x. Thus, in particular, if hM a radius of 
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convergenoe greater than 1, n) is absolutely oon^ergeiit for all values 

of X (other than real negative integers). But if the radius of oonvergenoe is 
less than 1, 'Sa^F{x, n) cannot converge. 

Finally, if tiie radius of oonvergenoe is equal to 1 , suppose that 

i®n+r n 

where A>1 and lw„|<A: then '^a^F{x,n) is absolutely convergent if 
^ > 1 - a. [Kluy vj£H, see also Niklskn, Oamnutfunlciion, §§ 93, 94.J 

[Note that F {x, n) -- F (a?) n“'. ] 

22. Shew that, with the notation of the last example, the two series 

^ converge for the same values of x, [Landait. j 

[Apply AbeUs Lemma, taking v^~n'F{x, n) ; the series w(i;„ - and 
-(l/^n ~ 1 /^«+i) ®^re then easily proved to be absolutely convergent.] 

23. Shew that in the notation of Ex. 21, 

F(x- 1, n) - F{x-l, n + 1) =F(a?, n), 

and deduce that '^F{x,n) converges only when ^>1; so that* n) 

can only converge absolutely. Shew also that ^(-~l)^F(x,n) converges 
if f > 0 ; and apply Ex. 22 to deduce the corresponding results for 


24. The series (see Ex. 15, Ch. 1.) 

X X- x^ _jr]_ 

1 1 -a?' 1 -V" 

represents the function x/(l -x), if \x\< 1, and 1/(1 -x), if \x\ >1. 

[J. Tannery.] 

25. Shew that the series 

£ [(* + » + J) log(l + ^ I ^) - l], I log(l + I-)] 

are both conveigent for all values of x, except 0, -1, -2, -3, ... . 

[For applications, see Nielsen, Qammifunktion, §§ 33, 34.] 


26. If (c„) is a sequence of complex numbers such that |c„| tends steadily 
to 00 y shew that the series 

^ ^ 

converges absolutely for all values of x, except for c^, c„ c,, ... . The 
series converges uniformly within the area bounded externally by the circle 
1x1 = 1?, and internally by those circles |x>c„|=r, which are contained 
within the circle |x{ =JR, the number r being taken small enough to prevent 
any overlapping of the circles. 

27. The series of the last example can be simplified in case the points 

lie along a straight line, and ore such that >0, where k is 

U.I.S. s 
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» oaoBtont ; under tiieee droamstanceB we can nu^ aiiiin«.r atatomente with 
respect to „ , / « s , 

“(‘-S)' ■ 


28. Again, if the points c^, although not distributed along a straight 
line, are such that no two of them are at a less distance apart than a 
constant k, similar statements can be made with respect to 








A simple example of a set of this type occurs in the theoiy of elliptic 
functions, the points being the vertices of a network of parallelograms. 

[Here we note that not more than one point can fall within a square 
of side ; thus, if we draw squares, with centre at the origin, of sides 
^k, ^k, ... y not more than 8m points can lie between the two squares (m -l)k, 
(m-¥^)k. Hence ^|c„|''*< l'8m/(m - and so converges.] 


29. If (Jf J is a sequence of real numbers which tends steadily to oo , and 
if a; is a complex number whose real part is positive, the series 

is convergent. 

[For, if x = i + ti; and = A^, the ratio of the general term of 

the given series to that of the convergent series 

Now, a1+‘’'/^ = A„{oob (k&) + , Bin{K6()}, if k = 7,/f , d = log A„. 
so that K* ={1 - 2A„ coe(x6l) + A„»}/(1 - A„)>. 

Thus ff„^(l + AJ/(l-AJ, 

and so if /\„ ^ i, we see that (1 + i)/(l - i) — 3. 

On the other hand, if A„ > J, we can write (Art. 154) 
(-logAJ/(l-AJ<l/A„<2, 
which leads to the result < ^/(l + 4k*), becaus*^ 

In either case there is a finite upper limit H to ii^„, and so the given series 
converges because the oomparison-series is convergent.] 


30. If is convergent, the series is convergent if the real part 

of a; is positive. Thus, in general the region of convergence of is 

hounded by a line paraMd to the imaginary axis. 

Further, in case is convergent, the series converges uniformly in a 
sector of the plane bounded by the lines ?; = ± k^ , where k is any assigned 
number. [Oahen.] 

[For then we can use AbeFs theorem (Arts. 81, 83) in virtue of the last 
example. ) 
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Power-series. 

81. If R' are the radii of convergence of and re8i>octively, 

then ; 

(1) The radius of convergence of is not less than RR'. 

(2) If R is less than R\ R is the radius of convergence of - (a„ + h^) ; 

but if R^R' the radius is at least equal to R and may bo greater. 

[Apply the method of Art. 84.1 

32. If a poWer-series is zero at all points of a set which has the origin as 

a limiting point, then the series is identically zero. [Ooinparc Art. 52. 1 

33. A power-series cannot bo purely real (or purely imaginary) at all points 
within a circle whose centre is the origin. 

[Use the last example.! 

34. If converges within the circle \x\ = R{>0)t show that 

converges for all values of x ; and examine tlic relation between the regions 
of convergence of and 

36. If /(a;) = wa„x” converges for lx|< R, then (see Art. S4) 

\f{x) I ® = 1' ! a„ ' where | x ! - r < R, 

Deduce (Cauchy’s inequalities. [Gutzmicii. j 

[For we have ^})lxr'^f{x) - 

and if a„" is the conjugate to 

r^^/x'^ =fi(r^lx) is the conjugate to /(x). 

Thus !/(x) i * =/(x)/i {r^/x) 

and \f(x) 1* = (Art. 82) 


36. If /(x) — converges for jx| < Ry then 

- JD/r, 

where D is the maximum of |/(x) - /( -x)j on the circle ix; < R. 

[Landau and Tokim.it/.J 

[In fact, fli = i)ix-V(x), ^ - .ii - l)?x"^/( - x), 

so that 2^1 = illi [x~i {/(x) - /( - x)} I , 

which gives the desired result. ] 

37. Shew that if /j is the radius of (sonvergeiice of the series 

will converge absolutely, provided tliat the argument of x is greater 

than log(l//)). 


38, Examine the convergence of the power- series 


- 2.4... In \ ^ 



when x — 1. 


[Apply Weiers trass’s lulc, Art. 79. | 
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69 . DiscuBB the convergence of the power-serieB 

(n + dy * “'nlogw* 2 ^ n/n + 1* or .a: - 

[In the third, the coefficient of steadily decreases ; see Ex, 2, Art. 34,] 
40. 'Discuss the convergence of 


niKl of 


' (w” + n)n 


Abel’s Theorem. 

41. Deduce from Art. 86 the extensions of Exs. 2, 3, 4, Art. 51, to the 
complex variable ; and in particular extend Frobenius’s theorem so as to 
apply to any path of approach lying within the lima 9 on of Art. 86. Prove 
also the following result : 

If Oo + + ... -f - log n, then, as a: -► 1, 

A further extension is quoted in Art. 61, above, 

48, Consider the application of Frobenius's theorem to the series 
1 -xt^ xH^ + ... , 

where Ms a complex number of absolute value 1, but is not equal to ~ 1, 
and X is real. It is easily proved that 

1 o Iff’* 

,,= 1. = etc., 

and generally «„ = {!_(- <)‘}/(i + (), if (^ - 1)» . . n < i *. 

Hence the arithmetic moan is found to be 1/(1 + 1), 
andthus lim(l-.'®< + !e‘<» ;c»<‘ t ...) = 1/{1 l 0, 

T— *.1 

or lim(l -a;oo8 6^ + a:*cos2^-aj»ooB36?+ = 

r— *•! 

lim (» sin sin 2^^ + a;*8in3^- ...) = Jtan(t^). 

.1 —*■ I 

43. Apply Frobenius's theorem to the series 

/i - (/] +/!)* + (/i +/: (/. +/: +/. +f\)^' + - . 

where /„ is positive and decreases steadily to ssero, but diverges. 

The limit is equal to \(f -f, +/ -/ + ) 

= hm {/i - (/, +/>)* + (/, +/j ...} 

lim {(I X I X-- ...)(/, - ...)}. 


[Hardy.] 
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X.] 

fWe have, in fact, 

^1 "/i» ^2“ - fit “/i ^/{ *“ •■* *’Jn + ••• 

and flo the arithmetic mean of ... , is 

(t> + <4 + ... + f.2«)/2n, where 4-/3 - ... -/g^. 

Apply Stolz’s theorem (Art. 147), and we find that the limit of the 
arithmetic mean is equal to (limt^,,. Again, from Sto1z*s theorem we 
see that lim(52„^,/n) = lim/j^^, =0, and so the arithmetic mean of 
... , tends to the same limit as that of a.,^ ... , 

44 . Illustrations of the last example are given by taking 
lim {1 - (1 +^)a; + (1 + ^ + J)a;»...} = A log 2, 

j— ♦! 

lim{*log2-a;*log3 +a:*log4 - ...} = ^log(i7r). 

[In the second we use Wallis’s product (Art. 70) : it is instructive to notice 
also that, to the base 10, J log(i7r) = 098060 to 6 decimal places, which verifies 
Euler’s calculation given for series (5), Art. lOl.j 

46 . It follows from Art. 11 that 

+ 5 + - + 

steadily decreases, and that its limit is Euler’s constant 0. 

Thus the series ( - 1)"^^ g i) " ^ 

is convergent and, from the last example, its sum is seen to be 

J log 2 - JC + J log (iTT) - i (log TT - C) = -28376. [Huidy. ] 

[The value of the sum can be deduced from Wallis’s product by observing 
that the sum to 2ra terms is 

(log f - ^) + (log I - 1) + - + (log 1 - L) ■] 



CHAPTER XL 

SPECIAL COMPLEX SERIES AND FUNCTIONS. 

92. The exponential power-series. 

There is no difficulty in modifying the proof of Art. 57 to shew 
that ^ 

lim (I -f ^)’ =1 3 ! ‘ ‘ 

where lim(i/^)=x, 

and I' is real, although ^ and x are complex. 

By multiplication of series, or by an argument similar to that of 
Art. 58, we deduce that 

Eix)xE{y)=E{x+y), 

which is the fundamental equation of the exponential power-series. 

As a kind of converse theorem, we shall now obtain the most 
general power-series, 

/(^)=«o+ffjaJ+as2!+“8 3“i + "' > 

which converges within some circle \x\=R, say, and satisfies the 
equation f{x+y)==f(x)f{y), 

provided that \x\, \y\, \x-\-y\ are all less than R (which cer- 
tainly holds good if |a:|. and \y\ are less than \R), Since this 
condition requires the equation to hold for real values of x, y in 
the interval {—\R, +IR), we shall consider these values first.*** 

In the first place put y=0 ; then 

mxm-m or /(o)=i. 

* We restrict x, y to be real so as to avoid the difficulty of diiferentiating with 
respect to a complex independent variable. The fact that the coefficients in f{x) 
may be complex does not aliect the application of Art. 52 (3), because we can 
differentiate the real and imaginary parts separately 

278 
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Hence <>0=1, and so 


/(»)=! +Oia:+o* * ^j+... . 

Again, 

and if we take the limit of both sides as y tends to zero, we get at 
• /'(x)-aj(rr). 

Or, applying Art. 62 ( 3 ), we have 

^ + ***=®1 


and since this equation must hold for all values of x in the interval 
( —\Ri +iR), we must have 

a3=«i®8> »4=«i®s> ••• • See Art. 62 (6). 

That is, ajj=ai^, «8===^*, ^4=01*, ... , «n=®i“, ... , 

and so /(a!)=l+Oia!+Oi® gj+V 

We do not know from this argument that f(x) satisfies dll the 
conditions of the problem ; but we see that if there is such a power- 
series, it can be no other than E{aix), Now E^a^x) does satisfy 
the relation Eia^x) y.E{a^)=E{a^{x+y)} 

for any real or complex values of a;, y. 

Consequently our problem has been solved ; ♦ and 
f{x)=E{a^x), 

where is the coeflScient of x in the power-series for f{x). 

It is usual, and in many respects convenient, to write e* for JS(a;) 
even when x is complex. But it must be remembered that this is 
merely a convention ; and that in an equation such as c*‘"=£ (see 
below, Art. 93 ) the index does not denote an ordinary power. 


93. Connexion between the exponential and circular 
fhnctions. 

If the complex variable x in the exponential series E{x) depends 


* It does not follow from the foregoing that no other function can satisfy the 

relation f{x) x/(y)=/(a: + y), because we have assumed f{x) to be a power-series. 

But,' if we assume that f*(x) is continuous, there is no difficulty in shewing that 
f{x) has the eximnential foim. 
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on a real variable t, we may difieientiate term-by*t6rm with respect 
to I . and obtain the same formula as if a; were real : 




For, suppose that corresponding to a change 8t in t, x changes to rr + So; ; 
then by Art. 92 

+ &r) - S(x)}~E(x){E{Sx) - 1}/S/. 

And E(&e)-l=&|l+ 2 -|(S») + ^(S»)*+...], 



Now BxfSt approaches the limit dx/^ as ao that ; &t;| >> 0 ; and it 

follows from the last inequality that 

lim ^{F(a: + S*) - E(*)} = E(x) ^ • 

In particular, suppose that a; is a pure imaginary and equal to 
It), where rj is real ; then we have 

or, if E{Lfi)=r{cos sin 6), 

we find that 


(d^ (cos 9 +t sin 6 ) =ir (cos 0 + c sin 9 ). 


Hence 


^ 1=0 
dij ’ 


dfj 


= 1 . 


Thus r and 0—^ are independent of rj ; but for f/=0, £(ijy)=sl, 
and so r=l, 0=0, if tj= 0 . 

Hence, in general, r=al and 0 =»y, 
and so E{iri) ^coa fj+i siari; 

which is confirmed by the remark that 


|JSt/;y)|2==£(i;y)x£(-£jy)=£(i»;-iJy)=£(0)=l. 

Another method of establishing the last result is given by 
observing that 

cos jy+£ sin i^=(cos 0+i sin 0)**, if ^=17/11. 

Now write cos 0 +£ sin ^ =1 +<c„, 

and we see that lim 
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because lim (n sin <p) =ti lim (sin 0/^)>t=»y, 

and lim n(l -cos lim{(l -^oos 0)/^}=»O. 

Hence cos »/+t sin lim (1 +«„)* 

n~>- e© 

by using the limit of Art. 92. 

Still another method, analogous to that of Art. 59, oan be used. In fact, 
let us write 

oo8>; + tgini;- + u; + ^|(n7)*+ ••• + = y„, 

with Vo - 008 y; + 1 sin 7/ - 1. 


y =r(co8 ^ + I sin 6?) 


for all suffixes, 


we have 




< ^Vnl 
dt)^ ’ ~ dri 




and 2 <o, ... are all zero for 7^=0. Henoe we find, if ?/ is positive, the 

sequenoe of equations 

»-.=|y«iSii7. ’•i = |yilS;2V»‘' ’■•=lJ'*l = 3V'’ = = 

Thus lim y^ = 0. 

— ►T' 

If we substitute itj in the exponential series, we find 

and so we have now a new method of finding the sine and cosine 
power-series (Art. 59). 

If we write rj^^Tr and tt, we get the equations* 

E{^Tri)=^t, E{Tri)=^—l. 

Using the notation explained in Art. 92, we may write 
cos fi+i sin 


* For a discussion of the existence of v, defined by meafis of these equatione^ the 
reader should refer back to Art. 60 (2). 
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and changing the sign of we find 

co8>;— tsinjy=6"‘’»; 

thus cos sin 

We have at present no definitions of cos x and sin x when x is 
complex ; but it is usual and convenient to define them by the 
power-series already established when x is real. Then the equations 

cos x=^ sin 

are true for complex values of x as well as real ones. 

It follows also that any trigonometrical formulae which depend 
only on the addition-theorems remain unaltered for complex vari- 
ables ; thus in particular the formulae of Arts. 66, 67, 69 remain 
true. 

If we write x==i+ifjy it will be seen that 

cos x=cos ^ cosh ri—’L sin ^ sinh ti, 
sin a;=sin ^ cosh ri+i cos £ sinh rjy 
where cosh ^ J (e^ -fe “ ’»), sinh = J (e^ —e ~ 

We shall not elaborate the details of the analysis of the sinh and 
cosh functions ; the results can be found in many text-books (for 
instance, Chrystars Algebra, ch. XXIX.). 

It is to be noticed that when x is complex, the inequaliiies 

I sin x\ < |a;|, |cosrr| < 1 

are no longer valid. We can, however, replace them by others, 
thus : 

lsma:|^8inh|a:|=|a:|+i®| +-|r+-- • 
and BO, if |a:| < 1, we have 

|8ina:| < |a:| + 

Similarly, we have 

|co8 x\ ^cosh \x \ ; 

and, if \x\ < 1, we find 

|coBa;| <(l+i+^+...)<2. 
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94. The logarithm and its principal branch. 

We have seen (Art. 93) that if ^ is a real angle 
£(ijy)=cos jy+i sini;. 

Hence if is any integer (positive or negative), 
jB(2n'7rO=l, 

and since ^{^+z?/)=c^(co8 r;+/ sin fj) 

there are "no solutions of the equation 

other than ^=0, rf=2mr. 

It follows that if we wish to solve the equation E{y)=x, so as 
to obtain the function inverse to the exponential function, the value 
obtained is not single- valued, but is of the form 

(w=0, ±1, ±2, ...), 

where is any solution of the equation. 



If we represent x geometrically in Argand's diagram, we have 
a;=r(cos ^+1 sin 6)—rE{iO). 

But if log r is the logarithm of the real number r, defined as in 
Art. 154 of Appendix II., we have 

r=E {log r), 

and consequently a;=^ (log r+i0). 

Thus we can take general solution is 

?/=loga;=logr+i(d-t-2n'7r), (n=0, drl, ±2,...). 

We define the logarithmic function as consisting of all the inverses 
of the exponential function; and we can specify a one-valued 
branch of the logarithm by supposing a cut made along the negative 
part of the real axis, and regarding x as prevented from crossing 
the cut. Then we shall have 

log x=log where ~ tt < 0 = tt. 

With this determination, log® is real when x is real, which is 
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generally the most convenient assumption* But it should bo 
observed that such formulae as 

log (asB')=5log uj-f log 

can only be employed with caution, since it may easily happen 
that (f?+6') is greater than tt, in which case we ought to write 
log (a;a;')=log a:+log a?' - 2 - 7 ^. 

The reader will note that for two points such as P, Q in the diagram 
(Q being the reflexion of P in the negative half of the real axis), 
lim (log log x^)=^2'7r<. 

Q 

But, except at the cut, the branch selected for log x is obviously 
continuous over the whole plane of x ; and this will be called the 
principal branch or principal value of the logarithmic function. 

96. The logarithmic power-series. 

We know from Arts. 58 and 62, that if ar is real and |a:| < 1, 
the series 

( 1 ) ... 

represents the function inverse to the exponential function 

(2) l+a,=£(y) = l+y+-|‘+|!+.... 

In other words, if we substitute the series (1) in the series (2), 
and then arrange according to powers of x, the result * must be 
1 + 0 ;. But this transformation is merely algebraical, and, as such, 
is equally true whether x is real or complex. 


X 



Fio. 29. 

Since the series (2) converges absolutely for all values of y, the 
derangement implied in this transformation is legitimate (see Art. 
36), provided that the series (1) is absolutely convergent. Hence, 
if |a;| < 1, equation (1) gives one value of y satisfying equation (2) ; 
and further, from (1), y is real when x is real. Thus, using the 
principal branch of the logarithm defined in the last article, we have 
log(l4-®)=®— ... (if|*|<l). 


It is ft good exeroiBe to verify this conolaaion up to, Bay, 
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From the figure, it is evident that this equation gives 

where — tt < ^ ^ + 7 r (see Art. 94). 

This result can be confirmed by reference to Art. 65, where we 
proved that (if 0 < r < 1) 

i log (1 +2r cos cos 0— Jr* cos 20+Jr® cos 30—... , 

arc tan sin0— Jr*sin20+Jr®sin30— ... . 

If we Mrrite a;=r(cos 0+t sin 0) in the power-series (1), we get 
a;— ...=rcos0— Jr*cp8 20+Jr®cos30— ... 

+1 (r sin 0 — J r* sin 20 + J r® sin 30 — . . . ), 
and obviously p*=l +2r cos 0-fr*, 

tan ip=^r sin 0/(14'r cos 0). 

Thus our results are in agreement with those of Art. 65, except 
that we have proved that 0 actually lies between — Jtt and -f Jx 
(because r < 1) instead of — x and x. 

It is easy to see (as in Art. 85) that the logarithmic series still 
converges for |x|=l, except at the special point x=— 1. Thus 
the sum of the series at any other point of the circle of convergence 
is found by taking the limit of the sum as r-> 1 (by Abel’s theorem) ; 
the result obtained may be written 

...=log(2 cos 20 )+J<^> 
where — x < 0 < -l-7r. 

This again agrees with results obtained in Art. 05. 

We shall obtain an independent proof of the equation 
log{l+a;)=a;-ia’M Jit*® - ... (if \x\ < 1) 
in the course of Art. 96. 


The series for arc sin x and arc tan x. 
Again, by Art. 64, the series 


(3) 


y=x+ 


la;® 1^3 2^ 
2 “3 “^2 .4 


represents the function inverse to the sine-function (Art. 59). 

(4) 

for real values of x, y, such that |a;|~l. Since the series (4) is 
absolutely convergent for all values of y, and the series (3) for 
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1^1 = lj the algebraic relation between these series must persist 
for complex values of a;, and we can accordingly write 

arc sm y +§-‘-| y + - l®l < 

since the series (4) is taken as the definition of the sine for complex 
values of the variable (Art. 93). 

Similarly the pair of functions 

(5) + (Art.G4), 


( 6 ) 




1 , 


are inverse to one another for real values of r, such that \x 
and we may therefore write for complex values of x 

arc tana;=a:--^af^+-Va^— ... (if |xl < 1). 

In these equations the values of the inverse functions are deter- 
mined uniquely by the condition that the real part of each function 
lies between — Jtt and +| 7 r ; just as in Arts. 59, G4 for real variables. 

To discuss the accuracy of the last statement let us consider first the 
equation 4 - ly) =x = ^ + o/, so that X lY — arc sina;. 

Then we find (as in Art. 93) 

f = sin cosh F , >/ = cos .V siuh F , 

£2 ,,2 

and 80 F is given by “^a y bidE'^F ~ except as to the sign of F. 

But if we agree that - Jir < X < ^tt, cos X is positive ; and so the sign 
of is fixed by the sign of »/. Having found }\ the values of sin A' and 
cos A" are known, and consequently A" is fixed uniquely by the condition 
- Jtt < A' < -f- iTT ; and so arc sin x is determinate. 

Similarly we find that arc cos x can be uniquely determined by the coa- 
lition that the real part lies between 0 and tt. 

Secondly, suppose that 

tan(A' + lV)-x — ^ + l 7 j, bo that X -f i F-arc tan x. 

Then we see that (Art. 93) 

^ 1 ntan(.V +tr) _ 1- ,, + 

1 - 4 tan(.y -h ly) l + 

nr .-ir-(l-v)* + 1* 


which fixes Y uniquely. 

cos 2 A" 


' (1 -f 7 ;)* 4 I" 


Further, 


1 


sin 2X _ 

- vf+ ^*}Ti’+ »;)*+!*> ’ 

SO that cos 2. Y and 8in2A’' are known, and now X is uniquely determined 
by the condition - Jtt < A' < .Jtt ; and so finally arc tana; is determinate. 
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By suitable modifications of the discission given for the arc sin 
function, it is easy to determine uniquely the functions inverse to 
the sinh and cosh functions. Of these, the function most frequently 
employed in Applied Mathematics is co8h“^x, the inverse of the 
cosh function ; but then the definition which is generally found 
useful is slightly different from the above. 

According to the above method, the coeflScient of l in cosh*“^a; 
would be taken to lie between 0 and tt, and the real part of cosh“^x 
would then have either sign— the same sign in fact as jy. 

But for certain purposes it is more convenient to restrict the real 
part of cosh“^a; to be positive. 

Thus if we write cosh(X+zY)=:c— 
we have cosh X cos Y =£, sinh X sin Y =ti ; 

and then X is given by ^^lcosh^X+Ti^/amh^X==l. 

And if ^ is assumed positive, the values of cos Y, sin Y are tixed ; 
but sin y will have the same sign as rj, which may be positive or 
negative. Thus Y may have any value from 0 to 2x ; and the 
function cosh'-^a; is then uniquely determinate. 


96. The binomial power-series. 

Consider the series 


f(v, «)=l+va?+i/(iy— l)|^p+)/(i/— l)(i/'-2) — + 


where both */ and x may be complex. 

The conditions for convergence of the series readily follow from 
Weierstrass’s rule (Arts. 79, 85) ; let denote the coefficient of 
Then we have 


“•.tL-a.-ji+'+iwi)). 

^n+1 1 ^ vnVJ 


Thus the series is always absolutely convergent for |a;| < 1 ; and 
|a;| =1 gives the circle of convergence. 

To proceed further, write i/=a+//8; then Art. 79 shews that 
the series is absolutely convergent on the circle \x\=\, if (a is positive ; 
and thus the series is uniformly convergent within and on the circle 
la;| = 1, provided that (t is positive. 

Next, when ~1 < a^O, series Cyonverges {but not absolutely) 
on tbe circle |a5| =1, except at x=—l ; and it is uniformly convergent 
on any arc of that circle from which the point x= is excluded 
(Art. 85). 
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Finally, when — 1, eeries does not converge at any poitU on 

the circle |aj| =5l (Art. 79). 

In every case, the point x=-~l is a singular point for the power- 
series (by Fabry’s theorem, Art. 88).* 

To investigate the properties of the function f{v, x)y we form first 
the product x) xf{v\ x) (where |a;| < 1), 

and by the ordinary rule of multiplication (Art. 54) this product can 
be arranged as a power-series in x ; and the coefficient of in the 
product is easily seen to be a polynomial in v and i/', of degree n. 
Now the same is true of the function f{v+Vi x ) ; and so we can 

/(i/, x) xf(v', x) x) =2P„x», 

where is again a polynomial of degree nin u and i/'. 

But, when i/, i are any two integers, is zero, because then 
/(„, a;)=(l+a;)‘' and f{v\ x)=(\+xy \ Consequently P„ must be 
identically zero, because, when i/' is any assigned integer, P„ vanishes 
for an infinity of different values of v (namely, 1, 2, 3, ... to oo ). 

Thus, we have identically, 

x)xf{p\ x)=f(i/+v\ x) (|a?| < 1). 

Starting from this relation we can apply the method indicated in 
Art, 61 (2) to prove that, when is a rational number, 

/(v, x)=(l+xy, 

the value of the power being imiquely determined by the fact that 
f{v, x) is real when x is real. 

But to deal with complex values of i', we proceed somewhat 
differently. In the first place /(y, x) can be expressed as a power- 
series in v ; for /(p, x) can be regarded as the sum by columns of 
the double series 


l+i/a:— ^ a!® — I a:* +... 
+ 2**-2^+-2T“^— • 




24 


+ ... . 


* When V is real, this result follows also from Vivanti’s theorem. 



96] 


THE BINOMIAL POWER-SERIES 


289 


Now this double series is absolutely convergent because, if |i/| =»/o 
and \x\=Xq, the sum of the absolute values of the terms in the 
(^+l)th column is 

»'o(»'o+l) •“ O'o+P-“1)« 

which is the (j3+l)th term of the series /(-— which con- 
verges if a?o < 1 for all values of v^. 

The double series being absolutely convergent its sum is not 
altered (see Arts. 33 and 82) by changing the mode of summation 
to rows ; this operation gives 

f(i/y x)=\+vX^-\-v^X^-\- , 
where X^=x — \x^-\-l7?—.., . 

Now, since f(vy x)xf(uy x)=^f{}/+Uy x)y we can apply Art. 92, 
above, and we see that * 

f(v, x)=E{vXi). 

In order to determine Xp let us write i/=l, which gives 
l+x^E{X,), 

Thus Xi is a value of log (1+x) ; and since X^ is real when x is 
real, it is the principal value defined in Art. 94. We have thus a 
new investigation of the logarithmic series (see Art. 95). 

Thus we find the equation, due to Abel, 

f{t', x)=E{v\og{X+x)}, 
and for uniformity we may write conveniently 

f(v,x)=(\+xr 

on the understanding that the complex power is defined by the 
equation (1 +a;)’' =.£{»- log (1+®)}, 

where the logarithm has its principal value. 

In order to obtain an explicit formula for f{vy x), we note that 
(as in Art. 95) log (1 +x) =log 

where p, </> have the geometrical significance indicated in Fig. 29. 
Thus we find that 

/()', a:)=£^{i-log(l+a:)} 

=p«e-W{cos (a0+/8 log />)+< sin («^+/8 log p}}, 

where 

* Of course v' corresponds here to x of that article ; and corresponds to a^. 
B.L8. T 
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a result which is also due to Abel. The above investigation is 
based upon the proof given hj Goursat."* 

The method given in the example of Art. 36 applies to complex indioes. 
The following method is based upon a suggestion made in 1903 by 
Pro! A C. Dixon : f 

The relation /( v, x) x) =f(v + v\ x) 

give, at once /(v, *) = |/^^, =(1 + ^)", aay, 

where n is a positive integei. 

No, 

But the aeries in {} brackets has each of its terms less, in absolute 
value, than the corresponding term of 

•i’o + (1 + i^o) 2' + ^ ' 

which is a convergent series, independent of n ; and consequently con- 
verges uniformly, by the M-test ; and so the limit of as n tends to oo can 
be found by taking the limit of each term (Art. 49). 

Hence Hm (nf) = v(x - ^a;* -i- J®* - Ja?* + ...) 

fi— ax ** 

= vlog(l +*). 

But (Art. 92) lim (1 + 1)" = Six'). if *' = lim (nf). 

n-*x' n— a« 

Thus, /(v, a;) = lim(l + =oEr {i'log{l + ar)}. 

The discussion given above applies only to points within the 
circle |x|=l. 

We have seen that when a > 0 the region of unif orm convergence 
includes the circle \x\ =1 ; and accordingly the value of f{v, x) on 
the circle is continuous with the value at internal points. Now 
AS above defined is also continuous, and accordingly we can 
still write if a > 0). 

Now at points on the circle we have (see Fig. 29) 

p=2cos^d, (—' 7r<(^<7r), 

* Cours d'AncUyu Mathimatique, § 275. 

t Prof. Dixon has published another arrangement of this proof in the Quarterly 
Journal of MaUimaties, vol. 39, 1907, p. 94. 
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BO that the explicit formula for the last result is * 

/(,/, aj)=(2 cos J^^)*e"i^[co8 {ioL6+^ log (2 cos JO)} 

+1 sin {Ja0+/8 log (2 cos JO)}], 
where v=sOi+t^y x=oob 0+i sin 0, (a > 0). 

For the special point a; - 1, we have the result t 
/(i>, -1)=0 (if (jc > 0), 

and for a!=^+l, 0=0, 

/(i/, +l)=2''=2‘‘{cos log 2)+i sin (/8 log 2)}! 

When —1 < 0 .- 0 , the series converges uniformly on any arc 
of the circle from which a5=— 1 is excluded. Thus these formulae 
still remain valid (except at a; = — 1) when a > — 1 ; but it is to be 
remembered that the series is not absolutely convergent when a 
is negative. 

When 1, the series f(v, x) is not convergent at points on 
the circle |a;| =1, and accordingly the equation 

/(., x)^{i+xr 

becomes meaningless for a —1. 

This completes the analysis of the bmomial series for complex 
values of x and p. 


The case '*1 < OL < 0 has been discussed by Goursat as follows {l.c. supra). 
We have seen that when < 1, 


(!+»)/(>', a?) =/(!' + 1, x). 

Now this is an algebraic identity, and so, taking only the terms up to 
we find that /i . vo «/ «+, 


where 8^' are the sums up to x\ for the series /(j^, x) and f{p+ 1, a;) 
respectively. 

The last result is clearly independent of the value of x ; and so we may 
suppose |a;| = 1. Further, 0 as w oo (Art. 78) and iSf„' (1 + xY'^\ 
because the real part of ^ + 1 is positive. 

Thus (1 (1 as n~^oo , if )a;| = l. Accordingly 

^„-(l+x)‘' 

as when except for x- -1. 


* This result is also due to Abel ; and it was in this connexion that his theorem 
of Arts. 60, 51 first presented itself, 
t This will be discussed independently in the next article. 
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97. The remainder in the binomial series. 

In the special ease x=—l, we have a simple formula for the sum 
to n+1 terms of the binomial series /(y, —1) ; namely, 

This result has been given in Art. 61, above, for real values of 
y ; and it can be proved by induction without difficulty. 

It follows at onoe from the identity found in the small type* at the end 
of Art. 96 ; by changing v to v - 1, we get 

(1 +»)5„' = S, - (1 - v) (l -g ... ( 1 - ^) ( - *)«+'. 

where is derived from the series for /(y~ 1, x). 

Now put «= - 1, and we find 

Now applying arguments similar to those of Art. 42 and Art. 61, 
we see that iS„=0(n--), as n ->• oo . 

Thus if v=a.-\-t^, 

and accordingly, as n -»■ oo , 

0, if a > 0, 

|S„|->00, ifa<0, 
but S„ oscillates finitely, if a=0. 

For other values of x it does not appear possible to obtain any 
similar formula by simple algebraic methods. We can, however, 
obtain a simple formula by the aid of the Integral Calculus, as 
follows : 


We have* 


^dl 


(l + x) -l = vxl {I + X - 
^'o 

Now integrating by parts, this becomes 

V* j^^(l + X - +v(v-l)x*^ t(l+x-xt)^ 

= i^x+ v(v -l)x* f^t{l-\-x-xtf~^dt. 

Repeating the process, ^e obtain 

ox + il'lv - 1 )** + \v{y - l)(v - 2)** j ‘«»(1 + ar - xlf'^dt, 

and so on. 


* It should be noticed that this formula is valid only for the principal value 
of (1 +x)*' ; because it is assumed that = 1*'"^ = I, etc. 
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After n integrations we have the desired formula 

{l+xY-S,==.(n+l)a,^,x-^^ dt, 

Jo 

which gives the remainder as required. 

It may be noticed that for »=— 1 this formula gives the same 
result as the more elementary discussion at the beginning of this 
article. 

One advantage of this formula is that with proper precautions 
it can still be used when \x\ > 1. The most convenient form is 
to note that it is usually possible to assign a simple upper limit, 
say Hj to the absolute value of 

(i+x-xty-^-^ 

as i varies from 0 to 1. Then the absolute value of the remainder 
is less than r i 

Jo 

Thus the error in replacing by Sn is less in absolute value 

than H times the following term in the series. 

It is easy to obtain similar formulae for the logarithmic series. 

Thus we have ♦ 

Og( I + X -i- X- XIJq' * Jq (l + X-Xt)* 


=x-x* r 


tdt 


/Q (1+x-arO* 

Repeating the process of integration by parts we find 

log (H .r) = X - ix« . 


After n integrations we have the formula 

log (l+x) =a:— I .. . +(— 1)"-1 ^05” 

Thus, if we can assign an upper limit H to the absolute value of 

{l+x—xty^-^^ 

as t varies from 0 to 1, it follows that : 

The error in replacing log (1 +x) by the first n terms in the loga- 
rithmic series is less in absolute value than H times the following term 
in the series. 


* Here again the principal ralue of the logarithm is used, so aa to give log 1=0. 
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98. The infinite products for sin % and cos x. 

The identities of Art. 69 remain true for complex values of x, 
and we deduce, as in Art. 70, 

sinx /- sin®(x/»)\ .. o ii 

• / / — • g - /— / \ f > It n=2m+l. 

WBm(x/n) I Bm2(r*7r/n)r 

Now, since n is to tend to oo , we can always ensure that n is 
greater than |x| , and so Art. 93 gives 

|8in(ai/n)| < S|x/n| ; 

and, since r < Jw, sin (rTr/n) > 2r/n (see Art. 70). 

„ sin®(x/n) 9 |x|* ^ , 

Hence • v,— V t <ok ifn> x; 

sin*(r7r/n) 25 r* ' ' 

and consequently we can take 

9 Id* 


in the theorem of Art. 49. Hence, as in Art. 70, we find 

In the same way we find 

The foregoing method is the obvious extension of that used for real 
variables. Avery elegant process has been given by Darboux.'*' 

in virtue of Art. 92. 

Let us write for brevity 

then it is easy to obtain the factors of F„{x ) ; for if a: = n tan 6, we have 

(^1 + = see" e (^1 - = sec" 0 

Thus -F„(*) = 0, if 6“'"* = !, 

or if = ± rTT, where r is an integer. 

This gives x— ± n tan (rr/n) ; and so 

n {i - if «=2« + 1. 


Tannery, Fonctions d'une Variable, 
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Now it is essy to ■verify that the term of lowest degree in F„(a;) is equal 
to X, so that A=li sod thus 

We can again apply the theorem of Art. 49, noticing that here 
ntan(r 7 r/n) >r7r, 

so that we can take if^ = |a:* 7(r*n**) simply. 

El. Pro\e similarly that 
oo8a;= lim (?„(*), 

Deduce the cosine-product. 

It is of some interest to note that Euler appears to have obtained first the 
products 

8inh*=xn(l +-?*-,). 0 O 8 h®=n (l +( 2 ;::^-).“^} • 

Euler’s method was to write 

and he then proved that this polynomial can be factorised in the form 

a; n / 1 + ■ , : % — 7 -r| , when n =2m -f 1. 

,.=,\ n* tun* {nr /n)f 

But Euler’s final calculation of the limiting form needs to be supplemented 
by reasoning similar to that of Tannery’s theorem. 

99. The series of fractions for cotx, tekx, cosec x. 

The investigation given in Art. 71 for real angles, can be extended 
without difficulty to a complex variable, by making various modi- 
fications similar to those of Art. 98. 

However, a method similar to that of Darboux for the sine* 
product leads to an easier discussion, as follows. 

We have, in fact, 

*= {(' r+(‘-vr‘} -.'r.T- 

Thus cot x= lim 
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Now 
so that 




if n=2m + l, 


V 

(&/ ^ x',^x^-n^tm^(r7rln)' 


To this it is easy to apply the theorem of Art. 49 by taking the 
comparison series 

M = 


_2|a 


for we have \x^-n^ tan 2 (r 7 r/n)| > - |a;| 

Thus, for all values of x^ real or complex (except multiples of tt), 
we have 

x^^\x--nir^ n-rr)^ 

where n is taken as the variable of summation, instead of r. 

Now we have the following identities : * 

tan a: = cot a; - 2 cot 2a?, cosec a? = cot Ja? ~ cot a;. 

Thus we find, on subtraction, 

. 2a 1 1 1 

cosec a=- + ^(— 0 -^= - + V'(— ^ 

X ^ ' x^—n^ir^ X " Kx — nir^ mrJ 

Changing from x to tx, we find that 

1, 2a , , “ 2a 


We note that 


0 

1 •* 

cosech x= - + ( — 1)"-^ „ • 


a eh^+e~^^ 


«*+l = l + ._2_ 


and accordingly we have 

1 ^ 1 1 . V 2a 

c®— 1 a 

* The identities are familiar results when x is real ; for other values, they follow 
from the formulae obtained in Art. 93. 
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100. The power series for 

The exponential series gives at once 

(c®— l)/a!;=l+2jH-2 j+ > 

and consequently (as in Art. 54) the reciprocal function aj/(c*— 1) 
can be expanded in powers of x, provided that \x\< p, where 

2I+3!+ = 

This last condition is certainly satisfied if. 

or if p=? = l-2. 

Thus we can certainly write 

= ... , if \x\ < 1-2. 

From the last formula of Art. 99, it is clear that the function 

is an even function of a?, so that 

A,,=0, A,=0, A^=0, ... . 

Consequently we can write 

where Bj, Bj, ... are called BernoulWs numbers. 

It is easy to verify by direct division that 

Bi=J, B.2=3V> 

but the higher numbers become very complicated.* 

Again, from Art. 99 we see that 

X . a; ^ 2xg 
e®— 1 2 ''’^a;*+ 4 w 27 r*' 


* The numbers (as decimals) and their logarithms have been tabulated by 
Glaisher {Trans. Carnb. Phil. Soc., vol. 12, p. 384) ; and to are given by 
Adams ' {Scienlijic Papers, vol. 1, pp. 453 and 455). (Fur more details, see 
Chrystal’s Algebra, Ch. XXVIH §6.) 
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Now if \x\ < 27 r, each fraction can be expanded in powers of x, 


giving 


2®* 


1 - 


+ 


+ “ 2nV«V 4n*7r» ^ 16n^7r* 




Further, the resulting double series is absolutely convergent, since 
the series of absolute values is obtained by expanding similarly the 
convergent series „ ^ 

Al?]! 

4n*x®— |a;|* 

It is therefore permissible (by Art. 82) to arrange the double 
series in powers of x, and then we obtain 




1 “ ^ 2 27r»\^ nV 2»x* V 

which is now seen to be valid for lx( < 27r.* 

By comparison with the former expression, we see that 

p 1^1 n 3^^! jn ^ 1 


and generally 


(2r)! 

— 02r-l — 2r Zj n^r * 


22r-i^!srw^sii 

We obtain thus the results (compare Arts. 71*1 and 71*2) 


S i 1 TT^ 1 __ TT® 1 


tt" 

9450 ’ 


It is instructive to notice that (for any value of x) we have 


2x^ 

x®+4w®7r® ”’2n®7r* 


+ (-!)’■+* ( 4 ^) *} • 

Thus, by addition, we see that, 

when X is real, x/(e*— 1) is represented by the first (r+3) terms of the 
series with an error which is numerically less than the following term 
of the series ; for complex values of x, a corresponding theorem 
can be found, but it is necessarily more complicated. 


*That Sir is the radius of convergence may be seen from one of the theorems 
of Art. 89 ; for the roots of e‘ = \ are given by z^2niri, and the least distance 
of any one of these from the origin is 2v. 
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For instance, for any real positive value of z, we have 


and so on. 




Es. 1. We can write 

X 
^2 


^ + 1 _ 2x 

'e'-l “e'-l 


ora«aui gooth^ = 1 +5,^, - 
Thus we deduce 

♦■Vk A* ^ 1 Z) — 

2 ! 


X coth a; = 1 + - B., 


= 1 + - - . 1 *! < 
and *cota; = 1 - , |a;|<7r, 

the numerical coefficients being the same as in the previous series. 


Ez. 2. Again 

tanh X = 2 coth 2x - coth x, 

BO from Ex. 1 

tanh * = (2' - 2^)x-^(2>‘ - 2')*’ + (2>“ - 2")*^- - ... 

= X - I x 3 + ,2.3.^ _ 1 ^ 7 ^ 3.7 + ^ 

and tan x = x + ^ x^ + *' + • • • » 

where in both series |x| < i^r. 

Ex. 8. Further 

cosech X =coth ^x - coth x, 

80 *co8eoh* = l--||(23-2)®2+^j!(2<-2)a:'-|'|'(2»-2)*«+ ... 

=1 - K + 3«o®' - 1 ti\a^ + - 
and X ooseo x = 1 + J x* + + j sV-jo^' + . . . , 

where in both series |x| < tt. 

Ex. 4. It is not possible to find similar formulae for sechx and seox; 
but it is easy to obtain the formulae 

sech X = 1 - 1x2 + X* - + ••• 1 

sec X = 1 H- lx® + 0 ^ 4 X* + yy^x*' + ... , 

which are valid if |x| < because x=! -t lir give the smallest roots of the 
equation cos x = 0 (compare Art. 89). 

The numbers 1, 5, 61, 1385, ... are sometimes called Euler's numbers^ 
Ej, E^f Ey, E^, ... ; but t^ey have fewer applications than the coefficients 
.Bj, Bj{, J5..p ... . 
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It may be noUoed that 

32n+ 1 ^ 7an+i + — (2») | 

101. Bernoullian fiuictions. 

The Bernoullian function of degree n, denoted by 
coefficient of f"/w! in the expansion of 


which, by the foregoing, can be expanded in powers of t if 

1^1 < 27r. 

Thus we have 


SO that <t>n{^) is equal to 


where the polynomial terminates with either x or x^. 

From this formula, or by direct multiplication, we find that the 
first six Bernoullian polynomials are : 

<j>.j{,x)=a?-x=y, 

<ps{x) = ar^ — 3a?+ |x=yz, 
tf>t(x)=a^—2a?+x^=y\ 

^5(2:)=®'— fa:!*+ ^x=yz(y— ^), 
<Poi^)=^—^3^+iH^—ix-=y^y—i), 
where y=x(x— 1) and 2=x— J = 

Again, ^„(®+l)— ^„(x) is the coefficient of t"/nl in the 
expansion of 

_±. 

so that 

(A) ^„(x+l)— 0„(x)=»«:»-». 

Thus 02(x+l)=x*+x, 

0,(x+l)=x»+ex»+.^x, 

l)=x‘+2iB*+a!*, 

and generally ^„(x+l) difiers from ^„{a:) only in the sign of the 
coefficient of x"-*. 
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101 ] 

If we write xsal, 2 , 3 , ... in the difierence-equation (A) and 
add the results, we see that, if x is any positive irUeger (n>l), 

1 + 2 »->+ 3 »-‘+ ... +*"-^=^ 0 n(a:+ 

which gives the formula of Bernoulli for the summation of the 
(n— ly* powers of positive irdegers. 

Generally, if h— a is any integer, 

on-i+(a+l)«-i+(a+2)«-‘+... + (fe-l)»-i=^{0„(6)-^„(o)}. 


If we change the sign of t in the original definition, and add and 
subtract these two equations, we obtain, after a little reduction, 

' I fS 

^-72^{co8h(a:— i)<— C08hi0=^s^ + ^*4] '^^06"! ’ 

2-^j^^{siiJi(a:-i)<+8inh}<}=^]<+1^3^ +065]+ - • 

Thus it follows that 02> 04 » ^a» expressible as functions 

of (a?— |)*=y+ J ; that is, the even polynomials are functions only 

Oj y. 

Similarly, the odd polynomials 0^, ^5, ... contain x— J = 25 as a 
factor, and the remaining factor is a function only of y. 

These properties are evidently verified by the polynomials 02 > 
0SJ ■” » 0(ij which have been tabulated above. 

If we differentiate equations (B) with respect to x, we see that 


1 d 02 

2 dx 





1 d 0 q 

6 dx 


— 05, etc., 


where i?2, ... denote Bernoulli’s numbers (of Art. 100). 
The general formulae will be 

0'2mW = 2m0a,„..i(.r), {m > 1) 


0'2m+l(^) = (2wi+l){02m(a^)+(-ir-^5„,}, 

If we change x into (1 — a;) in the two equations (B) containing 
cosh(a ; — \)t and sinh(a/ — \)t, we see at once that 

02(1— a;) = 02 (a;), 04(1“ 2^)=04(i®)» 

0 y(l — x)= 05 x)^ 06(®)» 
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Also it is evident from the first of the two equations (B) that 
is a factor of every even polynomial; 
and from the second equation we see that ^3, 07, ... contain 

as a factor, and since these polynomials vanish for a:=0, 
x=l, it is clear that 0.^, 0^, 07, ... are divisible by yz. 

Thus we see that 


d04 ^ d0g 
dx' dx* dx '* 


are^divisible ^7 


and BO, since 0 ^, 0 ^, 0 g, ... have been proved to be divisible by y, 
these functions are now seen to be divisible by y\ 

These conclusions are confirmed for 03, ... , 0^ by reference to 
the table given above. 

It will be seen that the other factors of 0. and 0^ are respectively 
y— J and y— and these factors do not vanish between x =0 
and x==l, because y is negative between these limits. Thus it is 
natural to conjecture that the equation 02m(aj)=O has no root 
between 0 and 1, while 02m +i(®) ^ only the root 

Suppose that this conjecture has been established for all values 
of m up to, say, p—l. 

Accordingly vanishes only for between 2=0 

and 2=1; and thus 0^^, either steadily increases or steadily 
decreases from 2=0 to 2=^, and varies in the opposite sense 
from 2=J to 2=1. But 0.jp— 0 for 2=0, 2=1 ; and accordingly 
02;, cannot vanish for any value of 2 between 0 and 1. 

Consider next the function q>2p-^i > this is known to vanish for 
2=0, J, 1 ; and so 

= { 2 p+l) {^,„+ (- 


must vanish once at least between 2=0 and 2=^, and also once 
at least between 2=^ and 2=1. But since 02p steadily increases 
(or steadily decreases) from 2=0 to 2=J, it is clear that <I>2p+i 
can vanish once only in this interval ; similarly, it vanishes once 
only between 2=J and 2=1. Thus, finally, 02i)+i=O can haVe 
no roots between 2=0 and 2=1 except 2= J. 

Thus our conjecture is now proved to be true for But 

it is known to be true for m=2, and therefore it is true for 
w =3 ; hence also for m= 4 , 6, 6, ... , and so on generally. 
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102. Euler’s summation formula. 

We have seen in Ait. 101 that if x and n are positive integers, 


== ^ a:" + “ Bi*"-* ■ 


(n-l)(n-2)(n-3) 




21 4! 

this polynomial containing \{n+2) or ^ (n4-3) terms. 

It is obvious that when J{jc) is a polynomial in x, we can obtain 
the value of the sum ...+/(x) 


by the addition of suitable multij^les of the Bernoullian functions 
of proper degrees. But to obtain a compact formula, we shall 
utilise the Calculus ; and we observe that we can write the foregoing 
polynomial in the form 

Hence when f{x) is a polynomial, we have Euler's summation 
formula, 

/(l)+/(2)+...+/(a;) 

=\mix+mx)+yBj'{x)-l^j‘''{xn - . 

where there is no term on the right-hand side (in its final form) 
which is not divisible by x. 

However, the most interesting applications of this formula arise 
when /(x) is a rational algebraic fraction, or a transcendental 
function, and then of course the foregoing method of proof cannot 
be used; and the right-hand side becomes an infinite series 
which may not converge. 

We shall consider a number of special examples of this kind in 
Chapter XII. below. 

As a matter of symbolic transformation it is worth noting that if 
/(l)+/(2)+...+/(:r) = ^(a:), 
then F(x^^)-F{x)^f(x-¥\). 

Now assuming Taylor^s theorem to be valid for these functions, we have 

F(x + 1) = F(x) + F'(x) + g-, F’{x) + ... 

^e^F(x) 

symbolically, where D stands for d/dx. 
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Similarly, /(» + 1) = e»f(x). 

Henoe (e" - 1) T(x) = «"/(*). 

O' ^'(*)=e»*^l/(*) = (l + e«~I)/W• 

Now applying the expansion of Art. 100, we see that 
- 1 1 1 

e" D* 2* 2\^ 4!^ ■*■■■■’ 

which leads to the required result. 

Ex. 1. If yfr^ix) is the coefficient of t^ln \ in the expansion of +1)> 
prov^e that ir^(x) + +• 1) = 

and if a; is a positive integer, 

- V.„(0) + ( - irylr,,(x) = +3« - ... f ( - mx~l)\ 

Also >1^„(0) + ( - ly-^^l^ix) ^ 1« - 2" + 3" - ... + ( - iy-^x\ 
where ^n(*) ^ a?" - f n(^)* 

Ex. 2. As particular cases of Ex. 1, we hnd that 

i^i{x)-kx-^f kx{x - 1), 

V's W - kx^ - J-c* +- H » + i-f'- 

These give, when a: is a positive integer, 

1 - 2 + 3 - 4 + ... + (- lK-»a - -hx or H-i(a; + l). 

1 -2«+3*-42-h .. +( - l)'--4(a;^ + a;), 

1 „2=» + 3® - 43 + ... f ( - -(U-’ or + (^a:“ + - i), 

1-2*4 3* -4* 4 ... f ( - l)'-ix*--( - l)^-MAar* + x^ - A:?), 

and so on. In the hrst and third cases tlie alternatives are to be chosen 
according as x is even or odd. 


Ex. 3. It is easy to see that 
'^n(x) = l4n-M> 




V’.„-,(0)- -f:.„-,(i) = (- i)"R„^'"; \ 4,„(0) = 4.„(i)=o. 


From the foregoing equations and from those of Ex. 2 prove that 
\l'^{x) = Aa:® - 'Jx* 4 Jar* - i , y/^i,(x) = U* - ‘jfar* 4 ^x^ - 'Jx. 

Shew also that (a; - J) is a factor of the odd polynomials, and a: (a; - 1) of 
the even polynomials. 

Ex. 4. Shew that if /(x) is a polynomial in x, 

/(I) -/(2) v3) -/(4) 4 ... 4 ( - irvw 

= ( -ir‘(i/W + ^ s’! ' ^ •■•) + oonst. 


V. I.S. 
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103. Development of elliptic fcmction formnlaie from the 
algebraic side. 

The following account is merely the extension to double series 
of what was given in Art. 71*2 above for single series. 

We suppose a; to* be a complex -variable, w' to be two periods 
(whose ratio is not real) ; and for brevity we write 

fi=m£o+na)', 

where w, n are any two integers, positive or negative (zero included). 
We have seen (Art. 82) that the series 

converges absolutely and uniformly in any region from which the 
points 05= Q are excluded.* Thus FqW an analytic function in 
these regions. Also we have 

as the only change involved is to write (w— 1) in place of w. 
Similarly, Fo (» + «' ) = Fo (®) • 

Hence F^(x) is a doubly-periodic function with periods a>, 

Further, we can write 

+S^(a;_f2)s» 

where the accent implies the omission of the special term m=0, 
n=0. Also, if \x\ is less than X, the least value of |f2| (for any 
pair of integers m, n), we can write 


y'—J— _ 

^ (as-O)* 



J. ?? _L 



= — (c*a:+2c4X»+3aB®‘+ ...), 


where ei=32'fj4> ^4=52'^*, etc.- 


The reversal of the order of summation is justified by the principle of 
absolute convergence. Further, ^ jp* '•* another appli- 

cation of the same principle ; for this allows us to group together pairs 6f 
terms corresponding to equal and opposite values of m, n. The pairs of 
terms then cancel, and these sums are accordingly zero. 


* These points are supposed to be excluded by small oirolea of the type) | =5, 

where S ib fixed^ although it may be arbitrarily small. 
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Hence, if \x\ < X, we have 
1 

We now define a function F (x), such that 
r(x)=^-2F^{x), 

and to make the definition precise, we write 
This gives at once 

I V'/ ^ 

a;2 + 2-( fi*j' 

and, if |xl < X, F(x)= ^,+(^x*+C 4 !r*+CgX*+... . 

Thus F{x) is an even function and is anal 3 rtic in any region from 
which the points x=f2 are excluded. 

Since Fo {x+w)== Fq (x), 

we have J (a; + to) — F (a;) = const., 

and writing x== — la,, we see that the constant is zero, since F{x) 
is an even function of x. 


Thus F(a;+to)=F(a;), 

and similarly, ^(x+to')=-F(a;). 

That is, F(x) is a douhly-periodic function with periods o), to'. 
We now define a function 0{x), such that 

0'(x)^-F(x), 


more precisely { 



This gives at once the formulae 


and, if |z| < X, 

G(x)=\- - ... . 

X 


Thus G(x) is an odd function, and is analytic in the same region 
as F(x), Fo(x). 
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We now find that 


G {x +w)‘-G{x)== const. = say, 
but on writing x= — ^w, we only arrive at the formula 

because G{x) is an odd function.* 

Similarly, G{x+a)') — G(x) = r}'. 

where 2G{lu)') = fj\ 

Thus the function G{x) is not doubly -‘periodic. 

Finally, we define a function H{x) so that 
H'(x)IH(x)=G(x), 

or more precisely 
This gives at once 
and, if |aj| <X, 



Thus H{x) is an odd function of x ; and H{x) can be proved to 
be analytic for any value of x. This function vanishes for x—0, 
x=Q\ and H{x)lx~>'[ as 

H'(x+co) H'(x) _ 


Now 


so that 
Taking x=- 

Similarly, 


■i 


‘“n -ffw ( 

«), we find that 


= t]X+ const. 


H{x+(o ) __ __ ,,a+ju>) 
H{x) 

H(x+ (o') __ _ W(x-\ W) 
H(xf ~ 


Thics again, H{x) is not doubly -periodic. 


• The reader may find it of interest to see that the method used for the corre- 
sponding problem in Art. 71 *2 does not give tj =0 here. It requires some theorems 
from the general Theory of Functions to prove that ti cannot be zero ; but there 
is no reason to anticipate the identity G (Jw) —0. 
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We cannot obtain further results without making some appeal to 
Theory of Functions ; we shall content ourselves with the assump- 
tion that a doubly periodic function, such as F (x), satisfies a 
differential equation of the type 

where Aq, ^4 certain constants. 

Now, taking |a;| < A, we have 

dF 2 

—^=2Fo(x)=^^-2s^-4ctX^-6c^~... , 

BO that 16 c,+(4(^*-24c.)x*+... . 

It follows at once that, in the differential equation for F(x), we 
must have 

AQ=0f Ai=l. 

Now {F(x)y = ||+3c,+(3c,*+3c,)x*+... , 

so that 4F >- (^)* ==^®|*+28o,+(8c,*+36c.)x“+... . 

It follows now that 

^ 2 = 0 , 4Aj^ — 20c2. 

Thus we form 

4^”- 20c*F- (^)*=28c,+ (36ce— 1 ... . 

As the right-hand side must be a constant (in order to satisfy the 
general theorem quoted above), it follows that the constant is 28 C 4 , 
and that we have the identity 

3ce=C22. 

It is usual to write the differential equation for F(x) in Weier- 
strass’s form, 

ff,=20c,= 60^'^ , 

ff»=28c,=140^'^l, 


where 



310 COMPLEX SERIES AND FUNCTIONS [CH. 

and the identity takes the form 

Written in this form, the last identity seems very remarkable ; 
and the whole subject is full of equally striking relations. 

To complete the parallelism with Art. 71 '2, it may be worth while to 
indicate the results which could be derived for those funotidns on lines 
similar to the last. Using the notcUion of that article, we have 

This gives 

-,+c,+ e^» + c.*‘+...=^,+ ^^ -CeX-gC,®*- ...j , 

and the coefficients of Ifx* cancel. The following three terms yield the 
relations 

Co=(v/<o)*-2c,„ or Cg= J(7r/(D)*, 

Cj = Cg* - Tj Cj, C, = ^Cg* =s (it / 0))* , 

Cg = fj CgCg — eCg , ^4 ~ a “ riff (’’’ / ***) *• 

These values for Cg, c,, Cg agree with those calculated in Art, 71*2 from the 
series for log (sin x/x). 

The reader who is accustomed to the notation usually adopted in 
the theory of Weierstrass’s elliptic functions, will recognise that 
our functions F{x)y 0(x), H(x) are in reality the same as the 
P't (T-functions. The object of adopting this neutral notation 
here is to avoid any bias towards taking known eUiptic-function 
properties for granted. 

It will be noticed also that we have used w, w', i?, to denote 
twice their usual values ; so that w is here a period (not a AoJ/' period). 
The advantage of the usual notation does not show itself until a 
later stage ; and in our group of propositions, the present notation 
is really easier to work with. This remark seemed necessary in 
order to avoid confusion on reference to the standard text-books 
on elliptic functions. 

EXAMPLES. 

General Powers of Complex Numbers. 

1. If the numbers a, a; are both- comidex, shew that when the points a* 
are marked in Argand’s diagram, they lie on an equiangular spiral whose 
angle depends only on x and not on a. [Math, Trip, 1899.] 
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Examine the special cases when z is (1) real, (2) pure imagioary ; and in 
particular, if x b t and a is real, prove that if & = 

\h + l/h| =*^2{ooBh(41^) + COB 2 (logo)}], 
where is an arbitrary integer. 

2. If (o„) is a sequence of complex numbers, which converges to o as a 
limit, and if 6 is another complex number, shew that values of can be 
selected so as to form a convergent sequence, whose limit is one of the 
values of 

8* If a; is real, prove that any value of oscillates finitely both as x 
tends to 0 and to oo . 


4 . If IcosxIbI, where shew that sinh^/s irsin^; and that 

if we wnte ^ ^ ^ ^ ^ 

where d is real, then sin ^ ± sin*^. 


Binomial Series. 

6. A straight line can be drawn in the plane of the complex variable a;, 
so that the series 

, _,*(*-!) *(*-!)(*- 2) , 

1-X+-2J + — 

converges to 0 on one side of the line ; and the series diverges in the sense 
of Art. 75 on the other side of the line [Math, Trip, 1905.] 

6. Obtain from the binomial series, or otherwise, the equation 

(2 cos = cos + »/ooe(v-2)^+ -4)6?+ ... , 

where r is real and greater than - 1. What restrictionB are required as to 
the value of ^ T 

Shew that the equation ceases to be true for 6 =7r, and explain why. 


7. Find the sum of 

1 + gCOS^ + ^-^0082^ + 1^^^008 3^ + ... 

and of I sin ^ + ^sin 2^ + i^-|^Bin 36? + ... . 

[Apply Art. 96, putting v = - ar = - c‘®.] 


8. If m is positive, shew that 


2^ 008(JwMr) == 1 


m(m-l) m{m - l)(m - 2)(m - 3) 

fi 


and state the special form of the result when m =1/10. 
[Take x = i in the expansion of (1 + x)*”.] 
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9. If t = ooiiO + f- Bin 0 and 0 < r < 1, show that 

2^ d0^1 + + r«w*« + r®na* + . .. 

and ^ f (1 + r/)’'(l - r//)”d^ = 1 - r*n.,® -f r*n 2 * - r*W8* + , 

^TT /o 

where n^, Wj, n,, ... are the coefficients in the binomial series. 

Deduce from Abel’s theorem that, if n > 0, 

1 * V* .-=|'C(i ^ • 

!-»,* + n,* - ... = ~ cos ( JnTT) j (sin 0)” dO = 

[Note that the argument of (1 ~ r* + 2tr sin (9)^ approaches the limit + Jwtt 
( as r->l) when sin 6^ is positive, and -^nir when sin ^ is negative. The 
first summation is valid if n > - J, and the second if n > - 1 ; but the proofs 
become rather more difficult when n is negative.] 


Exponential Series. 

10. Determine the expansion of e~’^‘‘”*®coB(a?Bin in powers of and 

deduce that , 

I ■ ~ 2 ~ J ^ ^ 

[Put xe for X in the exponential series. ] 

11, Shew that (compare Ex. 10) 

€"' cos hr = v - - i — - a'*- *6* + J} ' - . . . U 

Tn \ \ 2 ' 4 ’ I 

where there are J (w + 1 ) or J (w + 2) terms in the brackets. 

Determine a similar series for c™^ sin bx. 


12. If x = y»^f{\ + ax)f shew that Lagrange’s series for one root is 
* isn 1 1 • 3 ... (2w - 3)/a\*” 

® = y + 4<iy* + i(-ir-‘-2.4...2n W ^ ’ 

and that the series converges if |a^| < 2. 


[Math. Trip. 1902.] 


13. Shew that if |^| < 1/c, 

cos ^ = 1 - ^ sin 6^ + 0* cos 2$ + 6/® sin 3<? - |-| 6^ cos 46? - . . . , 

sin 6~ ^cos6?+ ^-,(9* sin 26?-|j6?*cos36?-^,^Bin4^+ ... . 

[Math. Trip. 1891.] 

[Write a~b^L in the formula of Ex. 4, Art. 66- 1. The introduction of 
complex numbers in the place of real ones may be justified by an argument 
of the same type as that used in Art. 05.] 
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Products and Allied Series, 

14. Shew that the product 

n{(l -xin)) 

1 

converges absolutely except when a; is a positive integer. 

[If the general term is 1 - lim(n*a^) = Ja;*.] 

15. Evaluate a:*Il(l + ar*/a^) and 

1 ] 

[Olaisher, Proc. Lond. Math. 8oc. (1), vol. 7, p. 23.] 

16. From Ex, 12, Ch. IX., find the values of 

[Math, Trip. 1902.] 

17. Prove that ^ H ( 1 - * ) 

1-c \ lognC/’ 

where log„ c = log c + 2 n 7 rt, 

any determination of logc being taken. [Hardy.] 

18. Shew that " [Gkam.] 

2 w® + 1 3 ^ ■* 

[If < = J( - 1 + 1 ^3), so that = 1, we have, as in Ex. 11, Oh, VI., 

® 7i® - X® _ r(i + x) r(i + tx) r(i + t^x) 

I n^ + x^ r'(i -i)r(l -te)r(r^a:)’ 

Thus 1 ^ ~ x^ (]+a?)l(l+ tx) [’(I + t^x) 

1 + x® 2 w® + a;® “ 1 (2 - ar) rCl - tx) l’(l - t^x) 

Now write x ~ 1 , and observe that 

r(i - <) r(i - <*) = r(2 + <*) r(2 + /> = (i + <)(i .+ (*) r(i -t o r(i + «*) 

-r(i + <)r(i + (•).] 

19. Shew that 

Y _ 1_ Miih(j*y/2) + 8in(7ra:v/2) 

" n* + a:* x*.J2 oosh()rarV2) - oos(7riv'2) ' 

[Mcah. Trip. 1888.] 

[We have / ^ = 2: — - -V 

w* + a:* ^ 4x® \n + tx nr 

where -1. 

Thus, as in Ex. 18, Ch. IX., the given sum is 
xgoot(wte), 

and this gives the required result.] 

20. Apply a method similar to Ex. 19 to find 

1 
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SL Shew that 


4?i* - 1 i.^rx/3 ^ e iTs/S 

16n‘ + 4n» + l~"^'^®^ 4 “®*‘ 2 


[Ifolh. !Prip. 1898.] 

J_+ i L.) 

' + 1 2 \2n - CO 2n + (o 2n - <o* 2n + o>*/ ’ 


™ ^ l-4n* _1/ 1 1.1 1 \ 

LWenave 4 ^ 1 “2 \^2n - w 2» + (o 2n - a,* 2n + o>V’ 

where tu = ( ( - 1 + 1 ^/3). Thus the given Beries is 

- i7r{ooseo(i7r(t>) H- ooseo (^n-iD*)}, 
which can be reduced to the form given.] 

28.. Prove that 

y 1 ^ V Binh(27ry) 

.^(n + «)* + 2/* 1 / coflh(2iry) -C08(27ra;)‘ 

Deduce that the least value of when y is fixed and 

S {(F+*)‘ +F)*/-^ W+xy'+W*’ 

is given by cob ^ = 27ry/8inh(27ry). Trip. 1892.] 

(n + a;)* + y* ^ ^ {n + (a: - ty) ” n + (x + ly)} ’ 


and BO the sum is 
88. Shew that 


{cot 7r(a; - ly) - cot tt (a; + ty)}.] 


arc tan^ + r {arc tan^--) - |} = «c tan {~Q } . 

are tan| + |'( - 1)» {aro tan - 1} = are tan 

In particular we find with y=x, 

* . /2a:*\ TT . /tanh(7ra:)\ 

2aretan(-~. )= j - are tan 


2 ( - l)"^^arc tan 


/2a;*\ TT . f8inh(jra;)] 
( - — ) = - + arc tan \ --r — r 

\n*/ 4 I Bm(va;) j 


[Wehave log8in(irie) = log(ira:) + i'jlog^l + ^) -5| 

and log tan(j7r*) ^ log(Jirz) + £'( - 1)" {log s) ~ l} ‘ 

In each of these, change x to a; + «y, and equate the imaginary parts on 
the two sides.] 

84. Shew that 

aro tan — aro tan - +aro tan=x^^— = - ... = arc tan / i . 

[Maih. Trip. 1891.] 

[It is easy to prove that 
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and it follows that the given series is equal to 

are tan „ ^ + Z'( - 1)” ( arc tanf \ 1 » 

2 + y 'I \4n + 2 + yJ 4nJ * 

where y = x»JZ, Applying the result of Ex. 23» we find the formula given.] 

26. The points P, Q have coordinates (p, g), ( - p, q) respectively ; N is 
the point with coordinates (na, 0). Shew that if 

0=^PNQ, 

then tan}^ = tan(7rp/a)coth(7rg/a). [MaXk, Trip, 1894.] 

[If we write p + = a?, - p + ig = y, it will be found that 

id = log sin (vxla) - log sin {Try fa),] 

26. Verify that, if a; is a positive integer, 

(a + + (a + 26)"“^ + ... + (a + xh)^^ 

= {{a + a:6 + Bb)^ - (a + Bb)^}lnh, 

where we are to put B^^^^Bg, B^^ =0 after expansion. [Math. Trip. 1897.] 
[Compare Art. 107.] 

27, Shew that 


and that 


, X _BiX* B^x* B^x* ^ 

“’*2^(ia;)'' 2 21 4 f! 6 


oi- ^1- X 1 cosh a: -cos a: ^0-., \ Pn a?*** 

28. Shew that log = " 22^* cos(i7t7r) • 

[Maih. Trip. 1890 ] 

28. Assuming Stirling’s formula (Art. 179), shew that 
P„^4V(7rn)(n/7r€)*~, 

when n is large. 

Prove also that *®n/^n-i ~ 

[Compare Art. 106, below,] 


Applications of Art. 88. 

80. If /(a;)=l + v®+v(v-l)^ + v(v-l)(v-2)~ + ... , 
it is easily verified that, with the notation of Art. 88, 

/i(«)-»'[l + (*'-!)» + (»' - 1)(»'-2)|^+ ...J*v/(ar)/(l + a:), 

/,(*) = V(.' - l)[l + (v - 2)* + (f - 2)(i- - 3) ^ + ...] = I-(|' - l)/(x)/(l + *)•, 



316 


COMPLEX SERIES AND FUNCTIONS [CH. XI.] 


and 00 on. Thus, wo obtain tbo transformation 


(iTi)* 


2! 


or /(*,)=/(*)/(^)- 

The two series on the right-hand are both convergent if |ir| < 1 and 
\xi~-x\< |1 and the latter condition is satisfied for some points x-^ 
which are outside the circle |xi| = 1 ; we have thus obtained a continuation 
of the binomial series. Repeating the process, we obtain 




where we assume that the broken line from x to is drawn so that 
|«r+l -«r| < I 1 + «r| C*' = 0, 1, ... , W - 1). 

For example, by taking 


l-f-x=rl, l-fa?! 


1 + 1 


1 + Xj = i\ 


1 


+ a;8 = 


- 1+1 
“^2 ’ 


1 + X 4 — - 1 , 


we find 

= Lli _ 1 

i+Xr n/2 ~ ’ 1 1 + 

* = 2-v'2<l. 

BO that 

/ = e ■ ^^*■[008 (Jair) + i 8m (iair)], 

where 

1/ = OL + ip. 



Thus we are led to /( - 2) = e ’ [cos(DL7r) + % sin (air)]. 

But it should be noticed that if we take a broken line passing hdow the 
real axis, we find /(- 2) = e^’^[cos(oL7r) - isin(oL7r)]; we thus obtain two 
different values for /( - 2) by approaching - 2 along different paths. This 
indicates (what we know to be the case) that /(x) is many- valued unless 
j8 = 0 and a is an integer. 


31. A method similar to the last example can be applied to 


<^(x) = x-ix“+ Jx®- Jx*+ ... , 

for which we find 

<^ 4 (x) = (l+x)-S <t>,{x)=-(l+xr\ (^,(x)-(2!)(l+x)-», 
and 80 <l>(xi) = <j>{x) + <l>(^^^y 


Using the same points x, x^, x,, Xs, X 4 , as in the last example, we get 
</>(- 2) = iV. And with a broken line passing below the real axis, we get 
<^(-2)= -iV. 



CHAPTER XII. 

ASYMPTOTIC SERIES AND TRIGONOMETRICAL SERIES, 

104. Historical remarks on the use of non-convergent 
series.* 

Before the methods of Analysis had been put on a sure footing, 
and in particular before the theory of convergence had been de- 
veloped by Abel and Cauchy, mathematicians had little hesitation 
in using non-convergent series in both theoretical and numerical 
investigations. 

In numerical work, however, they naturally used only series 
which are now called asymptotic ; in such series the terms begin to 
decrease, and reach a minimum, afterwards increasing. If we take 
the sum to a stage at which the terms are sufficiently small, we may 
hope to obtain an approximation with a degree of accuracy repre- 
sented by the last term retained ; and it can, be proved that this is 
the case with many series which are convenient for numerical 
calculations (see Art. 106 for examples). 

An important class of such series consists of the series used by 
astronomers to calculate the planetary positions : it has been 
proved by Poincar^t that these series do not converge, but yet the 
results of the calculations are confirmed by observation. The ex- 
planation of this fact may be inferred from Poincare’s theory of 
asymptptic series (Art. 113). 

But mathematicians have often been led to employ series of a 

* The majority of writers on these series use the word divergent as including 
oscillatory series ; we shall, however, except in quotations, adopt the same dis- 
tinction as in the previous part of the book. 

t Acta Mathematica, vol. l.S, 1890 ; in particular § 13. 
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different character, in which the terms never decrease, and may 
increase to infinity. Typical examples of such series are : 

( 1 ) 1 - 1 + 1 - 1 + 1-1 + ... ; 

(2) 1^2+3-4-f5-6+...; 

(3) 1-2+2*-2®+2*-25+... ; 

(4) 1_2 1+31-4 1+6 !-61 + .... 

Euler considered the ‘"sum” of a non-convergent series as the 
finite numerical value of the arithmetical expression from the 
expansion of which the series was derived. Thus he defined 
the “sums” of the series (l)-(3) as follows : 

(^)=r+i“2’ 

and his discussion of the series (4) will be found at the end of 
Art. 105. 

In principle, Euler’s definition depends on the inversion of two 
limits, which, taken in one order, give a definite value, and taken 
in the reverse order give a non^convergent series. Thus series (1) is 
lim 1— limaj+lima;*— lim»®+... 
as X tends to 1 ; Euler’s definition replaces this by 
lim (1— a;+ 2 C*— a^+...). 

So, generally, if 2/„(c) is not convergent, Euler would define the 
“ sum ” as lim 2/n(«), when this limit is definite. 

x-^c 

A very natural method for the numerical evaluation of non-oonvergent 
series is given by Euler’s transformation (Art. 24) ; as an illustration we take 
the series used by Euler ; 

(5) logio2 - log,o3 +logio4 - . 

Starting at logulO, the differences are given in the table below (to the 
third order) : 


logiolO 

= 1 0000000 






-413927 



11 

1 0413927 


-36042 




-377886 


-6779 

12 

1 0791812 


-30263 




-347622 


-4487 

13 

M139434 


-26776 




-321846 


-3663 

14 

M461280 


-22213 




-299633 


-2867 

16 

M760013 


-19346 




-280287 



16 

1-2041200 
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The next thiee differenoes (at t^e top> are -1292, -368, -140, as the 
reader oan verify without much trouble. 

Thus the “ sum from log^lO onwards is found to be 
•5000000 -{J (0413927) +^(0036042) 

+3^(0006779) +g».y(-0001292) 

+ fli4( 0000368) ( 0000140)} 

= •6000000 -(0108396). 

The sum of the first eight terms in the series is found to be (taking the terms 
in pairs) 

- 1760913 - 0969100 - 0669467 - 0611626 
= - -3911006. 

Combining these two results, the sum of the whole series appears to be 
•1088996 - 0108396 

= ‘098060 to six plaoeB of decimals. 

This agrees with the evaluation given in Ex. 44, Ch. X. 

The reader will find no difficulty in carrying out similar calculations for 
series (1), (2), (3) ; and the results agree with those quoted above. 

Euler also attempted to evaluate (4) in this way ; his result was -4008... , 
agreeing to two places of decimals with those of Arts. 106, 109. But it is 
hard to feel convinced of the accuracy of the method here (since the corre- 
sponding power-series cannot converge). 

To Euler’s definition an objection was raised by Callet that the 
series (1) can also be obtained by writing x=l in the series 

whereas the left-hand side then becomes f instead of J . 

This objection of Callet’s was met by a remark of Lagrange’s, 
who suggested that the series (6) should be written as 
l+0--a?*+»®+0— a;^+a5®+0— , 
and that then the derived series would be 

1+0-1 +1+0- 1+1+0-1 + ... . 

The last series gives the sums to 1, 2, 3, 4, 5, 6, ... terms as 1, 1, 
0, 1, 1, 0, ... ; so that the average sum * is which is the value 

* This remark of Lagrange’s has been put on a more satisfactory basis by the 
theorem of Frobenius {CreUes Journal jUr Math., vol 80, 1880, p. 262), which 
was given in Art. 61, Ex. 2, above ; namely, that 

Hm (2a„!r") = lim 

ar— *■! 

In applying the theorem to the special series above we noto that the sum 
•o + «i + — +«« = (w^+ l)-h, where k is the integral part of |(n + 1) ; thus 
lim(ao+ai+ ... +s„)/(n + l) = l - lim !:/(» + 1)=|. 
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given by the left-hand side of (6). In the original series (1), the 
sums are 1, 0, 1,0, 1, 0, ... , of which the average is J, agreeing with 
Euler’s sum. 

Having regard to the fact that Euler and other mathematicians 
made numerous discoveries by using series which do not converge, 
we may agree with Borel in the statement that the older mathe- 
maticians had suflSciently good experimental evidence that the use 
of such series as if they were convergent led to correct tesults * in 
the majority of cases when they presented themselves naturally, 

A simple example of the use of a non* convergent series to obtain a correct 
result is afforded by a passage in Fourier’s Theorie Analytique de la Chaleur 
(Oeuvres, 1. 1, p. 206). Fourier is obtaining wbat we should now call a Fourier 

sine-series for the function f(x) = Z. and he finds that the coefficient 
j. . . 2 sinh TT 

of smna; IS 

^ ^ \n "V ^ ^ l + n* 

[Compare Ex. B, 13 below.] 

Thus the coefficient of sin x appears as 1 - 1 + 1 - 1 -t- , and may therefore 

be expected to be J, if we adopt Euler’s principle. 

As a matter of fact this is correct, since 

j " sinh X sin xdx-\ (cosh x sin x sinh x cos x), 

2 f ^ 

so that / f(x)^m.xdx—^. 

TT J Q 

[Compare scries (4*2) of Art. 124 below. J 

Abel and Cauchy, however, pointed out that the ase of non- 
ebnvergent series had sometimes led to gross errors ; and, in their 
anxiety to place mathematical' analysis on the firmest foundations, 
they felt obliged to banish non-convergent series from their work. 
But this was not done w'ithout hesitation ; thus Abel writes to his 
former teacher HolmboLi in 1826 {Oeuwes d^Abel, 2me. ed. t. 2, 
p. 256) : “ Les series divergentes sont, en general, quelque chose 
de bien fatal, et e’est une honte qu’on ose y fonder aucune demon- 
stration ... la partie la plus essentielle des Mathematiques est sans 
fondement. Pour la plus grande partie, les r(3sultats sont justes, il 
est vrai, mais e’est 1& une chose bien etrange. Je m'occupe k en 
chercher la raison, probleme tres interessant.” 

Borel, Lemons sur les Siries Divergences, p. 9 ; the sketch given above is taken, 
with a few additions, from pp. 1-10 of this book. 
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And Cauchy, in the preface of his Analyse Alg^briqm (1821), 
writes : “ J*ai forc^ d’admettre diverses propositions qui 
paraitront peut-Stre un peu dures : par exemple, qu’ime s^rie 
divergente n’a pas de somme.” ♦ 

Cauchy established the asymptotic property of Stirling’s series 
(see Art. 108 below), by means of a method which can be applied 
to a large class of power-series. But the possibility of obtaining 
other usefill asymptotic series was generally overlooked by later 
analysts ; and after the time of Cauchy, workers in the regions of 
analysis for the most part abandoned all attempts at utilising non- 
convergent series. In England, however, Stokes published three 
remarkable papers f (dated 1850, 1857, 1868), in which Cauchy’s 
method for dealing with Stirling’s series was applied to a number 
of other problems, such as the calculation of Bessel’s functions for 
large values of the variable. 

But no general theory of non-convergent series was forthcoming 
until 1886, when papers discussing the subject were written by 
Stieltjes J and Pomcar6.§ Since that time many researches have 
been published on the theory. 

In the following articles we shall confine our exposition to the 
more important examples of asymptotic series, which have been 
found of importance in calculation — both for Pure and Applied 
Mathematics. 

105. General considerations on non-convergent series. 

In view of the results obtained in the past by the use of non- 
convergent series, it seems probable that we can attach a perfectly 
precise meaning to a non-convergent series, so that such series may 
be used for purposes of formal calculation, under proper restrictions. 
Thus we attempt to formulate rules which enable us, given a series 

Wo+Wi+^+ — 

* Of course no one would now regard Cauchy’s ststemenfc as unusual, in the 
sense in which he made it 

t See the references of Arts. 113, 116-118 below. 

{ Annales de VEtcoU Normals Supirieure (3), t. 3, p. 201 ; we do not propose to 
set forth the theory of Stieltjes here. The reader may consult Van Vieck’s book 
for a full account of this theory. 

^Acta Mathematica, t. 8, p. 295 (for Poincare’s theory see Art. 113 below). 

B.I.8. X 



322 NON-CONVERGENT SERIES [OH. xn. 

(convergent or not), to associate with it a number, which is a per- 
fectly definite function of Uq, ... , and which we call the 

‘‘sxim’' of the series. It is of course obvious that the definition 
chosen is to a large extent arbitrary ; but it should be such that 
the resulting laws of calculation agree, as far as possible, with those 
of convergent series. 

Of course it is evident that the “ sum associated with a non- 
convergent series is not to be confounded with the sum of a con- 
vergent series (in the sense of Art. 6) ; but it will avoid confusion 
if the definition is such that the same operation, when applied to a 
convergent series, yields the sum in the ordinary sense. 

It ought to be pointed out that Euler, at any rate, was perfectly aware 
of the distinction between his sum ” of a non-convergent series and the sum 
of a convergent series. Thus he says (§§ 108-111 of the InatiL Calc. Diff,, 
1755) that the series . . 

1-2 + 2»- 2* -1-2*- =_-. = i 

^ 1+2 3 

obviously cannot have the sum in the ordinary sense, since the sum of n 
terms is J {1 - ( - 2)**}, and the larger n is, the more does differ from J . 
/ Jid he adds, after referring to various difficulties, that contradictions can be 
avoided by attributing a somewhat different meaning to the word sum, ‘^Let 
us say, therefore, that the sum of any infinite series is the finite expression, by 
the expansion of which the series is generated. In this sense the sum of the 

infinite series l-a; + aj*-ar®-^ ... will be . ^ — , because the series arises from 

1 +x 

the expansion of the fraction, whatever number is put in place of x. If this 
is agreed, the new definition of the word sum coincides with the ordinary 
meaning when a series converges ; and since divergent series have no sum, 
in the proper sense of the word, no inconvenience can arise from this new 
terminology. Finally, by means of this definition, we can preserve the utility 
of divergent series and defend their use from all objections.*’ 

In writing to N. Bernoulli (L. EtUeri Opera Posihuma, 1. 1, p. 536), Euler 
adds that he had had grave doubts as to the use of divergent series, but that 
he had never been led into error by using his definition of “sum.” To this 
Bernoulli replies that the same series might arise from the expansion of more 
than one expression, and that if so, the “sum” would not be definite; to 
which Euler rejoins that he does not believe that any example of this could 
be given. However, Pringsheim (Encyldopadie, Bd. I., A. 3, 39) has given 
a number of examples to shew that Euler fell into error here ; but in practice 
Euler used his definition almost exclusively in the form 

Vw„ = lim(}i:u„«"), 

and if restricted to this case, Euler's statement is correct. 
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It will be seen from those passages that Euler had views which do not 
differ greatly, at bottom, from those held by modem workers on this subject ; 
although of course his attempted definition loaves something to be desired, 
in the light of modem analysis. 


It is to be carefully borne in mind that the legitimate use 
of non-convergent series is always symbolic ; the operations being 
merely convenient abbreviations of more complicated transforma- 
tions in the background. Naturally this “ shorthand representa- 
tion’' does not enable us to avoid the labour of justifying the 
various steps employed ; but when general rules have been laid 
down and firmly established we may apply them with confidence 
in any particular case. 

It may very likely be urged that we might just as well write the 
work in full, and so avoid all risk of misinterpretation. Rut ex- 
perience shews that the use of the series frequently suggests suitable 
transformations which otherwise might never be thought of. 


An example of this may be .taken from Euler’s correspondence witli 
Nicholas Bernoulli {L. Euler i Opera Poslhumaf t. 1, p. 547) ; where the real 
object of Euler’s work is to shew how to attach a definite meaning to the 
series (4) of Art. 104. 

lie proves first that the series 

a:-(l!).i;* + (2!).T»-(3!)a;*-t- ... 
satisfies formally the differential equation 




from which he obtains the integral 



•'0 

Or, if 

1 

?■ ” 


€ 

we find 



11 

e' 

$ 


.dt, 


in agreement with the result found in Art. 109 (2) below. 

On the other hand, by using the rules which he had obtamed for the 
transformation of convergent series into continued fractions, Euler gets 
X X a; 2j; 2a; 3a: 3a; 

1+ 1+ 1+ 1+ 1+ 1 + iT ■' ’ 


and it has since been proved by Laguerre • and Stieltjes that wo have actually 
j' ' xt ' X X X *2x 2x 

Jq l+a;r~l + 1+ 1+ 1+ 1 + 


* Bulletin de la Sociiti Math, de France, t. 7, 1879, p. 72. 
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Now this relation does not suggest itself at all naturally without the use 
of the series ; and, as already remarked, it is evident that Euler’s work was 
entirely guided by the aim of evaluating the series (4). 

Writing x-1, Euler' obtains from the continued fraction the convetgents 

1 ^ 1 .j ^ Til ^ ^ :i 4 ^ r ^ “2 » 

and by using the 13th and 14th of these, he infers the numerical 
value 0*6963... . 

Ho then subtracts this decimal from 1 and infers that the value of the 
series (4) is 0*4036, .. (comi)are Art. 109 below). 


ASYMPTOTIC SERIES. 


106. Euler’s use of as 3 anptotic series. 

One of the earliest and most inatructive examples of the appli- 
cation of non-convergent series was given by Euler in applying 
his formula of summation (Art. 102) to calculate certain finite 
sums.* 

Thus, taking /(j5)=1/x, x=n, Euler finds 




-l-...-f"=logn+ 


[ _ I -^2 _ 

2n 4.n* 


+ . . . +const. 


Now this series, if continued to infinity, does not converge, 
because we have (Art. 99) 

S ^ 

Br ^2r( 2r~l ) 7r‘ 

Br^j y 1 

but, if r>3, (see Art. 7), and 2 1, 


so that 


. 15(r-l)^ 

2rn‘'V 2(r-l)n^^-'‘' ’ 


hence the terms in the series steadily increase in numerical value 
after a certain value of r (depending on n and roughly equal to the 
integer next greater than 1 +mr). It does not appear whether Euler 
realised that the series could never converge ; but he was certainly 
aware of the fact that it does not converge for w=l. He employed 


Irut, Calc, Diff,, 1765 (Pa|» Posterior), cap. vi. 
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the series for n -10 to calculate tlic constant {Euler's conslant,* 
Art. 11), 0=:=0*5772156649016328(6060)... , 

which he regarded as the “ sum ” of the series 

1 , 1 ■®3_ 

2"^ 2 4 6 

The reason why this series can be used, although not convergent, 
is that the error in the value obtained by stopping at any particular 
stage in the series, is less than the next term in the series. The truth 
of this statement follows at once from the general theorem proved 
below (see Art. 107) by observing that (a;) is always positive. 

To illustrate this point, consider the sums of the last series, and we find 
successively 

S, ^ -6833, Rt^ - 0061 , «, = - -0083, 

S, = -6760, /e, = 4^ -0022, = + •0040, 

St ^ '6790, if, ^ - -0018, % = - -0042, 

S, -5748, = + '0024, + 0076, 

S,= l>824, iJ,---0052, 

after which the terms steadily increase in numerical value. Thus, from this 
series we cannot obtain a closer approximation tlmn 8i, which corresponds 
to stopping at the numerically least term u, . 

This fact enables us to see at once that all of Euler’s results are 
correct, after making a few unimportant changes. 

We quote a few of Euler’s results for verification : 

Ex. 1. 1+1 + ...+^ =-7-48547, if» = 1000, 

A Vb 

- 14-3927.3, if w =- lOOOOOO. 

Euler gives the values to 13 decimals. 


K. 2. Shew that 

’ + 3 + 5 + ••• + 2»A i = 2 “ '■ 




and that 

,111 1 
^ 2 "^3 4'^''^2n-l 


=lov2- ^ + 

2% “ An 8n» 


(iy-l)B. , 

64n* 


* The four additional figures in brackets were found by Gauss. By writing 
V —500 and 1000 in the series, J. C. Adams has calculated C to 200 places {Proc. 
Roy. Soc.y vol. 27, 1878 ; and Math. Papersy vol. I, p 459). This retpiires a know- 
ledge of Biy ^ 2 * ••• > which had been tabulated by Adams previously {Math. 
Papers, vol. 1, pp. 463, 455). 
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Ex. ?J. P*y takinji n - rt in .second formula of Ifix. 2, we find that 
log 2 ( 1 - ^ ^ ^ -f ... - -jlf) I ^ i ^ y j , 

with an error loss than J x 10^« (the next term in the series). This gives 
•6460349 + *06 - 0025 + 0000126 < 00000026 = '693147, 

wliicli is correct to six places of decimals. By taking more terms we can 
easily calculate the value of log 2 to ten places. 

Ex. 4. Find a formula for 

— 4 ^ 4-—- ^ 

a 4- 6 2a 4- 6 3a 4- 6 ^ ^ rw 4 - 6 

similar to Euler’s formula. 


Ex. 5. Taking f{x) = 1/a:*, prove similarly that 

11. 1 . 1 1 J9. 

n® (n4-l)* (714 2)®'*^"* n^27i®^n® ^ n’ 

Hence we find 4 - j — to 00 = 1061663357, 

and we deduce that ^- = 1 ‘6449340668. 

6 

Ex. 6. Shew similarly that 

1 + g, + ^^5 +*,+ ... = 1 -2020569032. 

Euler obtained in this manner the numerical values of ^l/n** from r = 2 to 
16, each calculated to 18 decimals {l.c. p. 466) ; Stieltjes has carried on the 
calculations to 32 decimals from r — 2 to 70 (i4cto Math,, vol. 10, p. 299). 
The values to 10 decimals (for r-2 to 9) are quok*d in Chrystal’s Algebra, 
vol. 2, p. 367, 


Ex. 7. If f{x) = 1/(Z* 4 - aj*), prove that 

.-1 +..J_+ +_J_ 

l* + l Z* + 2*^ J* + n* 

1/1 In tt sin* 6^ sin 26^ B,Bin®^Bin4^ 

'Zr2 V ’■2U*‘"Z® + n*y(‘^ l(V" -l) ~2 Z» 

whore tan ti = Ijn ; the constant is determined by allowing ri to tend to 00 
and using the series found at the end of Art. 99. 


Ex. 8. In particular, by writing Z = n (in Ex. 7), we find 

. / 1 i 1 \ 1 477 

\ w® 4- 2® ■*" • * * "^ n* 4 - n* j n " e-'"" -i 

, ^*4. 4- 

1 . w® “ 3 . 2® . 6.2*. 7i>« 7 . 2* . ??> 

By writing 71 - 5, Euler calculates the value of tt to 16 decimals. 
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107. The remainder in Euler’s formula. 

We have seen (Art. 101) that the Bernoullian polynomials 
satisfy the following relations : 

(0 = 2m0am-i (0 (»» > 1 ), 

and, further, that is zero both for t=0 and ^=1. 

It follows that 

^ (0 (O02n(O ^ 

= — f F'{t) dt, 

Jo 

Similarly, 

^■'(0 *=-(2n-l)|V„.,(<)+(-l)»-»5„-,} F{t) dt. 
Combining these two results, we see that 

^^"^•1(0 ^ ( 0 di— 2 n( 2 n l)J^<;&2n-2(0 -^( 0 ^ 

=2n(2n-l)(-l)’»J5„^ifV(0*. 

Jo 

Thus, if we write 

)]0*« (<)/*" 

we have the result 

This relation holds for values of n > 1 ; to complete the sequence, 
conEdder the integral fi 

=ify-t)/''(x+t)dt. 

Transforming by a similar process, we get 
Jo 

= -[(<-i)/(®+o£+ £/(»+<)*• 

Thus we find 

i{f(x+l)+/(x)}=j^/(x+t) it-Zi=£ /(i)d^-Xj, 
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and from the general formula we have 

-X,+X,=-^{f" (x+1) (X)}, etc. 

That is, we have successively 

-^{r{x+l)-r'{x)]-X„ etc. 

If we now write x=a, a-j-1, ... , 6—1, where 6— a is any positive 
integer, and add the results, we obtain Euler's sumimition formula 
(as in Art. 102), but with a remainder term. Thus 

/(^) +y + 1 ) + . . . +/(6) =|^/(^) d^+\ {/(a) +/ (6) } 

-®n> 

where 

It is to be noticed also that 
K-Rn^xH - 1 )" 

which gives the next term in Euler’s summation formula. 

Now it has been proved (Art. 101) that the Bernoullian poly- 
nomials ^ 2 n (0 02 n+ 2 (O constant sign, but their 

signs are opposite. Thus, if we assume that the signs of /®”(»), 
f 2 n+ 2 ^^^ are the same and that their common sign remains constant for 
all values of x from a tab, the integrals 2?„ have opposite signs. 

Hence |fi„| < 

Thus the error involved in omitting from Euler's summation 
formula is numerically less than the next term, and has the same sign ; 
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that is, the series so obtained has the same property as a convergent 
series of decreasing terms which have alternate signs. Theoretic 
cally, however, the convergent series can be pushed to an arbilrary 
degree of approximation, while an asymptotic series cannot ; but 
in practice it often happens that an asymptotic series gives a better 
approximation for numerical work than a convergent series, as in 

Exs. 3, 5, 6 of the last article. 

• 

108. Application of Euler’s formula to Stirling’s series. 

Taking /(x)— log a; in the general formula, we find that 

log (w!)=j“log a: dx+l log ^5 

where the error at each stage is numerically less than the next 
term, because/^" (a;) is negative (for all positive values of x). 

This gives, on integration, 

log (n!)=C,+(w+|) log n-n+j ^‘2 ^“ 3^4 • 

To find the constant we use Wallis’s formula (Art. 70), 
which gives 

*7r_2244 ^ (2«nl)* 

2 “ r 3 ■ 3 ■ 5 " * „ (2n!)*(2re+r) ‘ 

Thus log (Itt) ~ lim {4wlog2+4 log (w!)— 21og{(2n)!}— log( 2 w)}. 

V — ► «o 

Now our general formula gives 

2 log (w!)— log {( 2 n)!}=C'i+( 2 n+l) logn— 2 w 

— ( 2 «+J) log ( 2 w)+ 2 m+o(i) 

=Ci+J log »-( 2 w+J) log 2 + 00 . 

Hence 

log (i 7 r)= lim {4w log 2+2Ci+log w— (4n+l) log 2— log (2n)} 
= 2 Ci- 21 og 2 . 

Thus* Ci=Jlog(2x). 

* Thifl value follows from Art. 179 in Appendix 111. The reader may be warned 
against attempting to deduce Wallises product from Stirling’s formula; this 
would be an illustration of the old fallacy ignotum per ignotiua. 
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Hence we Jiav(s Stirling’s series 

log (n !) = (n+ J) log w- w-H J log( 2 ir)+-j— ^ - - 3 ^ + - 

in which, bo far, n denotes a positive integer. 

To obtain the series for log {F (! + »)}, we use the product- 
formula of Art. 42. Applying Euler's summation-formula from 
a 5 to ic-f n, we have 

f x+n , 

log 1 {log a;+ log(a;+n)} 

— 4.-:®* +Or-V 

Thus, subtracting this from Stirling’s formula for log(n!), we find 
-l«g{(l+*)(l+?).. (l+ 3 )— 

+ilogx+ilog( 2 Tr) 

The difference of the two integrals in the last formula is equal to 
^ log^rff=(a;loga;-a;)-xlogn-£ log 

putting $=n+ti, 

==(xlogx— a:) — xlogn - ... Q) • 

Thus we find that 

xlogn- log|(l+?) (l+|)...(l+?)| 

=(x+i)logx-x+Jlog(2ir)+j-L-3-^ + ...+0(^) • 

Now, when n-^co , the left-hand side tends to log{r(l+a;)} by 
Art. 42, and so we have the result 

log{r(l+x)}=±(x+i)logx- x+Jlog( 2 x)+j^-- 3 -^*^+... , 

which, as might perhaps have been anticipated, is of exactly the 
same form as the series originally found for log(w!). An inde- 
pendent discussion of this result will be found in Art, 111 below. 
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It is often iisefiil to have a slightly modified form of the result 
whicli can be used when x is of the form 


x=:m+p, 

where m is large (not necessarily an integer), and p may also be 
large, but is small compared with m. 

For this purpose we note that 

log(m+p)=logm+^-2^, + ^,-... . 


Thus if we take p to be of order \//n, at most,* and reject terms 
of order 1/m, we get the formulae 

{m+Tp+l) log (■m+p)=(w+;>+D log >»+;»+ 



and logr(l+m+p) = (m+p+l)logm— m+ J log(27r) 

MpV«»)+ * ipM- 1 . 


109. Calculation of integrals by means of asymptotic series. 

Various integrals of interest, both in Pure and Applied Mathe- 
matics, can be calculated most readily by means of asymptotic 
series. A few typical examples will be given below. 

There are three methods which are usually effective in obtaining 
a suitable asymptotic series from a given integral : 

(i) Integration by parts. 

(ii) Use of sjrmbolio operators. 

(iii) Expansion of some function in the integral. 

We shall consider examples of the use of each method ; it should 
be noticed that it is usually impossible to use (iii) unless an 
estimate can be made as to the magnitude of the remainder in 
the expansion. 


* Tills condition is usually satisfied in the majority of applications ; but it is 
easy to modify the result** in other cases. The result was published first in the 

Fhil. Mag., 1919. 
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The methods given here fail when applied to the allied integral 

J ef ' dl, 

although, if we adopt the symbolic method and take 


1 c" 


1+d(vs)' 


fJ,+_L+i-3 

\Vs 2*5^ 2»« 




as a matter of fact, the result given by putting s = a* does agree 
with the asymptotic series deduced from more elaborate reasoning 
by Stieltjes (Ex. A, 8 below). 


(2) The logarithmic integral. 


The integral* ^ 


dv 

Jo 


has often been denoted by the symbol — li(e~®). 

To obtain an asymptotic series for U, we can write f 

rf 1 III lx* la^ la?* 

— C log|x| + x 22!'^;33! 44!"^***’ 


where C is Euler’s constant (see Appendix, Art. 178). 

But this expansion, although convergent for all values of x, is 
unsuitable for calculation when |x| is large, just as the exponential 
series is not convenient for calculating high powers of e. To meet 
this difficulty we apply methods similar to those used in (1) above. 

If X is positive, we can use the method of integration by parts 
without difficulty ; or (what is really the same method) we can use 
the symbolic method, writing 


1 e- 
'~D i 


1 

b-i 




1.2 



* If X is negative, the principal value of the integral is to be taken (see the next 
footnote). The symbol “ li ” denotes logarithmic integral ; the meaning of this 

terminology is evident on writing y = c”', and then li(2/)= / dullogu. 

r® dt 

I When * is negative all these integrals are convergent except j of which 
we must take the principal value ; that is " * 

«log(-a;)=log|a?l. 
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the remainder at any stage being (as before) less than the following 
term in the series. 

To apply the method of expansions we write t=x+Vy and then 


while 


J 0 


X+V ' 


X+V X 




...+( 1)“ ^ +( 


from which we deduce 


Z7=«-4'--1 

[x X‘ 






1 

J’ 


where |2?„ | = f %r'~^\ < w ! a:" 

When X is large, the terms of this series at first decrease very 
rapidly. Thus, up to a certain degree of accuracy ^ this series is very 
convenient for numerical work when x is large ; but we cannot get 
beyond a certain approximation, because the terms finally increase 
beyond all limits. 


For example, with a; = 10, the estimated limits for Rm a>rc equal and 
are less than any other remainder. And the ratio of their common value to 
the first term in the series is about 1 : 2500. To get this degree of accuracy 
from the first series we should need 35 terms. Again, with x = 20, the ratio 
of Rio to the first term is less than 1 : 10* ; but 8j0 terms of the ascending 
series do not suffice to obtain this degree of approximation. 


When X is negative, we write 

xz=^^ and t=x-{-v=v—^ ; 


dv 


then we find 

where P denotes the principal value of the integral. Thus 

li(eO=ef (l+i+p+ + 

» — pf“ «"e'"dv 


where 
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It is possible to use the asymptotic series to express X, Y in 
terms of another pair of integrals, which have been found useful in 
some calculations. 

From the known integrals for r(i), r(n+J), we have 
r dv , r , ^dv 1.3... (2n-l) > 

•ndro jr-iy-4-r^”*'(l+-'’-+i— 

VttJoV^ V (‘®) j 

\^7rJo \x-\-iV/ 

the remainder at any stage in the expanded form of the integral 
being numerically less than the following term. 

Hence we obtain the formulae 


v/ttJo aA» 




Of course we have not given a complete proof that those expressions are 
equal to the original integrals ; but it is easy to complete the proof by 
differentiating with respect to x. We have, in fact, 

d IT 


Thus we must have , • 

dx ’ sI'X 

Hence we find the condition 


te i Jx^ j Jx 




dx 2x 


+ y=o. 


dY _Y 
dx 2x 


X- - 1. 


It is easy to verify that these equations are satisfied by the last pair of 
integrals for X, F, and that these integrals tend to 1, 0 respectively as x ; 
thus we may infer that U, V and X, Y are actually related in the manner 
suggested by the foregoing work. The integrals X, Y seem to be due to 
Cauchy, and the asymptotic expansion to Poisson (see Lamb’s paper, already 
quoted). 

It is perhaps worth while to make the additional remark that 
the relations between X, Y and ?7, F are most naturally suggested 
by the use of the as 3 anptotic expansion. 

(2) The sine- and cosine-integrals. 

We shall determine next asymptotic formulae for the two integrals 


p= rft, ^ 
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Then we have 




and the asymptotic formula is obtained on lines similar to those 
used in (1) above. 

The symbolic calculation gives 

n D+il^ t 

Hence* on introducing the limits, we have 


P+iQ=^ 




The most instructive formulae are given by dividing by t 
taking real and imaginary ])arts ; this gives 

rcos(«-a;) , „ , . 1 fl 3; 5! \ 


-/^sin u-\-Q cosa?-- ] 


P'sin (t-~x) 


It is perhaps worth remarking that this co.<f?>w 3 -integral is repre- 
sented by a series of reciprocals of the ordinary .ve/te-series, and 
vice-versfr. 

The second formula leads to an easy method for calculating the 
maxima and minima of the sine-integraL which correspond to the 
values x-^nir ; thus we find 


'■=Lt 


V.i\ \ 


For values of n greater than 2, it is found that the calculation 
can be easily carried out to four decimal places ; thus * 

/,=— 1040 , /,-+- 078 ( 5 , 

— 0631 , /„=+- 0528 . 

The corresponding formula for the maxima and minima of the 
cosine-integral is also found from the second formula, and is 


, » X 


^ 3 + 74 - 


No investigation has been given here as to the magnitude of tiie 
remainder ; but the read(‘,r should have no difficulty in seeing that 
the remainder is numerically less than twice the following term in 
each series, by applying the method uscfl iir ( 1 ) al)ove. 

(xluiahor, Vhil, 7V(«w., vol. M»0, iSTO, p. aS7. 
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111. Stirling's series. 

An investigation of this series, which is independent of Euler's 
summation formula, can be given on the following lines. It is 
subject, however, to the drawback that the preliminary analysis is 
more difficult. 

It can be proved that.’" 

iogr(i+.)-fw+2j;g ?^J;W -j., , 

where jF(®)=(a:+|) log x—x+i log (2x). 

Now (Art. 64), we have 
arc tan (vjx) ={vjx) — J («/®)» + 1 {vjxf 

where |i?„| < (®/a:)*»+». 

Hence (Art. 176, Ex. 3) we have 

rarctan(t?/g) , 

Jo ®^~1.2a? 3.4x»“^5:6V " 

4./— l\n-l . 4.1? ' 

^ (2n-l).2n.a^«-i^ 

where is numerically less than the first term omitted from the 
series. 

If we take the quotient of two consecutive terms and remark 
that (compare Art. 106) 

5n+i/^n=(2n+l)(2n+2) (?/47r«, 

where ^ is a factor slightly less than 1, we see that the least value 
for the remainder is given by taking n equal to the integral part of 
TTX ; but the first two terms give a degree of accuracy which is ample 
for ordinary calculations, t 

* See, for instanoe, Art. 180 (App. III.) ; or Jordan, Oours d' Analyse (2nd ed.), 
t. 2, pp. 176-182. 

t An elementary treatment of this approximation will be found (for the ease 
when re is an integer) in a paper by the author {Messenger of Maths., vol. 36, 1906, 

p. 81). 
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y r( n+ ai+ l) »«r(n+ar+ l) vy 

^rTn+6i+i)...r(n+6.+i) 

where x is real and s > r.* 

Write s—r=iui, 26— 2a==!X, and consider the term X,.^.p, where t 
is large, and p is not of higher order than \/t. 

Neglecting terms of order we find from Stirling’s series that 

log log log t+flog (27r)~«} 

-(pp+X) log 

(see the formula at the end of Art. 108). 

It is convenient to suppose that a? is of the form where ^ is an 
integer (a restriction which can be removed by using more elaborate 
methods) ; and then Xt is the greatest term because loga;=:p log 
BO that the terms of the first degree in p cancel. We deduce that 

log Xt+p=^jULt-i/ui log (27r«)-X log 
or ®*p ( 

y^Trt) 

This gives the asymptotic expression (combining and Xf.^,) 

where Making use of Art. 51, Ex. 4, we see that (since 

q approaches the limit 1) the series in brackets is represented approxi- 
mately by 7r^(l— j)"^ or by {2Trtlp)K 
Thus the asymptotic expression is 




, where 


Hardy f has proved, somewhat on the same lines, that 


«n2 


is represented as 3 rmptotically by -4e®/(27r®)^, where 
2 l=l+ 2 (g+ 5 ^+g®+...) and g=e-*. 


* Proc, Oamb. PhU. 8oc., vol. 6, 1889 ; M{Uh, and Phys, Pvptrt^ yol. 6, p. 221. 
t Pfoc. Land. Maih. 8oc. (2), vol. 2, 1904, p. 330. 
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113. Poincare’s theory of asymptotic series. 

All the invepti^atioius c»f Arts. lOH* 111 resemble one another to 
the following extent : 

Starting from some function J {x), we develop it formally in a 


This series is not convergent, but yet the sum of the first (n+1) 
terms gives an aj)proximation to J (.r) which differs from J (x) by 
less than where /i« de])ends only on n and not on x. 

Thus, if Sn denotes the sum of the first (//-f 1) terms, we have 
lira 

Z ' 00 

In all such cases, we say that thr series is asymptotic to the function ; 
and the relation may be denoted by tlie symbol 


J{x) 



Such series were often (tailed semieonvmjent by older writers. 

It is to be noticed, liowever, that the same series may be 
asymptotic to more than one function ; for example, since 
lim 

X * 

the same series will represent J (x) and J {x)^Aer^. 

It follows from tlie definition that we can add and subtract 
asymptotic series as if they were convergent. 

Next, take the product of two asymptotic series, assuming that 
the rule of Art. 34 still applies. We then find, if 

J(3;) - and /v(^) ~ 6o+ , 

the formal product J[(.T)=Co-f- ^ 2 +... , 

X X 


where f>n=Oo^n+«A-i h- - +«A- 

Let tlenote the sums of the first (n + 1) terms in these three 

scries, so that we have, say, 

J {X) - + pIx\ K {x) = + ir/x^, 

wlierc /), <r are functions of x which tf*nd to zero as a?-)- qo . 

Now, by definition coincides with the product up to and including 
the terms in 1/a;"; thus contains terms from l/a:"+' to 1/a;*". 

\Ve can therefore write q 7 ^ — v a. p /-,. 2 n 

where is a polynomial in x, who.se highest term is of degree (n- 1). 
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Thus = + 

or a!»{J(x) . ^(x) - 2„} =pK{x) + tr7(x) + (P„ - p<r)/x". 

Now, as 00 , /(a?)-^ao» ir(ar)-^6o» p-^0, o-^O, 

and acoordingly lim x^{J{x),K (x) - Sn) = 


Thus the product J{x) . K (x) is represented asymptotically by 
Il(aj); or, asymptotic series can he multiplied together as if they 
were convergent and in particular we can obtain any power of an 
asymptotic series by the ordinary rules. 

Let us now consider the possibility of substituting an asymptotic 
series in a power-series. In the first place, we may evidently write 
J {x)=aQ+J^{x) and substitute ao+«^i ^or J in the series* 


and rearrange in powers of Jj, provided that |ao| is less than the 
radius of convergence (Art. 88) ; because lim Ji=0, and we can 
therefore take x large enough to satisfy the restriction that 
la©! + |Ji| is to be less than the radius of convergence. 

This having been done, we may consider the substitution of the 
asymptotic series 

■■ -a , - 




for Ji in the series 




Let us make a formal substitution, as if the series for were 
convergent ; then we obtain some new series 


2=D,+?>+?+5+... , 


where 


X x^ 


Dq — Oq, Di — D2 — ®tC. 

Let U8 denote by 8^ and 2n the sum of the terms up to l/z** in J, and 
2 respectively. 

Now, if 2„' = C?o + 

2„' and 2n agree up to terms in l/a?**, and consequently 'En~^n ^ 
polynomial in l/x, ranging from terms in to thus 

(1) lim2:^(2„'-2n) = 0. 

x—*-ao 


♦ Of course c„ no longer represents ajh^ + ... +fln^o* 
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Next, if r„ = <7, + 0,7, + CjJ + 0„7,”, 

we have, since rejnesente 7, asymptotically, lim*’*(7i'’-S„'') = 0, and 
tliMefore 

(2) lim*«(r,-2:„')=0. 

*— *so 

KnaUy. P- = 0,^.,7,«+‘ + C,^,7,»+* + ... ; 

thus, since F(Ji) is convergent, 

where in is a constant. 

Hence, we find 

(3) 

because lim («" J 1 **+*) = lim (aj^+'/a:) = 0. 

*— ►so 

By combining (1), (2) and (3), we see now that 

lima!»(P-2„) = 0. 

*—►00 

Thus the series 2 represents F(Ji) asymptotically ; and con- 
sequently an asymptotic series may be substituted in a power-series 
and rearranged (just as if convergent)^ provided that its first term is 
numerically less than the radius of convergence. 

Further, a reference to the foregoing proof shews that we use the 
convergence of the series f(J) in two places only, first in order to 
rearrange in powers of and secondly to establish the inequality 

\F-T^\ < 

Now this inequality is satisfied if the series 

CiJ I +C^i^ + . . . 

is asymptotic to FfJj) ; and then we must suppose that Oq is zero 
in order to get any result at all, so that J =Ji and we can entirely 
avoid the restriction that f{J) is convergent. Thus, an asymptotic 
senes whose first term is zero may be substituted in another asymptotic 
series, and the result may be rearranged just as if both series were 
convergent. 

An application of the former result is to establish the rule for 
division (assuming that Uq is not zero). For we can write 
J(x)=ao(l+K), 


where 




' a^ 

Then 

and we can thus construct an asymptotic series for {J{x))''^ by 
exactly the same rule as if the series for J(x) wer^ convergent. 
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Thus, applying the rule for multiplication, we see that m can divide 
any asymptotic series by any other asymptotic series, just as if they 
were convergent. 

Finally, let us consider the integration of an asymptotic series (in 
which 00=0, 01=0). 


If 




we have 


|J— / 8 „| < c/*", ii x> Xq. 


Thus |j iix>x„ 

SO that ^ J dx v& represented as3rmptotically by 


a; 


+ ... . 


But, on the other hand, an asymptotic series cannot safely be 
differentiated without additional investigation, for the existence of an 
asymptotic series for J {x) does not imply the existence of one for 

Thus e*~'sin(e') has an asymptotic series 


But its differential coefficient is -6~''Bin(e^) + co8(e'), which oscillates as x 
tends to oo ; and consequently the differential coefficient has no asymptotic 
expansion. 

On the other hand, if we know that J'{x) has an asymptotic 
expansion, it must be the series obtained by the ordinary rule for 
term-by-term differentiation. 

This follows by applying the theorem on integration to </'(«) ; but a direct 
proof is quite as simple, and perhaps more instruotive. We make use of the 
theorem that if ifi{x) has a definite finite limit as x tends to oo, then <l>'{x) 
either oscillates or tends to zero as a limit. 

In fact if (/>(x) tends to a definite limit we can find Xq bo that 
|<^(a;)-<^(a;o)l<c, ii x>x^. 

Thus, sinoe e- where a: > ^ > a;,, 

X — Xq 

we find 

So <I>'{x) caxmot approach any definite limit other than zero ; but the last 
inequality does not exclude oaeiUation, since f may not take aU values greater 
than a;, as a; tends to oo . 
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Now, if J (x) ^ Oo + + ••• » we have 

lim {J (x) - Sn (a:)} =- o„+i. 

Thus the differential coefficient 

W} + {n + l)2i^{J(x)-S„{x)h 

if it has a definite limit, must tend to zero. But sif^{J (x) - £f„(x)} does tend 
to zero, so that lima;"+^{i/'(a;) if it exists, is zero. 

That is, if J'(x) has an asymptotic series, it is 

-ai/a;*-2a,/a;*- 3a,/a:* - . 

It is instructive to contrast the rules for transforming and 
combining asymptotic series with those previously established 
for convergent series. Thus any two asymptotic series can be 
multiplied together : whereas the product of two convergent series 
need not give a convergent series (see Arts. 34, 35). Similarly any 
asymptotic series may be integrated term-by-term, although not 
every convergent series can be integrated (Art. 45). 

On the other hand, as we have just explained, we cannot differ- 
entiate any asymptotic series unless we know from independent 
reasoning that the corresponding derivate has an asymptotic 
expansion ; although, in dealing with a convergent series, we can 
apply the test for uniform convergence directly to the differentiated 
series, and so infer that the derived function has an expansion 
(Art. 46). 

These contrasts, however, are not to be regarded as surprising. 
In a convergent series, the parameter with respect to which we 
differentiate or integrate is strictly an auxiliary variable, and in no 
way enters into the definition of the convergence of the series; 
but in an asymptotic series, the very defiinition depends on the 
parameter x. The contrast may be illustrated in an even more 
fundamental way ; any coefficients whatever may define a perfectly 
good asymptotic series. Indeed an asymptotic series is not a 
completed whole in the sskme sense as a convergent series. 

It is sometimes convenient to extend our definition and say that 
J is represented asymptotically by the series 

when is represented by “+!§ + ••• > where are 

two suitably chosen functions of x. 
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Thus, for example, we can deduce from Stirling’s series the 
asymptotic formula 

r(a:+l) ~ +^ + ^+ 

where = ^=*=-^'*=288’ 

Hitherto has been supposed to tend to oo through reedy positive 
values ; but the theory remains unaltered if x is complex and tends 
to 00 in any other definite direction. But a non-convergent series 
cannot represent asymptotically the same one-valvcd analytic function 
J far all arguments of x. 

In fact, if we can determine constants M; such that 




< 


xf^ 


when \x\ >Ry 


it follows from elementary theorems in the theory of functions 
that J (x) is a regular function of 1/x, and consequently the 
asymptotic series must be convergent. 

For different ranges of variation of the argument of x, we may 
have different asymptotic representations of the same function 
which between them give complete information as to its nature. 
A good illustration of this phenomenon is afforded by the Bessel 
functions (Arts. 116-1 18), which have been discussed at length by 
Stokes.* 


114. Applications of Poincare's theory. 

An interesting and important application of Poincare's theory is 
to the solution of differential equations.f The method may be 
summed up in the following steps : 

First, a formal solution is obtained by means of a non-convergent 
series. 


♦ Comb. Phil. TranA.y vol. 9, 1860, vol. 10, 1857, p. 106, and vol. 11, 1868, p. 412 ; 
Math, and Phya. Papers, vol. 2, p. 360, vol. 4, pp. 77, 283. See also Acta Mathe- 
matica, vol. 26, 1902, p. 393, and Papers, vol. 6, p. 283. Stokes remarks that in 
the asymptotic series examined by him, the change in representation occurs at a 
value of the argument which gives the same sign to all the terms of the divergent 
series. 

t Some interesting remarks on the sense in which an asymptotic series gives a 
solution of a differential equation have been made by Stokes {Papera, vol. 2, 
p. 337). 
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Secondly, it is shewn, by independent reasoning, that a solution 
exists which is capable of asymptotic representation. Thus we 
may either deduce a definite integral from the series first calcu- 
lated ; or we may find a solution as a definite integral directly, 
and then identify it with the series. 

Thirdly, the region is determined in which the asymptotic repre- 
sentation is valid. 

Poincar4 has in fact proved* that every linear differential 
equation which has polynomial coefficients may be solved by 
asymptotic series ; but his work is restricted to the case in which 
the independent variable tends to oo along a specified direction, 
and the re^ons are not determined. This gap has been filled by 
Horn in a number of special cases, f 

Other applications of Poincare’s theory have been made by 
Barnes and Hardy in constructing the asymptotic representation 
of functions given by power-series. A convenient summary with 
very full references is given by Barnes ; f the method adopted by 
Barnes is beyond the limits of this book, as it depends on the theory 
of contour integration ; but the method of Stokes given in Art. 112 
is useful in dealing with certain types of real series. 

Before leaving the question of applications, it may be useful to 
point out that the ordinary Taylor’s (or Maclaurin’s) series of the 
Differential Calculus has essentially an asymptotic character (Ifx 
being changed to x), until the remainder has been investigated. 

Even when the series 

m+4'm+\^r(o)+- 

is convergent, its sum need not be equal to f(x ) ; but we can 
always assert that {f(x)—Sn{x)} is of higher order than the last 
term in 8n(x), Or, in more precise form, we can assert that 

{/(x)S„ (x)}/x^=^0, 

z ->0 

which has the same character as the definition adopted in Art. 113. 

* Acta Mathematica, vol 8, 1886, p. 303. 

t See a aeries of papers in the Malhcmatiitchc Annalen, from yoL 40 onwards, and 
some papers in CreUe'c Journal. A good summary of the theory with many refer- 
ences is giYon in Horn's OewdhnUche Differentialglekhungent Absohnitt VIL 

X Phil, TfauB.t series A, yoI. 206, 1906, p. 249 ; see also QuairUrly Journal, Yol. 
38, 1907, pp. 108, 116. 
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115. Differential equations. 

We shall now give some examples of the way in which asymptotic 
series present themselves in the solution of differential equations. 
Let us try first to solve the differential equation 

(6>0), 

by means of an asjrmptotic series 


On substitution, we find 
Ai 2A2 3A2 


Ai 2A2 3A2 N 

a?* x~^ \ ® 


This gives 

^= 0 , 


A 

-^2 — iL — 


1 

"6® ’ 


T — 


3 A 2 1.2. 3. a 


Thus we find the formal solution 


and by Art. 109 this represents the integral 

re-‘dt 

and it is now easy to verify directly that this -integral does satisfy 
the given equation. 

116. The modified Bessel’s equation. 

Following Stokes, we take the equation in the form 

dx*'xdx \ '3^)^ ’ 

and then attempt to find a solution in the form where tj 

proves to be an asymptotic series. 

The equation for 17 is found to be 


* This is the simpleft oeae of a general t 3 rpe of equations examined by Borcl 
{AnndUsde V &eoU Normale Supiriemre (3), vol. 16, 1899, p. 95). 
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ThuB we take X*= 1, and then, writing 

1 1 -^1 1 ^2 I '^3 I 


we obtain 




-2X( 

'^1+2-^ + 

34*+ 

\ 

^ X 


/I > 

v/. A, 

A 

+ 

1 

s 

M 

)(■+ v + 


1 1 ‘M® 

1 — 4 ^ J. 


n^)A„ 


, etc., 


Thus we may take 

1-4^2 _ 1 

’ ^^“" 1.2 ( 8 X )2 ’ 

leading to the solutions 

f. . l-4n2 1 . ) 

^ 1.2 "’(BXxy^ - 

where X=±l. 

It is easy to see that these series cannot converge * for any value 
•of a? ; they do not agree with any of the series considered up to the 
present, but we can write 


I c-'r+’-i<fo=r(w+»-+j) 


/ / ■ « 


=r(rH-J)27(l+2«)(;^ + 2«) - (2r-l + 2rt), 

(l-2w)f (l -2n)( 3-2n)t» 

4Xx 1.2 .(¥XxP 


Thus the series can be written in the form 


When X is real and positive {n being assumed po^sitive), this 
integral has a meaning only if x =— 1 ; and then, by Art. 61, the 
remainder in the binomial expansion is less than the following 
term (at any rate after a certain stage), and thus the same is true 
of the asymptotic series. 


* Unless 2n is an odd integer ; and then the scries terminate. 
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Consequently, for X = the as 3 rmptotic series is asymptotic to 
the integral 


If we write t+x=xco8h.6, and then multiply by the factor 
e***®”*, we obtain the solution 


which can be proved to satisfy the original differential equation, 
by substituting and integrating by parts. 

It may, therefore, be expected that the two original series both 
satisfy the differential equation; although we cannot obtain a 
complete proof without some assistance from the Theory of 
Functions. 


117. Identification of the solutions of Art. 116 with known 
solutions. 

Take first the case n=0; then, from the previous analysis, we 
have the solution 


Jo 


= 6“^ 



fi I I 1 

r 2 ! ISxj^ 3\ ~ (Sx)^ 


To discuss the relation with known results, put ^X€^=^Vf and 
then the integral becomes 

and for small values of x (assumed to be real and positive) this 
integral (by Art. 178) approximates to the form 

-C+log(2/a;). 

Thus the solution has the same character near x=0 as the 
solution* denoted by Kq{x); and so 




1 ] 2.32 1 _ 1 

‘8«“^"2!'(8a:)2 I '■ 


at least for real positive values of x. 


•Gray, Mathews and MacRobort, Bessel Functions (1922), Ch. III. §2. 
More elaborate discussions of the asymptotic series for Kn{x) will be found 

in Ch. V. § 3 of the same work. 
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Stokes has proved* that this relation persists for complex values 
of X, provided that the logarithm and are both restricted to 
take their principal values (Arts. 94, 96). 

To discuss the second asymptotic series (given by X^l), we 
note first that the solution 


can be represented, when x is large, real and positive, by the 


asymptotic formula f 


c*/\''(2'7rsc). 


Thus we are led naturally to the formula 

1 1 ^ 3 * 1 , 1 ^ 32 . 5 * 1 \ 

2 ! (Sx)i^ s] " ‘ 

As a matter of fact, this result is correct when x is real and 
positive ; but it is clearly false if a; is real and negative, because 
Iq{x) is an even function of x and the right-hand side is not. 

Stokes has shewn that, to obtain complete information, three 
formulae are necessary; thus suppose that and that the 

square-root is made single-valued by means of a cut along the 
negative axis of so that we use always the principal value of 

I^{x)^P+iQ, if,>0. 

It(x) = P, if i;=0, ^>0, 

Io(x)=P-iQ, if»?<0, 

and also Kq{x)^ ttQ, without further conditions. 

Here we write 


V'(27r®)l ^8®^ 2! (8®)*^ 3! (8®)*^ /’ 

Q e-* i 1 1*.3* 1 l».3*.r)* 1 ) 

^~V(27ra:)( 8®''" 2! (8®)» 3! (8®)*'*" ‘"i ‘ 

It will be noticed that these formulae for I^(x) are actually dis- 
continuous along the cut ; and that their arithmetic mean coincides 
with the value given by the P-formula for Ig{—x), the value of 
— ® being now real and positive. 


* Math, and Phya, Papers, vol. 4, p. 287. 

t Write r=0, s=2, 6 , = 62 = 0 , X=0, 2, in the general formula of j^tokee 

(Art. 112). 
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A discussion for general values of n falls rather beyond our limits, 
but if n is an integer, we may define 

Then the former solution takes the form 

« y ■^2(2nT2j ■^2:4(2n+2)(2w+^^ + - ; | 
and, for small values of x, the second solution approximates to 

2~-i(n-l)! 

Thus the previous results give 


where 


^>0, ,,=0, 

7„(x)=i?— tj<0, 

K^(x)=7rS, 


_ r l?-4n2 (P~4n*)(3»~4n2) ] 

Vi^Trx)Y'^ 8a; 2!(8a;)* + -» / 



P-4y (ia-4n*)(3*-4n2) 
Sx " ■■2!(8a;)* 



118. The ordinary Bessel function. 

It is now easy to obtain the asymptotic formula for the 
ordinary Bessel function; in Art. 117 we replace x by tx, and 


then write 


7„ {ix) = J,. («) = (*), 


and assuming the new x to be real and positive, we find the result 


(a;) =* c - S', 

where R\ S' are obtained from S, respectively by the substitu- 
tion of ix for x. 


Thus we get 


(x - 1») fi I (jf + i») 


„ , (P-4n*)(3*-4n*) , (l*-4w*) ... (7*-4^ 

" 2!(8a:)* 4!(8x)* 


l*-4n* (l*-4n*)(3*-4TO*)(5*-4n*) 

8x '3!(8a:)» 

z 


II 1 1). 
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So, finally, we get the formula 

= C 08 (®— inx— iirl+F sin(a;— JnTr— iw)}, 

where x is supposed r^l and positive. 

It has been the practice in many books on analysis to treat the asymptotic 
series for J^(x) as the fundamental formula ; and to deduce the formula for 
In spite of the fact that the function was investigated earlier 
than it seems clearly better to follow Stokes in adopting as the 

fundamental function. The function J^(x) is analogous to the sine- and 
cosine-functious, while I^(x) corresponds to the exponential function ; and 
it would be found a tedious matter to derive the properties of the exponential 
from those of the sine-function, although the reverse process is an easy one. 
By analogy it is more natural to derive the asymptotic formula for 
from that for I^{x ) ; and in fact to restrict the use of J^ix) chiefly to real 
values of x. 

It may be useful to remark that n need not be restricted to be 
an integer in the final formulae for and Jn(^) 5 further 

information will be found in the papers by Stokes quoted in 
Art. 113. 

119. In addition to the as 3 nnptotic series given in the preceding 
articles, certain convergent series have also been found, which can 
be used in some cases for numerical work. 

It is, however, usually impossible to obtain simple general 
expressions for the terms of these series; some examples are 
given in Exs. 9, 10 at the end of the chapter. But when the 
calculation can be made with sufficient accuracy from the first 
two or three terms, this will not be found a very serious diffi- 
culty ; although the asymptotic series are almost always the 
easier in numerical work. 


TRIGONOMETRICAL SERIES. 

120. Topics included in the present section. 

We shall consider first only such trigonometrical series as can be 
summed by immediate applications of results proved elsewhere in 
this book. It will be found that the majority of the Fourier series 
required in the ordinary applications to Mathematical Physics can 
be handled quite easily ; and it is hoped that the results obtained 
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will often be found useful even when more advanced methods are 
available. 

For the sake of easy reference, the formulae will be numbered 
consecutively, adopting the decimal notation ; so that the figure 
before the decimal point indicates the article and the figures after 
the point distinguish the particular formula. For brevity we omit 
the figures 12 from the references to the articles : thus, a reference 
2 '82 will indicate a formula in Art. 122. The figures after the point 
are arranged in order of magnitude according to the ordinary 
notation for decimal fractions; thus we should place 1'81 between 
1'8 and 1'9. But we have also found it convenient to regard a 
group of formulae such as 1*5, 1’51, 1*52 as connected ; and this 
occasionally prevents the strict application of the principle of 
numerical order of magnitude. 

As a general rule, the formulae are obtained for one complete 
period only, the sums for other values of 0 being deduced by the 
principle of periodicity. Thus, for instance, the series (1*1), (1'2) 
of Art. 121 can be summed by writing 0=2i7r+0', and choosing k 
so that 0 < 0' < 27r ; and then we obtain the sums : 

(11) ~log{(-l)*^2Bini0}, 

(1-2) l{(2k+\)ir^e}. 

The interval selected for the sums is usually either given by 
0 < 0 < 2*7r, or by — tt < 0< tt, according to the character of the 
series. 

To facilitate easy reference, the more important series are graphed 
roughly ; but no attempt has been made to obtain exact curves 
by numerical calculation and plotting on squared paper — more 
accurate curves will be found in books such as Carslaw’s Fourier's 
Series y etc., and Byerly’s Fourier's Series , etc. 

The methods followed are very largely those of Stokes ; but we 
have given also Dirichlet’s classical method (Arts. 126, 127) and 
some references to the simplest of recent results (Arts. 129-131). 
But fuller details as to the developments of the subject during the 
past twenty years would require far greater spac than we can 
afford. 

One remark may be worth making here as to the distinction 
between Trigonometrical and Fourier series; it is by no means 
necessary that a convergent Trigonometrical series should belong 
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to the Fourier type. An example to the contrary is given by 
the two series 

In virtue of Dirichlet’s test (Art. 44) these series converge 
uniformly in any interval 'y<6<27r — y, if 0<y<Jx; but 
the coefficients are not expressible in Fourier’s form.' How- 
ever, this distinction will not arise in the course of the work 
given here. 

121. Series which can be summed directly. 

We take as the first group of series those which are derived 
immediately from Art. 65. It was proved there that 

(1-1) cosd+|cos2d+ico83d+... = ~log(2Bini0)l 
(1*2) 6ind-fi8in2d+i8in30+...=i(7r-d) / 

Changing d to tt— - 0, we have the two results 

(1*3) cos cos 20-f J cos 30— ... = log(2 cos |0)^ . . 

(1*4) sin 0— J sin 20+^ sin 30— ...=J0 

If we now combine these formulae by adding together the two 
cosine-series and similarly the two sine-series, we obtain the results 

(1*5) COS0+ J cos30+J cos50+ ... = J log(cotl0)’l 

(1*6) sin 0-fJ sin 30+1 sin 50-t- ... = l7r T ^ ^ 

Since the last pair of series are not yet evaluated for a complete 
period, we note that they change sign on writing — 7r+0 for 0, and so 
we get the additional results 

(1*5) cos0+?3 CO830+ J, oos50+...=.i log(— rot iV0 )| ^ 

(1*6) sin 0+ J sin30+i sin50+... = — Jtt ^ ^ 

It may be noticed that if we take the difference between the coaine-series 
(I'l) and (1*3) and the sine-series (1*2) and (1*4), we obtain 

cos 20 + J cos 46> + 1 cos 6^ -f ... = - log(2 sin 

sin 20 + J sin 40 J sin 60 + ... = J(:r - 20) / < < 

But these results agree precisely with what is given by writing 20 for 0 
in the series (1*1) and (1*2), so that nothing fresh is obtained, although 
our algebra is verified. 
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It is easy to derive some other interesting series by combining the fore- 
going series in other ways. For instance, we find that (1*1) gives 

C 08 (^-. ol) + i co82(^-a) + Jcos3 (^- ol) - ilog{4Bin*J(^-a.)} 
end co8(^ + ol) + tco82(^ + a) + Jco83(^+a.) + ... = - Jlog{4Bin*t(^+a)}. 

These formulae are valid for all values of B except ^ = ± a, 2ir ± a., etc. 
Now add and subtract, and we obtain the formulae 


(1*7) co8^cosoL-f-icos2^co82oL + Joos3^cos3nL+ ... = - Jlog{4(oos ^ -oosa.)*}, 
(1*8) Bin^Bina + }8in26^sin2a.+}8in3^sin3oL+ ... = + ^ log | g } » 


both of which hold for all values of Q except 0=±cl, 25r ± ol, etc. 

Similarly we can prove that 

(1*71) cos^oosa-J co82^co82a.-f- JcosS^cosStx. - ... = Jlog{4(co8^ + oo8a)*}, 

(1*81) sin ^ sin OL - i sin 26/ sin 2 ol + J sin 3^ sin 3a. - ••• “ 
which are valid except for 6—Tr±cL, 37ria., etc. 

To obtain corresponding results from the sine-series (1*2), (1*4), we must 
first limit the angle a ; say that 0 < a. < ir. Then we have 
sin(^-l-0L)-l-isin2(^+a)+l8in3(^+0L)+ ... =i{7r-(^ + a.)}, 0< f/ + a<2ir, 
Bin(6/-a) -f-isin2(^-a) +i sin 3(^-0.) + ... «•)}, 0<$- a<27r, 

and when 6 is less than a, the sum of the second series is diminished by tt. 


Thus we find that the derived series are 


(1*9) 

(1*91) 

where 

and 


sin 0 cos a. + i sin 2^ cos 2a + i sin 30 COB 3ol + ... 
cos 0 sin a + J cos 20 sin 2a + J cos 30 sin 3a + ... 

/{«■) = ?('.■) = i(’r -2a). 


=/(«. 

=m. 

ii a.< 6 < IT, 








^ir 


0 


a 




1 

1 

1 

k 

1 

\ 

1 


-v 

-a 1 

1 

w 

o 

r 






The valnea outside the range ^=0 to d=w are gi\ren by the relations 
-/«?). 9 (- 9 )=^ 9 { 6 ). 
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Es. 1. ProT« that 

(1-62) ooBfl-§oo8 3tf + Jooe6tf-...=},r, Ir-Wc (9<; +i«-) 

(1*62) sin^^ J sin 3^ + 1^81115^ + .. log (sec tan * 

and obtain general formulae for the sums. Draw graphs of the functions. 

Ex. 2^i Obtain formulae equivalent to those given for (1*9) and (1'91) 
above, starting from the sine-series (1*4). 

Ex. 8. Sum the series 8(x) which is obtained by omitting all terms for 
which n is a multiple of k from the series 

sin a; + ^ sin 2:r + ^ sin + ...» 

proving that 8(x) = Z(l ~ ^ ^ V where r is the integral part of lcxl2w and 

0<*<2n-. ^ 

Shew that H Q <t <k, the integral part of t is equal to 

i(l; -l)-^/Sf^^j • [EiSEJfSTEiN.] 

Ex. 4. Obtain the series (1*5), (1*6), (1*52), (1*62) from Ex. 41, Chap. VIII. 
Ex. 5. Obtain the result l“i + ]l-|^ + .... = ir from series (1*2). 

122. Series which can be summed by integration. 

Various series of interest can be obtained by integrating the 
series of Art. 121. Consider in the first place series (1*2) ; it follows 
from Ex. 5, Art. 44, that this series converges uniformly in any 
interval d=y to 0=27r— y, (0 < y < Jx). Hence the series may 
be integrated term-by-term (Art. 45), and we obtain the result 

cos 0+^cos 2fl-f^cos30-f ... = j(0— x)*+(7, 

where y = y. 

Now, by Weierstrass’s Jf-test, the integrated series converges 
uniformly for all real values of d ; and its sum is accordingly a 
continuous function of d. Thus, since (0— x)* is also continuous up 
to 0=0 and 0=2x, we can now write 

cos 0+pCOB 20+^008 30+.. .= 1 ( 0 — «■)*+(?, O^0^2t. 

To obtain the value of the constant C, write 0=0, 0=x; and 
then Y I 1 11 

1+^+3*+ 

But on writing p=2 in Ex. 2, Chapter IV., the first of these 
series is twice the second ; and so we have 

— 2C7, or C= — 
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This result is also readily foimd from the known series (Art. 71*1) 

^■*■ 2 * ’^ 3 *'^ ■■■“ 6 '^ • 

Thus, finally, we may write 

(21 ) cos 0 cos 20 + i cos 30+ ... (0 - tt)* - — tt*. 


In like manner, from (1*4) we find 
(2-2) cosd-ioo8 20+^cos30-...=-id*+^w*, 

-Tr^e^ir. 

The graphs are as below : 



(2-21) cosd+icos30+ico86d+...==g{7r*-2Tr0), 

By changing 0 to — 0, we deduce that 
(2*22) cos 0 + ~ cos 30 + ~ cos 50+ . . . (7r*+ 27r0), — tt = 0 ~ 0. 



By changing 0 to |w^0 in (2*21), we find that 
(2*22) sin 0— ^sin 30+^8in 50— ... =~ 7r0, — ^tt ^ 0 

or |7r(7r— 0), ^^^0^^^^* 
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Similarly, by integrating the series (1-9) of Art. 121, we have 
cos 6 cos a +^008 26 cos 2a+^^cos30 co8 3a+ ... = F{d), 

where if O^0~a~7r; 

or F[e)=i{d-iry+C^, if 

We infer that the signs of equality may be included here by 
means of the fact that the integrated series converges uniformly 
for all real values of d. Thus the sum is continuous at d—a, 
and accordingly we can write 

J(0)=|0*+i(a-7r)2+C, when 
or l«-“+i(d“-‘7r)*+C, when a — 

To obtain the value of C, write 0=0, and then the series 
reduces to (21), which gives * 

0 =— 

Thus, finally, we can write 

(2*3) cos 6 cos a+~ cos 20 cos 2a COB 30 co8 3a+ ... 

-10*+l(a~7r)2-iV^*, if O^0^a, 
or .^ 2 ^ ifa^ 0 ^ 7 r. 

The reader should have no difficulty in proving that these 
results remain valid from —a to +a, and from +a to 27r— a 
respectively; and it is then easy to draw a graph to represent 
the function. 

Similarly, we find the result-8 

(2 *3 1 ) cos 0 cos a — ^ cos 20 cos 2a + i cos 3 0 cos 3a — .. . 

=7\'7r*— i(a2+0*), if — (7r--a)~0^-7r— a, 

or if w-aS0^7r+a. 

Series which are often used in Applied Mathematics'*' are given 

* For instance, in the problem of the plucked string (Rayleigh’s Theory of Sound, 
Art. 127). 

The formula usually given is found by multiplying by the constant 2e/a(r - a), 
(so that the sum is equal to c at 0 = a), and then writing S-tx/I, a = ir6/f. Thus 
the sum is equal to ex/6 from x sQ to 6, and to c{l -x)l[l -h) from x s6 to I 
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by integrating similarly the series (1-91) of Art. 121 . Repeating the 
process already used, we find that (0 < a < x) 

(24) sindsina+pein2d8in2a+isin36sin3a+... 

=id(x— a), if — a^d=a.. 

or 0 ), if a^ 0 ^ 2 x— tt. 

The graph is as below : 

(2-4) 


By integrating series ( 21 ), (2 2 ), ( 2 - 21 ), (2 22) again, we find the 
results 

(2 6) Bin0 + i8in20+pein30+...=l{(0-x)»-x*0+x»}, 

where 0 ^ 6 ^ 27 r. 

(2-6) sin 0-isin20+i,8in 30- ... =^(^*0 _ 0 S)^ 

where —7r^d~ir- 

(2*7) 8in0+^Bin30+psin60+... 

if O^e^TT, or \{'w^e+ire% if 
The graph of ( 2 * 6 ) is as follows : 

(2-6) 


and the reader should draw a similar graph for (2‘5). The graph 
of (2*7) is almost the same as ( 2 * 6 ) in a rough sketch. But in 
theory, the curve in ( 2 * 6 ) consists of the two loops of a cubic 
(from —IT to + tt), repeated over and over again ; while that in 
(2*7) consists of two equal parabolas. 

The series 

(271) cos 0-ico& 30+^00860-... =|x(ix*-0*), 
can be summed by writing 0 for Q in ( 2 * 7 ). 
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By integrating (2'6) again, we have 
cos 0 +^coB 20 +1 cos 30 + ... = i {2Tr*(0 — tt)*- (0- ir)*)+C, 


3« 


48^ 


Writing 0=0 and 0=ir, we get 


O^0^2ir. 


^‘^. 2 *'^ 3 «'^ 48 ’^*'^^’ ^ 2 ‘'*' 3 * 


Now the second series is Jths of the first (by writing p=i in 

7 4 

Ex. 2 of Ch. IV.), so that (giving 

the first series, as in Art. 71*2). 

Hence, finally. 


(2-8) cos 0+^cos2d+^cos30+ ... 


= 1 {2,r*(0-7r)*-(0-w)«-TV^n. 

where 0^0 ^2-^, 

and by writing 7r+0 for 6, we deduce that 

(2-81) cos 0-^ cos 20+i cos30-...=^(0‘-27r*0»+iV’r*). 

where 

Also by adding (2-81) to (2-8), we find that* 

(2*82) cos 0+^ cos 30+g^- cos50+... ==^7r(40®— 67rfl*+7r®), 

where 0 ^ 0 ^ tt, 

and by changing from 0 to iir—Of we deduce that 
(2*83) sin 0--;|4 sin 30+^ sin 50— ... =™7r0(37r®— 40^), 

where — ix = 0 = i7r. 

Practically aU these results were worked out by D. Bernoulli and 
Euler ; we shall see (in Art. 125) the connexion between these 
formulae and the Bemoullian functions (Art. 101). 


* To f<avo 8pac6 we omit the completion of (2*82), (2*83) ; to obtain the anm 
of (2*82) from -w to 0, change the sign of 0 ; and to deal with (2*83) change 
^ to ir - It may be noted that the right-hand side of (2*82) can be factorised 


in the form 


T^T(2d-ir)(2^*-2rtf-ir*). 
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El. 1. Prove that 


where 

or 

or 


siu ^ ~ ^ sin 26^ + I sin 3^ - ... 

+ ;|^Bin 0 - ^ain 3^ + ^ainS^ - ...^= F{0), 

F(e)^0, 

+ i^r, Jtt g ^ < TT, 

- Jtt, - TT < 0 ^ - Itt. 


Draw a graph of the funotion. 
Ez. 2. Deduce from (2*71) that 


and that 
From (2*83) ahew that 


1^11 
^ “ 3* ^ 6» ” 7“ ■*" 

1 4. ^ l-i i 
^ 3* “ 6» 7* tv* ^ ' 


1 ill 

^ 3* ” 6* 7« ' 


_7r 

”32’ 
_3ir»^ 
*“ 128 ‘ 


ll7^*^/2 
* 1636 ’ 


123. Recognition of discontinuities in the sum of a trigo- 
nometrical series. 

A rapid determination of the values of 0 for which a given series 
is likely to be discontinuous is often very useful ; the method 
adopted here is substantially the same as one due to Stokes for the 
case of Fourier-series.* 

In the series with which we are concerned at present the coefficients 
of cos nd and sin nO are either simply algebraic fractions in n, or 
else are the product of such fractions by terms such as cos wx., 
sin na — see, for instance, series (1-9), (1*91), (2*3), (2*4) in Arts. 121, 
122. The second class of series can usually be reduced to the sum 
or difference of two series of the first class. 

See, for instance, the methods of summation adopted for (1‘7)-(1*91), and 
(2-3), (2*4) could be divided into two series similarly. For example, (2*4) is 
equal to 

i|co8(^-a.)+pco82(6?-a) + ||0os3(^-a) + ... 

-cos(^ + a) -^008 2 (^ + 0.) -p 0 os 3 (^ + a}- ...|‘ 

Thus we may restrict our work to series of the type cos nd, 
sin nOy where a„ is an algebraic fraction in n. Further, if we 
write an=f(n)IF{n), where /, F are polynomials, the degree of the 
denominator must be greater than that of the numerator, otherwise the 


• and Phya. Papers^ vol. I, pp. 249 and 266. 
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series could not converge at all (because must tend to zero, to 
provide for convergence). 

Then, if p denotes the excess of the degree of F{n) over the degree 
of /(«), it is clear that when n-->oo , Hence, 

it follows from Weierstrass's M-test that the sum of the series is con- 
tinuousfoT dll real values of 0 (Arts. 44, 46). 

Thus discontinuities can occur only if p=l ; let us suppose that 
na^->Ay theh it is clear that 

m„-A=0(\ln) or 

because a„ is a rational algebraic fraction. 

Hence So- cos nd—AI^ - cos nd=26n cos nO 
" n " 

and sin nd—AZ ~ sin w0=2&n sin n0. 

n 

By what has just been proved, we see that 2&ncosn0, 26„8inn0 
are continuous for all real values of 6 ; and accordingly cos nd, 
sin nQ are discontinuous at 0=0, ± 27 r, ±47r, etc. 

Now we know the character of these special series from the results 
given in (M) and (1*2) of Art. 121. Thus, when 0 is small but 
positive, we can write 

2 i cos n0->log(l/0), ^ ^ n0= J(7r— 0), 0 > 0, 

and changing the sign of 0, we obtain 

2 ^ cos n0->log(— 1/0), 2 - sin n0=^(—Tr—0)y 0 < 0. 

Summing up, we can write 

2 i cos n0->\ log(l/0*), 2 i8inw0= J( — 0±'7r), 


where 0 is small and the ambiguous sign ± is the same as that of 0. 
Consequently, if we write 5=26n==2;(a„— -4/w), we find that 

ne-ylA\ogm)+B\ ^ 

and 2a„ sin ±iA7r, ^ 

where the ambiguous sign agrees with that of 0. 

To illustrate the method, we consider the series (1*3), (1*4) of Art. 121. 
We write these series in the form 


(1*3) - {cos(0 - tt) h- Jcob2{0- 7r)+ i cos 3(0 - tt) + 

(1*4) - {8in(0 - tt) + 1 sin 2(0 - n-) + J sin 3(0 - tt) + 
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Thus (between 0 And 27r) the only discontinuity oo^urs at for both 
series; and since A=^l, B=0, we see that the character of the cosine series 
is given by - ^ log{i l{6 -ir)^) - log {($ - tf)} and that of the sine-series by 
± \Tr, where the ambiguous sign is the same as that of (w - 0). To see that 
the former result is correct, we note that (when 0 is slightly less than w) 
log (2 cos log(:r - B), 

124. Differentiation of trigonometrical series. 

Using the notation of the last article, it follows from 4rt. 46 that 
differentiation term-by-term will lead to correct results when p = 2 ; 
except near 0=0, it27r, ±:4w, ... , when p=2. 

On the other hand, when p=l, we adopt the device of writing 
a^—Aln=b^=0(\ln% as in the last article. 

Then, if cos n6=F{d) and sin nQ=^G(B), 

we have F{e)+A log(2 sin |0)=Sfen cos n6 ^ 
and (?(0)-i^(7r-fl)-3„8inn0, J 
Thus, differentiating, we find that 

F'(6)+iA cot |0=— sin nO 
and G' (6) +\A = +2n6„ cos w0. 

These formulae will serve to deal with nearly all series in common 
use in analysis ; but it is often more convenient to transform them 
by writing -)-<Gr(0)=P(0)=2o„e‘''». 

Then combining the two equations, we find that 
P'(0)+J.4(cot 

or P'(0)+ =.2n6„e‘«^ 

=t2(na„— 

Thus P' (0 ) —il (wa„ —A)e''^+A 1 — e‘^). 

In actual work it is convenient to write symbolically 
P'(0)=£2wanC‘”®, 

just as if the resulting series were convergent ; and then to interpret 
this syv^olical formula by writing 

1 

which may be regarded as a symbolic extension of the familiar 
deduced by writing cc=c‘^. 
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An inoidoital advantage in this way of arranging the work is 
that the limUa of B are at once su^ested by the fact that the de- 
nominator vanishes for 0=0, ±2x, etc. 

To illustrate the method, let us take the series (1-6), (1-6) of Art. 121. 

Then P(0) = e‘*-(- Je»‘»+ , 

so symbolically P'(B) = ‘ («‘* + e*‘* + e**.* + ...), 

giving P' (0) = ‘e'^/Cl - e***), if 0 < ^ < jr, 

= - i coBec d. 

Thus P (^) = - i log (tan + const, if 0 < ^ < tt. 

To find the constant, let 6 = ir 12, which shews that the constant is equal to 
‘(1 “ i + i ” I + •••) = i’Tf, 

^nd so we obtain again the formulae of Art. 121. 

We might, of course, wish to obtain formulae applicable, say, for negative 
values of 0 ; then we find as before 

P'(^)= - iooseo if -7r<^<0, 
leading to P (6>) = - J log ( - tan J^) + const., 

and the constant is found to be - Jirt by writing - Jtt. 

Similarly for other intervals for $, 


An example of a slightly more complicated type is given by 

OP pin6 

leading to the symbolical formulae 


the series 
This gives 


and P'^iO) ~aaP(0) = 

1 

Thus 

P»(0)-o*P(0) aH2a*j^=-fo*^=-f«a*tanJ0, 

the limits for 0 being given by —'jr<6<+Tr. 

It follows that P"(d)--a*J(0)=O, 

supposing a real, and accordingly 

F(0)=A cosha0, — '7r<0<+7r, 
because F(0) is an even function of 0, so that sinh aO is not part of 
the solution. 
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(41) 


To find A, put d— 0 ; and then 

^=1+2«*S1t 

Thus we can write 
aw cosha0 


( —!)” _ aw 
w*+^*~*suih aw* 

cos nO 


by Art. 99. 


sinhaTT 


- = l+2a*2(-l)» 




-w^e^w 

[Fourier], 

the signs of equality being now included, since the series converges 
uniformly for all real values of 0. 

By differentiation of (4‘1) we obtain 


(4*2) 


Bhiha0 .nsmw0 

TT . T— =22( — 

sinh aw ' / 


n*+a* ’ 


w < 0 < w. 

[Fourier.] 

It is iuBtruotive to differentiate (4*2) by a direct application of the original 
method given at the beginning of this article. Thus we write 

^n8inn(^^- ff) 


0 ( 0 )= - 22 - 


n* + a* 


and then .4 = - 2. 

Thus OW - 1 = = 

or O'(0) = F(0), which is at once verified. [Math, Trip, 1902.] 


The reader will see without diflBiculty that the method adopted 
in the present article is substantially equivalent to a rule due to 
Stokes (Art. 128 below).* 


Ex. 1. If 




0(0)=! 


sin n6^ 


verify that if 0 < 6> < 27r, 

P'+iP = ie^^-X + ii(7r-0)h 

P'^ iP=- c(l + Je‘«) + A + it(7r - 6>)}, 

where A=log(2Bin4^). 

Deduce that 

(4*3) F((y) - i + i cos - i(7r - 6?) sin 0, 

(4*31) (?(6/) = i sin 0 - sin 0 log(2 sin iO). 


* The present method was given, in a slightly condensed form, in Art. 90 of the 
first edition of this book. Other methods, depending on similar ideas, but more 
troublesome in practical work, have been suggested by Lerch (Ann. de VEcoU 
Normale (3), vol. 12, 1895, p. 351) and Brenke (Annals of Mathematics (2), vol. 8, 
1907, p. 87). 



124, 126] 


DIPFEBENTIATION 


369 


Ex. 2. Verify the formula of Ex. 1 by writing 

n*-l“'2U-l n + lj* 

and rearranging the series. 

Ex. 8. Prove that if 


.= iC08^ + 


cos3^ 


COB 5^ ^ 008?^ 


1.3.5"3.5.7'^6.7.9 ‘ 

then F"'{6) + 4F'(e)=0, if - Jr < (9 < 

Deduce tnat 

(4-4) ^(6>) = Jr cos* if - Jr 0 .Jr. 


126. Extension of the method of Art. 124. 

Suppose next that we have to deal with series in which the sum- 
mation extends from — oo to -f oo ; and that ->^4, as n tends 
to either — oo or + oo . 

We now introduce the two series* 

V' - cos nd == 0, - sin nO—yr — O, 

where 0 < 0 < 27 r, and the accent indicates that n=0 is omitted. 
Then, if we write 

=2^wCos7i0, G{0) =^^<inSuxnO, 

r 

we have 0 = <^o + cos nO, 

- ir4 

G(6)—A(-!r—0)= ^'b„BmnO, 

where, as in Art. 124, b„=an—Aln. 

00 

Thus F'(d) "”2 

_ ^|0 — JCi 

00 ^ 

(?' (0) + A = '2^'nb„ cob «0= A 4- 2 (”®n - ^) cos n0, 

- go - ■*' 

and so we obtain the more compact formula 

— OO 


where ?(») = 

.00 

• Since the positive and negative parts of the series converge separately (Ex., 
Art. 22), we can group together corresponding positive and negative terms. Then 
the cosine-series vanishes identically, and the value of the sine-series follows from 
(1*2) of Art. 121.' 

B.i.s. 


2a 
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To illustrate the method, let us take 


so that 


_a, " 

m pt»9 

m=2 --- • 

_oo n — a 


Then ^4 =1, and bo we have 

P'm = . 2 ( --- - l)e‘-» = «. 2 ~ = >aP(ff). 

— 00 ~ Ot / —00 ^ ^ 

Accordingly we have 

P(e) = C&^\ (0< ^<27r). 

But, putting ^ = TT, we have 

Ce‘»'=-i--i- + -i L-+.. + -i- _J_+-L--... 

a 1 -a 2-a 3-a i+a 2+a 3+a 

= _i_ + +_L^- ...y= . (Art. 99.) 

\a a^l a+l a-2 a + 2 / Bm(fl7r) 


(6*1) and«o 


- 1 " 
27riC‘"® 
e‘-*«** - 1 ’ 


rll) Hence f’(g)= - (7(6») = ?L^5^^^, 0<^<2ir. 

^ ' ' sinaTT ' ' BinaTT 

It should be noticed that a is not restricted and may be complex. 

By writing 2airi=t and 0=27ra;, the above result (5*1) may be 


written 


f,xt jD viH/irix 


_ =V-- 
e‘-l ^t- 


*«') » ra-'-S'aj;-,. ifo<*<i. 

where n=0 is omitted from the summation in (5’21). 

We can expand both sides of (5*21) in powers of <, provided that 
|/| < 2'7r ; and thus we find (Art. 101) the results 

(5-3) 

(5.4) 

(5-5) i>,. 
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These results are due (in general) to Raabe and Schl5milch ; and 
include the series found in Art. 122 by repeated integration. 

El. 1. Deduce (5*1) from (4*1) and (4*2) by writing la for a, 

El. 2. It has been tacitly assumed that a is not an integer. If we now 
make a m (a positive integer) in (5*1), prove that we obtain the results 


( 6 * 12 ) 


1 ooamO „ cos • n 

o— - + “i i = - (it - ^ sm mff, 

m 2m I - m* ' ' ’ 

sin m$ „ s, sin nO , n 

+ — + 22 (tt -(9)cosm^, 


0 < ^ < 27r, 


2w ^ " n® - m* 

where n = m is omitted from the summation. 

Deduce Exs. 13, 14, Chap. III. ; and compare Ex. 1, Art. 124. 
Ex. 8. Deduce from (5*1) that 


V <508 71^ 7r8ina(i7r - ^) ] 

^ r n* -a^ - “ 4a cos Jott ' * 
rnn\ _ 

.,2 - 4 COB Jo7r“ ' 


0 < ^ < TT, 


where w=:l, 3, 5, 7, ... to ao. 

Obtain these results also, as in Art. 124, by proving that 

F'(6I) = -G((9). G'(e)^a*F{e), 
and, from Art. 123, that, && F^tt) =0, 

while (?(^) -»■ Ifl-as 0. 

Verify the conclusions also by considering F(0) and O (^tt). See Chap. IX. 
Ex. 4. Prove that if 2r < A < 2 (r + 1), 

g(2r+l)«.B 


(5*7) 


y . 

ar + tiTT ’ 


and discuss the sum when A is an even integer. 
Ex. 6. Prove that if 0 < ^ < 27r, 
^coR{n-a)6 tt 


(5*8) 


^ 8m(n,~ tt)6^ 

r , — TT • 

tanaTT _® n-a 


126. Dirichlet’s summation of Fourier’s series. 

The assumption that a function f{x) can be expressed as a 
uniformly convergent series, 

f{x)=aQ+l>(anCOsnx-\-bnBmnx), 27r, 

leads at once to the formulae for the coefficients 

1 p‘2ir I /•27r 

ao = 2 ^ /(x)<fe, = f(x)cosnxdx, 

1 

6„ = “ 1 f{x)smnxdx. 

Jo 

It is, however, a fact that these formulae lead to correct results 
in various series which do not converge uniformly; for instance, 
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the series (1-2), (14), (1-6), (1*9), (1-91) of Art. 121 cannot con- 
verge uniformly for a whole period, because each of these series 
has at least one discontinuity. 

To deal with the general question as to the representation of f{x) 
by the above formula, take the sum to w+1 terms. This is easily 
seen to be 

(*) 27r I,, 1 ^ 

= ^ /(^) ( 1 + 2|j cos r (a: - £)} 

sin'J(a:-^) j 

Divide the integral into two, from 0 to a; and from a? to 2x 
(assuming that 0 <x<2'7r)\ in the former write x—^=2Vy and 
in the latter write ^—x=2v. Then we have 


-S„(x)-=-U%-2«)l“(2n+l)r^„ 
itJo smv 

ttJo smv 


It follows from Art. 174 that 

i> {/f3?~0)-l-/(5r--l-0)} as n-^co y 
and that, at a point of continuity for /(a*), 

S,Xx)-^J{x), 

If, however, a;=0 or 27r, we have 

ttJo sin^; 

->i{/(0)+/(2x)}. 

It has been tacitly assumed that f{x) satisfies DirichleCs cm- 
dttions : 

The functim f{x) ie supposed to have mly a limited number of 
maxima and minimay and a limited number of discontinuities {includ- 
ing infimtie8^)y between the limits 0 and 


( 27r 

18 absolutely convei^nt. 

I 
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Th^t these conditions are not necessary for the truth of the theorem 
is well known ; but it is not easy to give more general conditions 
without going deeply into the subject. In any case these con- 
ditions are wider than is really necessary for the ordinary applica- 
tions in Mathematical Physics. 

127. Summation of sine- and cosine-series. 

In many of the series specially studied here and in many appli- 
cations to problems of Physics, it is found that we may consider 
series containing only sines or only cosines. In such cases the 
function /(x) may be regarded as arbitrary only for a Aai/* period ; 
for instance, if /(x) sin nx, we have f{-‘X) = —f{x)y and so 
the values of/(x) from x=0 to tt suffice to give the values also from 
x=— TT to 0, so that the function is really known over a (xnnplete 
period. 

Assume then in the first place that we have a uniformly con- 
vergent series from x=0 to tt, 

/(x)=S6„ sin MX. 

2 

It follows that bn=-\ f(x) sin nx dx, 

TT Jo 

Thus, on summation we find 

Sn (*) “ ) 

== {cos -COS r(a:+ f)}j 


Suppose first that 0 < x < tt ; then we write, as in Art. 126, 
TTjo “DV 

ttJo Sinu 


smv 
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Thus, from Art. 174, we see that, when f(x) satisfies Dirichlet’s 
C(mdition8, 0)+/(2:+0)}, as«->oo, 

at a point of continuity. 

It is evident that iS„(0)=0, =5„(ir), and that 


S„(-i)=-S„(a:), 

80 that in general 

when --7r<ir<0; 

although this can, of course, be obtained at once from the integral. 
In like manner, by assuming a cosine-series, we get the formulae 

f(x)=aQ+l,a^co8nx from ^=0 to tt, 


and ^0 ~ - f f(x) dx, a„ = - f / (x) cos nx dx. 

ttJo 

The sum to n-f 1 terms is then easily expressed by the integral 

and, as for *Sf„(x), we obtain 

J {/(^“-‘^)+/(®+ 0 )} as w->oo, 
or Cn{x) f{x) at a point of continuity. 


But we find 


and so 

C^(0)->/(+0) as w->oo. 

Also 




and so 

^'.(ir) ->/(x— 0 ) aa n 00 . 


It should be noticed that in most of the physical problems to 
which these series are applied f{x) is continuous between the limits 
x=0, tt; but it quite often happens that /(O) and /(x) do not 
vanish. Under these conditions the sine- series will usually he dis* 
continuous (and consequently non-uniformly convergent) at x=0 
and xi while the cosine-series remains corUinuom right up to the 
ends of the inter^wi. 
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This remark is illustrated by considering the two series for (say) the 
function f{x)^x from a: = 0 to tt. We find from (1*4) that 

ar=2(fiinar - ism2ir + JsinSa:- ...), if 0^x<7r, 
and from (2*21) that 

a; = ^7r - ^^oosa; + ^cosSa; + JjCOs5a:+ if 

Of course series such as (1*1), (1*3) and (1*5) indicate that fairly simple 
cosine-seri^ exist in which discontinuities occur at x = 0, or x=7r; but 
such cases usually correspond to an infinity in the function, and this is 
unlikely to arise in the ordinary applications to Physics. 

Ex. 1. Verify the two series for x by direct evaluation of the Fourier- 
series formulae. 

Ex. 2. Obtain similarly two series for from a: = 0 to tt; and confirm 
the results from (1*4), (2*7) and (2*2). 

Ex. 3. Confirm (1*9), (1*91), (2*4), (4*1), (4*2) by direct calculation of 
the Fourier-coeffioienta. 

128. Stokes’s transformation for finding discontinuities and 
for differentiating a Fourier series.* 

Consider first a sine-series for the interval (0, x), and suppose 
that there is a possible discontinuity of amount fi in /(x), at 
say x = a; but we assume that, in general, the differential co- 
efi&cients f'(x) and /''(x) exist throughout the interval. Then, 
on integrating by parts, we find that 

Write 6„, for the coeflScients of sinnx in the sine-series for 
/(x), /''(x), respectively ; then, on taking the last equation between 
the limits 0 and x, we find that 

(8-1) j7r6„=^{/(0)-(-l)''/(7r)+/icoBwa} 

-^/u'8inwa'-^j(|7rb„'’), 

where //' represents a possible discontinuity in /'(x) at x=rx'. 

Thus, if the form of &„ is known as an algebraic rational fraction 
of n, we can determine /(O), /(x), fi and a by considering the co- 
eflBcient of 1/n ; but, as a rule, we cannot find fi' and a' until 
is found. 

MaJLh. and Phya, Poipera^ vol 1, p. 236 ; the paper is dated 1847 and contains 
Stokes’s views on uniform convergence (see Art. 49*1). 
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In many applications to physical problems we know that f{x) 
and /'(a?) will have no discontinuities between 0 and -tt, and the 
.values of /(O), /(tt) are known or can be determined without 
difficulty ; then we find the result for 

(8-2) 6„'= - nV>„+^{f(0) - (- 1 )»/(7r)}. 

TT 

If in addition we know /"'(O), /''(^r), we can find the .coefficient 
in the Fourier-series for (x) by using the formula 

( 8 - 21 ) 

TT 

and so on to any order ; but it is usually unnecessary to go further. 
Now consider the cosine-series ; then we have the equation 

cos ni di = i/(^) sin n^-l- (^) cos n$- ($) cos n$ di , 

leading to the formula 

(8-3) j7ro„ = ^ ( - yU sin wx) + { -/z ' cos wx.’ -/'(O) + (- 1 )”f'M) 

where a/ refers similarly to the cosine-series for /"(a:). 

Thus we can determine /z and a (but not /(O), /(tt)) from the 
coefficient of 1/n in If it is known that there are no discon- 
tinuities in f{x)f f'(x) between x~0 and x=^ir, then we have 
the formula for a,'' 

(8-4) + * {(-l)V'(^)-/'(0)}. 

TT 

with the special formula 

<=[{/'W-/'(0)}. 

TT 

It may be convenient to note here the corresponding formulae when the 
function f(x) is given from or = 0 to ar = Z, and the Fourier-series are 
expressed in the forms 

sin {mrxjl) , a© + cos (mrxjl). 

Then we have * 

(8-5) b„ = I /(^) sin {nw^H) d^. 


* Stokes, l.c. pp. 256, 259, 287. 
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and in the eine-eeries for f’{0, 

( 8 - 61 ) 6 / ^ b„ + - ( - ir/m 

Similarly for the cosine-series, 

(8-6) = o„ = f jr'/(f)oo8(»rf/I)df 

and in the oosine-series for /*(^), 

(8-61) • 
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- f {/'(o) - ( - 


To illustrate Stokes’s methods, let us take 
6„=n/(n*+o*), 
then we see from (8*1) that 

/(0) = j7r, /(7r) = 0, 
because 6„— ]/n=0(l/n2). 

Further, (8-2) gives 

\n n*+oV 

so that finally /'" (x) = a^f{x). 


Thus 


. TTsinhafTT—a:) 
•^(*)=2-8]nhax ’ 


where the constants of integration have b en found from the 
conditions /(x)=0, /(0)=Jx. . 

Ex. 1. Discuss similarly the series (1*2), (1*4), (1*9), (1*91), (4*2). 

Similarly if we assume that 

f{x)=a*f(x) 

/'(0)=0, /'(x)=o*x, 

p, . cosh ax 

/(x) = a7r --r — * 

' sinhaTT 


and 

we find that 


or 

while 


Then (8*4) gives a2(a„) = a/~ + ~ {(— l)"a* 7 r}, 

TT 

2o* 




Hence we obtain again the series (4*1). 
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a finite number of ordinary discontinuities presents no fresh diffi- 
culty ; but the proof under the single restriction that f{x) must be 
integrable is beyond our range.* 

It is easily seen that if f(x) is continuous the convergence of o-n 
to its limit f{x) is uniform for all values of x from 0 to 27r. Thus 
we have 2 ir 

Urn [ 

H 00 J 0 ' 

iSince cos rx + 6,. sin rx), 

rTi n 

we find that (paying attention to the definitions of a,., &, ) 

Thus ao* + j|: (a,H 6,*) (l - < 1 {/(x)}* (fe- J„| , 

where m is any number less than n; and, taking the limit as n 
tends to 00 , we find 

m 1 -wjT 

= because limJ„=0. 

00 

Thus the series is convergent (Art. 7), and so we 

may apply Tannery’s theorem (Art. 49) to J„, which givesf 

2^1^ <te=ao*+i|: + V). 

It follows that are convergent ; thus (Ex. 15, Ch. II.), 

we see that the series 

ll\a„\ and 

are convergent. 

* L. Fej^r, Math. Annalen, vol. 58, 1904, p. 51 ; Ijebeaguc, Siriea Trigmo- 
mitriques, Paria, 1906, pp. 92-104. 

t Thia result is due to de la Valine Poussin ; see also a paper by Hurwitz {Math. 
AnnaUn, vol. 57, 1903, p. 426). 
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Hence the series 

- {®n sin nx+b„(l— cos m)} 
ft 

is normally convergent ; and its sum is therefore equal to the sum 
found by taking the arithmetic mean. But this is equal to 

lim 1 (Tndx=\ f(x)dx, 

, « -> <* J 0 Jo 

because converges uniformly to the value / {x). * 

130. Poisson’s Integral. 

By applying Frobenius’s theorem (Ex. 2, Art. 51) to Fej6r’s 

result (Art. 129), we now see that if a„, are the usual Fourier- 

constants of f(Q\ we have the result 

(10*1) lim {a 3 + 2 (flr«cos w(?-|-6„sinnO)r")=/(0), 

?• -> 1 

provided that f(6) is a continuous function from 0=0 to 27r. This 
result is easily seen to be the same as the conclusion obtained in 
Art. 87 above. 

There have been “ proofs ” of Fourier’s series published which 
amount to proving the last equation, more or less correctly ; and 
then assuming that the limit of the left-hand in (10*1) is equal to 
Fourier’s series. 

Naturally, if the Fourier’s series can be proved to converge, its 
sum is equal to the limit in (10-1) by virtue of Abel’s theorem (Art. 
51 ) ; but the only simple conditions under which we can infer the 
convergence of the Fouriei -series from the existence of the limit 
(lO’l) are derived from Tauber’s (Art. 86*1). These conditions are 
lim (wa„)=0, lim (n6„)=0 ; but, as we have seen in Arts. 121-124, 
there are many interesting series for which these conditions are not 
verified. 

Thus, in general, it is easier to follow Dirichlet’s method, as given 
in Art. 126, rather than to attempt to build up a proof on these 
lines. On the other hand, in many physical problems, it is the 
existence of the limit (10*1), rather than the convergence of the 
Fourier’s series, which proves to be of importance.f 

• This result is also due to de la Valine Pouasin. 

t Reference should be made to the paper by Stokes (frequently quoted in the 
foregoing 'Articles), MaXh. and Phys. Papers, vol, 1, p. 236^Bee, in particular, 
Section I., and the remarks on p. 237, 
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131. Character of the approximation curveB near a disooh- 
tinuity in a Fourier-series. 

Assuming that the discontinuity is iSnite and occurs at 6=a, we 
can apply the process of Arts. 123, 128 to express the discontinuous 
part of the series by means of a suitable series of the tjrpe 

^2 - sin n(6— a), 

and accordingly the behaviour of any Fourier-series near a discon- 
tinuity can be determined by the study of the special series 
A2(l/n) sin nd in the neighbourhood of 0=0. 

We have seen (Art. 121) that the discontinuity in this series is 
equal to Air ; and it is natural to conjecture that the approximation- 
curves tend to a limiting form which includes a straight line of 
length Air joining the separate parts of the curve representing /(0), 
as in the sketch below. 



Fig. 31 . 

This conclusion, however, is not quite correct. It appears from 
the analysis given in Art. 132 below, that the first maximum to the 
right on the approximation curve (0) tends to a limiting height 
A (1-85194) above the point P representing the sum of the series at 
the point 0=a ; and similarly, by changing from 0— a. to oc— 0, we 
see that the first minimum to the left tends to a limiting depth 
A (1-85194) below the point P. 

M 



It will be noted that P is midway between the points Q, R in. 
virtue of Dirichlet’s analysis (Art. 126) ; and so the maximum and 
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minimum limiting points Af, N are at distances ^4 (-28114) above 
and below the points Q, R, as in the sketch below. 

The phenomenon just described was first definitely pointed out 
by Willard Gibbs,* * * § although once the remark has been made, the 
phenomenon is almost obvious on glancing at any carefully drawn 
set of approidmation-curves. The most elaborate set of such 
diagrams was drawn by Michelson and Stratton, f who went up to 
w=80 ; bnt the phenomenon is clearly indicated in much less 
elaborate curves, such as those given by Byerly t and Carslaw.§ 


132. Fej^r’s lemma. || 

Although it is not absolutely necessary for other applioations in this book, 
it will be convenient now to investigate certain additional properties of the 
sum ^ 

iSf„(a;)=sin a;+Jsin 2a; + J sin 3x + ... +^sm»a; 


for values of x between 0 and tt ; the range from tt to 27 r is then given by the 
S„{2ir -X) = -S„{x). 

To investigate the maxima and minima of 8^ (a;) we note first that 
S^'(x) =cos a; +008 2a; + . ., +oos wa; =co8 ^ (n + 1) a; sin Jna;/sm Ja?. 

It is readily seen that the tuming'points are as follows : 


n# • ^ dTT 

Maxima x = ^ , 

n+1 n+1 


6ir 

w+r ‘ 


Minima a;== 


27r 47r 

IT > ~zr^ 

n n 



When n is odd the last terms are respectively n7r/(n + l) and (» -1) ir/n ; 
BO that the last maximum is the nearest turning-point to a; tt, which is an 
inflexion. 

When n is even, x^tt belongs to both sequences, and this is accordingly 
not a turning-point in the strict sense, but is again an inflexion, and is also 
the point of contact of the curve with y=0. The immediately preceding 
turning-points are (n -- 1 )7r/(n + 1) ana (n -2)7r/n, of which the maximum is 
again the nearer to a; =7r. 


* Nature, vol. 59, 1899, p. 606. 

t Phil. Mag. (5), vol. 45, 1898, Plate XII. 

X Fourier Sertea, otc., p. 63. 

§ Fourier's Series, etc., p. 49 (Ist edition). 

II For references to the earlier literature see Dunham Jackson, Rendiconti del 
Palermo, vol. 32, 1911 and Carslaw, American Journal of Mathematics, vol. 39, 
1917, p. 185. 

The investigation given hers is more graphioal than any of those which have 
been published previously; but it is hoped that it will be found coneot. 
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Thus, for aU values of n and for aU values of x bettpeen 0 and v the value of 
SJx) lies betrveen 0 and ^ ^ <1^=1 -85194. 


It is not difficult to discuss the series 

f(S)=»in 0+1 Bin2^ + J sin 3^ + ... 

by a direct method. In fact, if is the sum of the first n terms in f{0), 
we have, by differentiating, 


Thus 


S„W =C08 ^ +C08 26> +coa 361 + ... +cos 


Now, by Art. 174, Ex. 2 (Appendix), the limit of this integral is ^tt, pro- 
vided that \6 lies between 0 and tt ; and consequently 
f{0)=^i(7r-0), if 0 < 6/ <27r. 

But /(0)=0=/(27r)* 

Thus the curve y=f{0) consists of a line making an angle arc tan } with 
the horizontal and two points on the horizontal axis. 

A glance at Figs. 12 and 13 of Art. 43 suggests the conjecture that the 
limiting form of the curve y-SJ^O) consists of the slanting line and two 
vertical lines, joining the slanting line to the axis (see the figure below). But 
as a matter of fact this is not quite correct, and the vertical lines really project 
above and below the slanting line. 

For clearly the point 

0 = Xln, y^S^iXIn), 

belongs to the curve y - /^), whatever the positive number k may be. Now, 

as n Qo , this point approaches the limiting position 

. rA sin t ,, 

0-0, y- -f-dt, 

Jo ^ 

in virtue of Ex. 3, Art. 174. Similarly the point 

^=27r, y--j^^^-d4, 
belongs to the limiting form of the curve. 



Now the integral J ^ (sin t/l) dt can have any value from 0 to its maximum 

1 -85194 =i7r X (1-1790), which occurs for A =7r ; so that in the limiting form 
of the curve t/=S„(0)f the two vertical lines have lengths 1-85194, instead 
o $7r = 1 -57080, as conjectured. 
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Some of ihe approximation ourvea y-S^(0) are drawn for various values 
of n in Byerly’s Fourier Series, etc., p. 63 (No. II.), and in Carslaw's Fourier's 
Series, etc., p. 49 ; and the curve n=:80 is given by Miohelson and Stratton, 
PhU. Mag. (5), vol. 45, 1898, PI. XII., Fig. 5. 


EXAMPLES A. 

Asymptotic Series. 

1. Apply Art. 107 to the function /(a;) ^ A. > 0, and deduce in 

particular the formula 

^ + toac l + ) 

10^^^ 11^+^ 10^ rx 20 l'20d “ 72 x 16 ^“ 


Hence evaluate the sum 1 

to five decimal places. 

2. Shew from Art. 108 that 


1 1 1 
1 + 

2i 3^ 


. J1 .3 ... (2n-l)| /1\ 1 

I 2.4 ... 2n i ^ VriTT/ 8n 


8. In certain problems on the Theory of Probability it is of interest to 
evaluate the quotient 

q^n :/{2”(irt - ip) I (Ja + Jp) ! }, 

where », p are large, but p is not of higher order than Prove that (to 
order 1/n®) 

[Compare Lord Rayleigh, Phil. Mag. (6), vol. 37, 1919, p. 327. J 
4. Obtain from Art. 107 the asymptotic expansion 
1 1 1 

'<(^"‘0g')+4+ -2! 2" 4! 4" 6! 6.— ’ 

and deduce the behaviour of the series 

X 3^ 

1 - -a:* ■*'■■■ 

as X approaches 1, by writing < =log (1/a;). 

[ScHLOMiLCH, Compendium, II., p. 238.] 

ic r • /. I.V 1 21^4! 

the error obtained by stopping at any stage being less than the following 
term in the series. [Catichy and Dirichi.et.] 

[For the first integral use the identity 
1 

l+x^ 14 * 2 ;* 

The equality between the integrals is suggested by the series and con be 
established directly,] 
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[e*-i 

L- 0 


r(n f« + r 


the error being again less than the following term. 

[Apply the same methods again.] 

By writing ^ e“**dt 

itnA integrating the latter by parts, we find that the first integral is equal to 

ttP , j 1 

21® rr(w+^»)J 

7. Generally, if 0 < a < 1, we find 

Jo I -\-x ’ Jk sm(tf7r)L o r(n4-a + l J 

-»-T(l -.)[l -■ 

And similar expressions can be given for 

t / J • 3 (2» - 1) 

shew that »« - «„4 1 = Vire" — ’ 

andthat «„= / ■>« -l]=Vir / VdJ. 

Jo 1 —X Jo 

Hence prove that 

r = e'>ri + i- + (2>t-3 )-| «„ 

Jo \- 2 a 4 a* J^a^Tr’ 

and that the value of the remainder is approximately (a* -n +^)/^^2it). 

In particular, for a =4, by taking 16 terms we can infer that the value of 

the integral f e^dt lies between 1 149400*6 and 1149400*8. 

J 0 

[Stieltjes, Acta Math,, vol. 9, p 167.] 

9 . From the equation 

i. =j[” te-'dt = /; log (j4^)(i -*)-> dx, 

,11 1 / I \, 

-J.' 

= y fi 1.2... (r -1) n 

it'iLr* r(rn-l)(n + 2) ... (n+f)J’ 


shew that 


and that 


we obtain 
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1 + 1+ .+.l=’^*__l i i 

2* »• 6 n + 1 (n+l)(n+2) (» + l)(»+2)(» + 3) " 


10. Similarly proTe that 


[SchlSmilch.] 


1.1.1 1/11 1 1.'12 1/12 
2 3 n ® 2n n{n + l) n(«+l)(w+2) 

log (a!) =1 log (2,r) +(n +i) log « -» - _ ... . 

11. Prove also that 

L "jn'^(®+i)('®'+2)" ")’ 

the following numerators being 2» 4, 14, 38, ... . 

And r 4;e-'d«= - ^-t + /— iw oi " -li 

Jz >Jt ( x + l (ar + l)(a;+2) j 

the following numerators being .... 

[ScHLOMiUJH, Compendiumf II., p. 270.] 

12. It must not be assumed that if lim (ujbj '= 1 and is convergent 

for all values of a;, that the two functions have* the same 

asymptotic representations. 

For example, consider the two series 

C08*=l-||+|^ 

13. Use the integral of Art. 180 to shew that 

and deduce the asymptotic expansion 

where (a) is the Bemoullian function of Art. 101. [Sonihe.] 

14. Determine a formal solution of the equation 


in the form 


c“*ar«( 1 + — 

\ X X 




and express the result as a definite integral. 


I^The integral is <«-' (l + if 2 > 0.] 
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in the form 


r n(n -1)(^ ~2){n^ 3) _ ”1 

L 4x^' * ‘•■J’ 


16. Obtain a formal Rolution of the differential equation 

( (2» + l-T‘)y=0 

1) ^ n{n - l)(ti ~2){n • 3) 

47^ ~ 

and express this series by means of a definite integral. 

16. Obtain the asymptotic solution of the differential equation 

dht , .. 

by writing y=3;:='^, ; and prove that the equation reduces to 

d^v 


which gives the solution 
1 . 5 


dz^ 






1 + - 


. , 1 . 5. 7. 11 „ , 1 .5.7. 11 . 13. 17 
i+ , -o - + 


r+-). 


1 1.2 - 1 . 2 . 3 . 

where f= + 1/(1442). 

[Stokes, Math, arid Phys. Pai)er,% vol. 2, p. 329 ; vol. 4, pp. 77, 283.] 

17. Apply Euler’s formula (Art. 107) to obtain the asymptotic formulae 
(as .r-^O), 


1 


1 


1 


l>5'''2(l +2ij'''3(l+3x)'' • 2 ' 4 ” ' 

Use Ex. 26, p. 519, to prove that 

sech X + sech 2x + sech 3x + . . . ~ ~ ^ )'• 

If we attempt to continue the last asymptotic formula as a power-series 
in X, all the coefficients will be found to be zero : and as a matter of fact, the 
next term in the approximation is (2Tr!x)e~'^'lr. 

18. Apply the method of Art. 112 to the series 

(x>l,7<l), 

and prove that as 7 -^ 1 , 

Discuss in the same way the series 


EXAMPLES B. 

Trigonometrical Series. 

1. Prove from (2*4) that if 0 < /? < a < Jr, 

~ 2 sin nO sin na cos nfd =\B(7r - a), if 0 < ^ < a - /?, 

or iTr(d + a - /V) - if a - < 6 < (i+ jS, 

or ia( 7 r - if a + fi < 6 < ir. 

Write 6=Trxll, a -irhll, fd-iraill ; multiply by log 2 c/a( 7 r - a) ; and so obtain 
some of the formulae for the vibrations of a plucked string. Similarly discuss 
the remaining formulae. [Hayleigh, Theory of Sound, vol. 1, Art. 129.] 
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2. Deduce from Ex. 1 formulae for the sum of the series 

2 - sin sin na sin nB, 
n ' 

And interpret the results similarly in terms of the string. 

[Rayleigh, Theory of Sound, vol. 1, Art. 129.] 


3. Show that 


S^in2n<?8in‘»<^=ir. 


Deduce that 


2 “2 8in*w<^ = 2 \ sin^n^ 8in®n.(/j = Jtt^, 


2 \ sin^Ti^ 6inH<f> - 


with certain restrictions on 9 and <f>, 

4. Show that, if0^y<a;^J, 

^ J ^ cos {2m7rx) cos {2mry) 


[H. N. Davis.] 


} = ’r«[i '^,(2,)- </>,{*)}+ i(y-i)], 


where m-- n is omitted from the series ; but that the sum is zero if x=y. 

Show further that the order of summation is immaterial, except when 
a:=0, y=0. (See Ex. 12. p. 101.) 

6. Deduce from series (1*7) the results 

I log (cos X - cos a)® dx = - 27r log 2, 

If) ^ ")* nxdx — - {^irjn) cos na. 

6. Another form of the first integral in Ex. 5 is 

f^^log (a^ cos* 9 -b* sin* ^)* =7r log {Jl a* + 6* | } ; 

Jo 

hence shew that if r* < 1, 


/'» log 4 (cos a; -cos a)* , 27r , „ ... 

/ o dz = . - Jog (1 - 2r 003 a +r*). 

/jj l-2rco8a;+r* 1 ~r* 


7. Prove from series (1*8) that 


. . / sin* 4 (a; + a) \ , 


27r . 

— Bin nu, 
n 


and deduce that 


_ /•» COB nx .dx Binna ^ ^ . 

P I =71- - (0 < tt < tt). 

fo cos X - cos a sm tt 

The lost result is easily verified by using the trigonometrical identity 


cos nx - cos na 1 


{sin na +2 cosa;8in(n -l)tt + ... +2 co8(n -l)a;sin a} 


cos X - cos tt 
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8. Dillw-ntiato t^io BeriL'8 

X +71 I X +71 

By integrating with respect to $, deduce that 

£COB(x+«,)«^^l r “‘•(^-i)^rf^+C08(,r»)v( -1)", 

^ x + n 2 Jh Bin ' o a;+n 

sin (-e +>»)6/ 1 /*' sin - i) ^ , « . , . 

1 -- - ' , *--d^+8m{7ra;)l - - ‘ 

0 x+n 2.10 Bin o x +n 

CO 

The series 2 l( - 1 )”/(a; +n) is sometimes denoted by /?(«), and can be 
0 

expressed by means of the ^-function (see Ex. 13, p. 115), since 

Tims, if X /.s rafiomilf the series can be summed in finite terms ; the case 
x^\ has occurred in Arts. 65. Let us lake ;r — as a further example. 

We get ^ ^ ^ " o / cosec ^0 dO = log cot 

0 + .2 Z '0 

^ = /^ (i> =2(1 - J + .! - •■•) = i’r, 

where 0 < 6 < tt. 

If O/tt is rational the series may be expressed by means of i^-functions ; 
and so the integrals are then expressible in the same form. 

If we allow 0 to tend to 0 in the sine-series, we get the result (Art. 125) 




sin {x -{)0 
sin 10 


d0=-\jT - sin (ttx) fi (a:). 


[Hardy.] 


9 . Shew tliat if we attempt to find a Fourier sine-series for cot a: from 
a* ~ 0 to a* - 77 f we obtain the series 

2 (sin 2x H-sin 4a; -t-sin 6a; + ...), 

and verify Fej(f*r’s general theorem (Art. 129) in this special case. 

10. From 5-3 , p. 370, deduce that if A lies between the two even integers 
2r, 2(r + l). 

^ ^ + WTT ~ sin ^ ’ 

and examine the case A - 2r, 

[Write ^ =(A - 2r) TT, a = - ^/tt. ] 

11. Shew that 

ce 'tX 

(»Tr)(n-lT)=(* 

and divide this equation into real and imaginary parts. 
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12. Shew that 


' ' I - n sin 


where B is the difference between v and the integer nearest to v, 

[Write 7 r(l +2S) for 0 in the series 6’1, p. 370, and observe that 

-i<tf < +i.] 

18. By writing ia and - ia for a in 5*1, p. 370, or otherwise, shew that 
cosholTT-x) 1 A -- o 


• sinh air 
8inha(7r -x) 


22 0<x<2;r. 
1 n* +a* 


" sinhaTT " rw*+a*’ 

Deduce each of these from the othei by differentiating [Math, Trip, 1902.] 
14. Prove that, if 0 ^ ^ n*, 

+®“ + ... ..sin 26 -(r- 2^)8in‘(9 - sin 0co8 01og (4 sin'd) ; 

X • « Z • o u • 4 


and find the sums oi 


V V 

tn^» rw*-i’ 
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AETTHMETIC THEORY OF IRRATIONAL NUMBERS 
AND LIMITS. 

133. Infinite decimals. 

If we apply the ordinary process of division to convert a rational 
fraction a/b to a decimal, it is evident that either the process must 
terminate or else the quotients must recur after (6—1) divisions at 
most ; for in dividing by 6, there are not more than (6—1) different 
remainders possible (namely 1, 2, 3, ... 6—1). 

For instance, J = *125, terminating after three divisions. 

Again 4 = -714285, recurring after six ( =7 - 1) divisions. 

Also = -3571428, recurring after seven divisions. 

And = *153846, recurring after six ( = J (13 - 1)) divisions. 

If the decimal part is purely periodic and contains p figures, the decimal 
can be expressed in the form P/(10^ ~ 1)» by means of the formula for summing 
a Geometrical Progression (Art. 6). Thus b must be a factor of, or equal to, 
10^' - 1 ; and so 5 is not divisible by either 2 or 5. Conversely, it follows 
from Euler's extension of Fermat's theorem that when h is not divisible by 
either 2 or 5, an index p can be found so that 10^ - 1 is divisible by b ; thus 
a/6 is of the form P/(10 p -< 1) and so can be expanded as a periodic decimal 
with p figures in the period. 

But if the decimal part is mixed, containing n non-periodic and p periodic 
figures (as for y\), 6 must contain either 2^ or as a factor ; because the 
decimal part of (a x 10”)/6 will be purely periodic. The relation between p 
and the other prime factors of 6 cannot be discussed so simply. But it is 
proved in the Theory of Numbers (see, for instance, Gauss, Diaquiaitionea 
Arilhmeiicae, §§83-92, 308-318) that if ... , where r, a, t, ... are 

primes (not 2 or 5), then n is the greater of a, while p is a factor of the 
L.C.M. of r^'^(r-l), -1), ^"^(^-1), ... . 

If now we agree to replace a terminated (say *125) by an in^te 
decimal *125000... it will be evident that any rational fraction can 
be expressed as an infinite decimal* 

* According to the rules of arithmetic, we could also replace *125 by *1246, but 
it is more convenient to have a unique form, and we shall adhere to *125000... . 

394 
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But we can easily see that the rational numbers do not exhaust 
all infinite decimals. 

Thus consider the decimal 

•1010010001000010... , 

which consists of unities separated by zeros, the number of zeros 
increasing by one at each stage. Clearly this decimal neither 
terminates nor recurs : and it is therefore not rational 
Similarly, we may take a. decimal 

•11101010001010001... 

formed by writing unity when the order of the decimal place is 
prime (1, 2, 3, 5, 7, ...), and zero when it is composite (4, 6, 8, 9, 
10, ...). This cannot be rational, since the primes do not form a 
sequence which recurs (in rank), and their number is infinite, as 
appears from the Theory of Numbers. 

If the primes recurred in rank after a certain stage, it would be possible 
to find the integers a, h, such that all the numbers 

o, a +6, a+2h, ... 

would be prime. Now this is impossible, since a +a6 is divisible by a ; and 
therefore the primes do not recur. 

If the primes were finite in number, we could denote them by 
Pv ••• * Pn* number 

iPiPiPz -Pnl + l 

would not be divisible by any prime, which is absurd. Thus the number of 
primes is infinite. This theorem and proof are due to Euclid (Bk. ix. Prop. 20). 

As an example of a different type, consider the infinite decimal 
obtained by applying the regular arithmetic process for extracting 
the square-root to a non-square such as 2 ; this process gives a 
sequence of digits * 

1-414213562373... . 

This decimal has the property that, if Ay^ denotes the value of 
the first n digits after the point, 

which gives 2— < 3/10", since 2i4n+l/10" < 3. 

* A rapid way of finding the decimal is to use the series of Euler, Ex. B. 14, 
Ch. VIII. 
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which is less than 


m\ Im-f 


1 


•} '^ot!(»»'+i)/(^ TO+l)’ 


Thus, if n > m+1, the decimal for a„ lies between the decimals 
given by 


-mu— 

In this way we find euccessively the limits 

1-66 and 1*75, w=2 

1-708 and 1-720, w=3 

1-7166 and 1-7188, m = 4 

1-71805 and 1-71834, m = 6 

1-71826 and 1-71829, w=6 


and so on. 

As m increases, these two decimals become more and more nearly 
equal ; and we are thus led to construct an infinite decimal 
(1-718281828 ...), which we regard as equivalent to the expression 

( 1 ) 

It will now be proved that this infinite decimal cannot agree with 
the one which corresponds to any rational number. 

For the decimal corresponding to 

must be less than the decimal derived from 


2'''2 . 3'''2 . 3*'^’"'''2 . 3 ’’-»’ 


And the last expression is 



Hence, no matter how many terms we take from 2 1 3 1 "^ * * * ^ 

decimal derived from their sum will be less than the decimal '75. 
But if c is any integer greater than 1, 


1 J__ 1 _ J__ 1 ^ ± 

2! ^ c+1’ 31 ^ (c+l)(c+2)’ 4! '(c+i)(c+2)(c+3)' 
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and so on. Thus the decimal representing any number of terms 
from 11 1 

;+i 

must be less than *75. 

Suppose now, if possible, that (1) could lead to an infbaite decimal 
agreeing with the decimal derived from a/o, where a and c are 
positive integers. Multiply by c!, and.(l) becomes 

{(2 . 3 ... c)+(3 . 4 ... c)+(4 . 5 ... c)+...+c+l} 

+ L+ 1 _ , 

%+r (c+i)(c+2)+-- 

The terms in {} brackets give some integer 7, say, and so we find 

that I 1 

a(c-l)!-/=— j + , 

that is, an integer equal to a decimal which is less than ‘75, which 
is absurd. Thus no fraction such as ajc can give the same infinite 
decimal as (1) does. 

Consider next the continued fractions 

1 ^- to n terms. 

Here, we recall the facts that if 

K=rli, K+i=rii, 

then |p5— gr|=l, 

while bn lies between and b„^^i if w > m+1. 

Thus we find for the sucoessive values of 

1»2, — 

and so, converting to decimals, we see that lies between the two sequences 
1,1-5, 1-6, 1-616. ..., and 2, 1-07,1-625, 1-6191,.... 


As m increases, b„^ and b^^i become more and more nearly equal, 
and lead to an infinite decimal 1-6180340... , which can be con- 
sidered as equivalent to the infinite continued fraction 

/ox 

( 2 ) 1 + 1 + 1 + 1 + ••• *° **• 

This infinite decimal cannot be derived from a rational fraction 
ajc ; for if it were we should have the inequality 
p_al jp_^r _ 1 
q 

|pc— ojI > c/s. 


so that 
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Since (pc--ag) is an integer, the last condition gives Os; but 
this is obviously absurd, because the denominator of the cth con- 
vergent is greater than c (ii c> 5). 

Similarly, the continued fraction 


( 3 ) 


1 +, 


2 + 2 + 2 + 


can be proved to lead to an infinite decimal which is not rational. 


The reader who is familiar with the theory of continued fractions will see 
that the square of (3) converges to the value 2 ; while (2) can be interpreted 
in connexion with the first geometrical example of Art. ,136 below. 


As a somewhat different example, it is easy to see that the infinite 
decimal 

(4) logio2 = *301029995663981 . . . 

cannot be rational. For if it were equal to a/c, we should have 
10® =2* ; but 10* must end with 0, whereas 2® ends with 2, 4, 6 or 8. 
Thus 10* =2® is impossible. 

Similarly, we can see that 3, 5, 6, 7, 11, ... cannot have rational 
logarithms. 

136. Oeometrical examples. 

From the examples given in Arts. 133, 135 it is evident that 
the system of rational numbers is by no means sufficient to fulfil 
all the needs of algebra. We shall now give an example to shew 
that it does not suffice for geometry. 

Let a straight line AB be divided at C in “ golden section ” (as 
in Euclid, Book II., prop. 11), so that AC : CB=AB ; AC. It is 


A k b b B 


then easy to see that AC must be greater than CBy but less than 
twice CB* Cut off AD equal to CB ; it follows at once that AC 
is divided at Z) in the same ratio as AB is divided at 0. For we 

AC : AD=^AC : CB=AB : AC, 

and consequently 

AD : DC=AD : {AC -AD)=-AC : {AB^AC)==AC : CB. 

Also AD is less than half of AB. 


*The first follows from the definition; and so we see that AB=zAC + CB is 
less than twice AC. Now, since AC iCB-AB : AC, it follows that AC is less 
than twice CB. 
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Thus if we repeat this process 2n times, we arrive at a line AN^ 
which is less than the part of AB. 

Now suppose, if possible, that' ACJAB can be expressed as a 
rational fraction r/s ; then ADIAB=CBIAB is (tf — r)/^, and DClAB 
is {2r—8)j8, Hence AEjAB is {2r^8)ls and EDIAB is {2sSr)l8, 
Continuing this argument, we see that ANjAB must be some 
multiple of I /5 ; and so cannot be less than I/ 5 . But we have seen 
that ANjAB is less than 1/2**, so that we are led to a contradiction, 
because we can choose n so that 2^ exceeds s. Thus the ratio 
AC : AB cannotb be rational. 

It is not difficult to prove similarly that the ratio of the side to 
the diagonal of a square is not expressible as a rational fraction. 
In fact, let ABC in the figure represent half a square of which AB 
is a diagonal ; it is at once evident that AB is greater than AC and 
less than 2 AC. Cut off BD=BCy and erect DE perpendicular to 



AB at D ; then we have ED=DAy and EC==EDy because BE is 
a line of 83 mimetry for the quadrilateral BCED. Thus EC=DA. 
If we repeat the same construction on the triangle ADE, we See in 
the same way that AF ^FG=GD 

Thus AD {=\FC) is less than half AC \ and similarly, AF is 
less than half AD. Thus, by continuing the construction, we arrive 
at an isosceles triangle ANPy such that AN is less than the 2"th 
part of AC. 

But if ACIAB is a rational fraction r/s, then ADfAB is {s—tys, 
so that AFjAB is (3r— 2s)/5 ; and continuing the process, we see 
that ANjAB is not less than l/s, or that ANjAC is not less than 
1/r, which leads to a contradiction, as before. 

Ez. The reader may shew geometrically that the continued fraction (2) 
of the last article converges to the ratio AB i AC \ while (3) converges to the 
ratio of the diagonal to the side of a square, 

B.1.8, 2 c 
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137. A special classification of rational numbers. 

The examples of Arts. 133-136 indicate the need for developing 
some theory of irrational numbers. But before proceeding to a 
formal definition, which will be found in the next article, we shall 
give some considerations which shew how infinite decimab which 
do not recur lead up to Dedekind’s definition. 

The infinite decimal 1*41421... discussed in Art. 133 enables us 
to divide all rational numbers into two classes : 

(A) The lower class, which contains all rational fractions (such 
as if) less than or equal to some term of the sequence of 
terminated decimals 

1*4, 1-41, 1*414, 1*4142, etc. 

(B) The upper class, which contains all rational fractions (such 
as 2 ^ ) greater than every term of the sequence. 

It is then clear that 

(i) Any number in the upper class is greater than every number 
in the lower class. 

(ii) There is no greatest number in the lower class ; and no 
least number in the upper class. 

To 800 the truth of the second statement, wo may observe that, if 
J = (4 + 3ifc)/{3 + 2ik), 

wo have f - fc = 2 (2 - jfc*) /(3 + 2Jk), 2 - = (2 - k *) /(3 + 2k)*, 

Hence, if A; is any rational number of the lower class, we have I > k, because 
it* < 2 ; and, for the same reason, Z* < 2, so that I will also belong to the 
lower class. There is therefore no greatest number in the lower class. 

If now we suppose it to be a rational number of the upper class, we prove 
by a similar argument that I is also a number of the upper class, but is less 
than k. 

El. 1. Prove similarly that if it* < N, then l>k, l^< N, where 
} = (Na + bk)/ib + ak) and 6* > Na^, 

Ex. 2. Establish inequalities similar to those of Ex. 1, taking 

Z = it(3N + k*)/(N + 3Jb*). [Drdkkind,] 

Ex. 8. The formula, corresponding to Ex. 2, for the nth root of N is 
l^k{(n + 1)N + (n - l)it«)/{(n - 1)N + (n + l)h»»}. 

Ex. 4. Utilise the last example to find approximations to 2^; the first 
two may be taken as 1, J. 

The classification of rational numbers which has been just de- 
scribed can, however, be obtained by a different process. Prom 
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the arithmetical process of extracting the square-root of 2, it is 
evident that 

(1-4)2, (1-41)2, (1-414)2, (1-4142)2, ... 

are all less than 2 ; but the sequence contains numbers which are 
as close to 2 as we please. Thus the lower plass contains every 
positive rational number whose square is less than 2 ; and it also 
contains, all negative rational numbers. Since the two classes 
together contain all rational numbers, it follows that the upper 
class must contain every positive rational number whose square is 
greater than 2. 

Thus the same classification is made by putting, 

(A) In the lower clasSy all negative numbers and all positive 
numbers whose square is less than 2. 

(B) In the upper clasSy all positive numbers whose square is 
greater than 2. 

138. Dedekind’s definition of irrational numbers. 

Suppose that some rule has been chosen which separates all 
rational numbers into two classes, such that any number in the 
upper class is greater than every number in the lower class. Thus, 
if a number k belongs to the upper class, so also does every rational 
number greater than k. 

There are then three mutually exclusive possibilities : 

(1) There may be a number g in the lower class which is greater 

than every other number in that -class. 

(2) There may be a number I in the upper class which is less 
than every other number in that class. 

(3) Neither g nor I ma^ exist. 

The cases (1), (2) lend themselves very readily to geometrical interpretation, 
by representing any rational number by a point on a line. Thus OP will 

represent the fraction in hi, if the length OF is m times tne nth part of the 
unit of length. 

In case (1), the upper class consists of all rational points to the right of g 


on the line ; and the lower class consists of g and all rational points to the 
left of g. 
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Similarly, we can illustrate case (2). It might be thought at first sight 
that g and I might exist simultaneously ; but this is excluded by the hypothesis 


6 i i 

that aU rational numbers are to be classed. Now l{g + l)}B rational and falls 
between g and I ; and this would escape classification. 


That there are cases in which neither g nor I can exist is clear 
from the example given in the last article, where it was proved that 
there could be no greatest number in the lower class, and no least 
number in the upper class. 


For example, let us illustrate on a straight line the approximations to ^J2, 
which are derived from the convergents to the continued fraction 

- , 1_ JL 1 

■^ 2 + 2 + 2 +"' ■ 

The convergents of the lower class are seen to be 


1. i. ilt. .. 

whUe - 

are those of the upper class. 

It may be observed that if pfq is a convergent of either class, the next 
convergent of the same class is (3p + 49)/(2p+ 3^), while the intermediate 
convergent of the other class is (p + 2g)/(p + g). 

The representative points are as shewn in the diagrams, the second figure 
being a large-scale reproduction of the segment of the first which falls between 
I and 


0 


1 


j 

n ' ' if 


i . 
lU 


2 

X 


f 


It is clear that in case (3) the rule given a cleavage or section in 
the rational numbers ; and to fill up the gap so caused in our number- 
system, we agree to regard every such section as defining a new 
number, and in particular we may regard this new (irrational) number 
as being equivalent to the lower class of rational numbers. This 
constitutes Dedekind's definition of irrational numbers/^ For it is 
clear from what has been said that these new numbers cannot be 
rational. 

On the other hand, in cases (1), (2) there is no section, and so no 
new number is introduced. 


* Other definitions have beeii framed by Meray, Weierstrass and G. Cantor. 
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139. Definitions of equal, greater, less ; deductions. 

For the present we use the following notation : 

An irrational number is denoted by a Greek letter, such as a, ; 
the numbers of the corresponding lower class by small italics, as 
a, h \ those of the upper class by capital italics, as B. The 
classes themselves may be denoted by adding brackets, as (a), (A). 

These definitions may be indicated graphically thus 

• - - - - - — - — , - 

a CL A 


It is an obvious extension of the ordinary use of the symbols 
<,>, to write a< 0 L<A, h<^<B. 

In particular, we say that a. is positive when 0 belongs to (a) ; 
a is negative when 0 belongs to {A), 

Two irrational numbers are equaly if their classes are the same ; 
in symbols we write a=^ if {a)=(h) and (A) = (B). 

The reader who is acquainted with Euclid’s theory of ratio will recognise 
that this definition of equality is exactly the same as that which he adopts 
in Book V. of the Elements. Euclid in fact says that A i B:=C : D, provided 
that the inequalities nA 5 mB are accompanied by nC 2 rnDy for any values 
of m, n whatever. In Dedekind’s theory, the inequality nA > mB implies 
that mfn is in the lower class defining A: B; thus Euclid’s definition imtplies 
that the two ratios A : B and C : D have the same lower class and the same 
upper class. 

On the other hand, the number ol is less them the number when 
part of the upper class {A) belongs to the lower class (b), so that at 
least one rational number r belongs both to (A) and to (6). 

This definition of inequality also coincides with Euclid’s. 


It follows at once from the definition that if oc < /8 and /3 < y, 
then OL<y. 

Again, if a. <0, an infinite number of rational numbers fall between 
OL and / 8 . For at least one rational number r exists such that 
a<r</8. Now there is no greatest number in the class (6), so 
that we can find another rational number s which belongs to (b) 
and is greater than r. Thus 

a < r < s < j8. 

Then if a;, y are any two positive integers, we have 


*+» 

so that all these rational numbers lie between a and )3. 


406 


IRRATIONAL NUMBERS 


[ap, T. 


140. Deductions from the definitions. 

Any irrational number (a) can be expressed as an infinite decimal. 
For there will be some integer Uq (positive or negative) such that 
no belongs to the lower class (a) and no+1 belongs to the upper 
class {A), Then consider the rational fractions 

^0+ lVi> + ••• > %+TTy> ^0+ ^ 

some of these belong to class (a), the rest to class (A), Suppose 
that no+ni/10 is the greatest in class (a), so that we have 


no+ 


ni 

io 


< a < no+ 


n^+l 

10 


Continuing this process, we arrive at the result 


I ^ I ^ I I ^ ^ 1 I ^2 I 

«o+ Jo + 202+ ••• + < “■ < ’^0 + 10+ io*"^ ■ 


^ + 1 
~1& 


If we call these two decimal fractions Ur, Ar, it is plain that 
Ar—Or (=1/10'^) can be made less than any prescribed rational 
fraction merely by taking r to be sufl&ciently great; and if we 
continue the process indefinitely we see that fx is the number 
defined by the infinite decimal n^’ningWa .... 

The argument just given shews also that we can always determine 
numbers A, a belonying to the two classes such that A — a is less than 
an arbitrarily small rational fraction. 

It is useful to note further that Or can be chosen so as to exceed 
any prescribed number a' of the lower class. For let a" be another 
number of the lower class which is greater than a' ; and then choose 
r so that lO*" > 1/ (a'^ — a'). Then 

Ar—ar<a'' — a' , or Ur’-a' > Ar—a'" , 

But Ar > a\ so that > a'. 

141. Modified form of Dedekind’s definition. 

Suppose that a classification of the rational numbers has the 
following properties ; 

(1) if o belongs to the lower class, so does every rational number 
less than a ; 

(2) if .4 belongs to the upper class, so does every rational 
number greater than A ; 

(3) every number a is less than any number A ; 

(4) numbers Ay a can be found in the two classes such that 
.4— a is less than an arbitrary rational fraction. 
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Such a cUtssiJuxUion defines a single number^ rational or inalionaL 

For any rational number r whicb does not belong to either class 
must lie between the two classes, since any number less than a 
number of the lower class must also belong to the lower class ; and 
therefore r must exceed every number of the lower class : similarly, 
r must be leas than every number of the upper class. Hence, if 
a, A are any two members of the two classes a<r<A, 

Suppose now that 5 is a second rational number which belongs 
to neither class; then a<s<A. Hence |r--s| must be less than 
A — a; but this is impossible, since by hypothesis A, a can be 
chosen so that A— -a is less than any assigned rational fraction. 

Consequently, not more than one rational number can escape 
classification ; if there is one such number, the classification may 
be regarded as defining that number ; but if there is no rational 
number which escapes classification, we have obtained a Dedekind 
section, and have therefore defined an irrational number. 

142. Algebraic operations with irrational numbers. 

The negative of an irrational number ol is defined by means of the 
lower class — A and the upper class —a; it is denoted naturally 
bv —(X. 

The reciprocal of an irrational number a is defined most easily by 
restricting the classes at first to contain only terms of one sign ; 
and then the reciprocal 1/a is defined by the lower class IjA and 
the upper class 1/a. Thus if the number a is positive, the complete 
specification of the classes for 1/a will be given by putting the whole 
of IjA in the lower class, together with all negative numbers, while 
the upper class will contain only the positive part of 1/a ; and a 
corresponding definition is easily framed for 1/a when a is negative. 

The absolute value of an irrational number ol is always positive and 
is equal to a or —a, according as a is positive or negative ; it is 
denoted by |a|. 

Addition of two irrationals. 

Suppose a, jS to be the two given irrationals, so that a < a < <4, 
b < ^ <B, Then we classify the rational numbers by making 
a+b a typical member of the lower class and A-\-B of the upper 
class. Ti^ rule obviously satisfies conditions (1)“(3) of Art. 141. 
To prove that it satisfies condition (4) and so defines a single number, 
we note that (^ 4 . 5 ) =(4 _o)+(B_ 6 ), 
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and, as explained in Art. 140, we can find a, A and 6, B so as to 
make a and B—h each less than ; and then (A-t-B)— («+&) 
is less than e. Hence our classification defines a number which 
may be rational or irrational ; this number is called the sum oc+/8. 

It follows at once that «,+(— a)=0 ; for here the lower class is 
represented by the type a— ^4, and the upper class by A[— a. That 
is, the lower class consists of all negative rational numbers and the 
upper class of all positive rational numbers ; hence, zero is* the only 
rational number not classed, and therefore is the number defined 
by the classification. 

Subira^ion of irrationals. 

In virtue of the relation /S +( — /8) =0, we may define a as equal 

to the sum «.+(--j8). 

Multiplication of positive irrational numbers. 

For simplicity of statement, we omit the negative numbers from 
the lower classes ; and then we define the product by using the 
type ah for the lower class and AB for the corresponding upper 
class. To prove that this classification defines a single number, let 
6 denote an arbitrary positive rational fraction less than 1 ; and 
choose any rational number R which is greater than a +/9 + 1 . Next 
find numbers A, a and B, h such that A— a < ej, S— 6 < where 

e^^elR. 

The determination of A, a and B, b is possible in virtue of Art. 
140. Then we have 

AB—ab < (a+€i)(b+€i)—ab 
or AB—ab < €i{a+b+e^) < ^^(a+b+l) < e^R. 

That is, AB—ab < €. 

Thus, as in Art. 141, the classification by means of ab and AB 
defines a single number which may be rational or irrational ; and. 
this number is called a/3. 

In particular, if /3=l/a., the product is equal to 1 ; for the lower 
class is represented by aJA and the upper class by Ala. That is, 
the lower class contains all rational numbers less than 1 and the 
upper class all rational numbers greater than 1. Consequently the 
product is equal to 1, the single rational number which escapes 
classification. 
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MyUipltcatim of negative irrational numbers is reduced at once to 
that of positive numbers by agreeing to accept the ordinary rule 
of signs ” as established for rational numbers. 

Division of irrationals. 

In consequence of the relation (l//8)Xi8=l, we may define the 
quotient ol//3 as equal to the product ax (1//8). 

It is now evident that any of the fundamental laws of algebra 
which have been established for rational numbers remain true for 
irrational numbers. 

Thus, we have the following laws : 

a+0=a, a+^=/3+a, a+(/3+y)=(a+^)-Hy, 
axl=a, a/3=/3rx, «.(/3y)=(aj8)y, 

o^(/3+y)=CL^+(x.y, 

|a|+|^|S|a+^|^|a|-|/3|. 

For example, let ua prove the theorem a =/^ + a.. 

By definition we have 

((1+6) < < {A + B) 

and (6 +a) < )8+(^ < (J5+A). 

But 0 + 6=6 +o and A +Ji-B + A, so that a. +^ and +(3 l are defined by 
the same two classes and are accordingly equal. 

The reader will find it a good exercise to write out proofs of the other laws 
in a similar way. After this he may attempt to construct a theory of irra- 
tional indices and of logarithms, on the foundation of Dedekind’s theory. It 
is necessary to define first and then to prove that . a'* =(3 l^+^, and so on ; 
finally shewing that the equation in A, a.^ = /?, has a root ; here a., fi are positive 
and A, may be either positive or negative. 

143. The principle of convergence for monotonic sequences 
whose terms may be either rational or irrational. 

A monotonic sequence (a„) leads to a section in the system of 
rational numbers as follows : 

Suppose for definiteness that the sequence is an increasing one, 
in which the terms remain less than a fixed number A, so that 

... = ... < A. 

Now if A; is any rational number, one of two alternatives must 
occur ; either some term in the sequence (a„') will be equal to or 
greater than A;, or else every term of the sequence will be less than 
k. We define the class (6) as the class of all rational numbers k 
which satisfy the first condition, the class (B) as the class of all 
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which satisfy the second condition. Typical numbers of the class 
(6) are the rational numbers which belong to the sequence ; while 
(B) contains every rational number greater than A, and pos^bly 
some rational numbers less than A, 

It is clear that the classes (b), (B) together contain cdl rational 
numbers, and therefore give a section which defines some number 
/S, rational or irrational. We may call (B), (6) the upper and lower 
classes respectively, defined by the sequence (a„). 

Now every rational number greater than 13 belongs to the upper 
class (B), and is therefore greater than any term a„. And the same 
is true of every irrational number y greater than /8 ; for there will 
be rational numbers between y and )8, and these rational numbers 
are greater than any term : thus y is also greater than any term 
Consequently no term in the sequence (a„), whether rational or 
irrational, can exceed /3. 

On the other hand, every rational number less than j8 must belong 
to the lower class (6). Now if e is any positive number, there will 
be rational numbers between (3 and ^8— e ; and, since these numbers 
are less than /3, they must belong to the lower class (6). That is, 
there must be some term cf the sequence, say a^, which is greater than 
or equal to (3—e, 

Hence, since a„ ~ a^, if n > m, 

we have ii n> m. 

That is, lim ^^=^8. [By def. Art. 1.] 

A good example of such a sequence is afforded by the terminated decimals 
derived from an infinite decimal ; and it will be seen at once that the section 
described here is an obvious extension of the method used in Art. 137 above. 

Suppose next that the terms of the sequence, while still increasing, 
do not remain less than any fixed number A, It is then evident 
that if > i4, we have > .4 if n > w. 

Thus lim a„= oo . [By def. Art. 1.] 

n-^oo 

Exactly similar arguments can be applied to a decreasing sequence. 

As an example we shall give a proof of the theorem that any continuous 
monotonic function attains just once every value between its greatest and least 
values. Suppose that f(x) steadily inoreaM from a; -a to ic so that 
h <d, if f{a) =6 and /(c) =*d. 
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Then if { is any number between h and d, we consider / {J (a +c)}, which 
is also between b and d ; suppose that this is found to be less than 2, write 
then 

(a +c), bi =f(ai) < 2, 
c,=c, di=f(c^)>l. 

On the other hand, when f (i (a +c)} is greater than 2, we write 
tti —a, bi ^f(Ui) < I, 

Ci=J(fli+c), di=f{Ci) > 2. 

Continuing the process we construct two sequences (a„), (c„), the first never 
decreasing and the s^ond never increasing ; and Cn ~ ~ bo that 

(^n)» (^n) have a common limit h. Also by the method of construction it is 
evident that/(a„) < 2 < /(c„) ; unless it happens that at some stage we find 
f{a„) =2, in which case the theorem requires no further discussion. 

Now since f(x) is contintioua we can find an integer v such that 
fi^n) ”/(®n) < €, if n > y ; and both f{k) and 2 are contained between f{a^) 
and /(c„). Thus we can find v so that 

\f(k) -2| < €, if n > y, 

and therefore, as in Art. 1-2 (6), / (A;) =2. From the method of construction 
it is clear that there is only one value such as k ; and this is also evident 
from the monotonic nature of f(x). 

144. Maximum and minimum limiting values of a sequence 
of rational or irrational terms. 

Suppose first that all the terms of the sequence are less than some 
fixed rational number 72, and let r be a smaller rational number, 
such that an infinity of terms are greater than r. Then if we 
bisect the interval (r, R) by i(r+R), it is evident that either an 
infinity or a finite number of terms fall between J(r+-K) and R ; 
in the former case we write ri=i(r+i?), R[=R ; in the latter we 
write ri=r, i 2 i=J(r+i 2 ). We have thus constructed a smaller 
interval (r^, Ri) which contains an infinity of terms a„ ; and we can 
repeat the process as often as we wish. A few stages are indicated 
in the diagram. 


Fig. 39, 

Then the sequence r, rj, rj, ^ 3 , ... never decreases, and remains less 
than R ; and so the sequence (r„) determines a number G (which 
may of course be either rational or irrational, as in the last article). 
Again the sequence (i2„) has the same limit (7, because 
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aA n -> 00 . Thus, if e is an arbitrarily small positive number, we 
can find n so that = 0— e, = G+e, 

Consequently an infinite number of terms lie between 0-^e and 
0^€y hut only a finite number are greater than 

Thus we can determine a sub-^sequence from (a^) which has 0 as 
its limit ; and we can find a certain stage after which all the terms 
of the sequence are less than G+e ; thus no convergent sub-sequence 
can have a limit greater than 6r. The^e properties shew tJiat G is the 
maximum limit of the sequence (See Art. 5‘2.) 

If no such number as R can be found in the forjegoing argument, 
there are numbers of the sequence (a„) greater than any assignable 
number, so thai the maximum limit is then oo . On the other hand, 
if no such number as r can be found, there will be only a finite 
number of terms greater than —Ny however large N may be, and 
consequently limo„=-oo. 

For the sake of uniformity we may say even then that the sequence 
has a maximum limit, which is, of course, — oo . 

All the foregoing discussion can be at once modified to establish 
the existence of a minimum limit (g or — oo ). 

145. The general principle of convergence is both necessary 
and sufficient. 

The principle is stated explicitly in Art. 3 ; and it is understood 
that the terms of the sequence may be rational or irrational. 

In the first place, the condition is obviously necessary \ for if 
lim a,|=?, we know that an index m can be found to correspond 
to £, in such a way that 

if 

Thus \a^-aj^\l’-a„\+\l-a^\<2€y if n> w. 

In the second place, the condition is sufficient ; for let m be fixed 

ifw>w, 

or <<^n< if w > m. 

Then it follows from the last article that the sequence (<?„) has a 
finite maximum limit G ; and then an infinity of terms faU between 
0— € and G+€, Choose one of these, say Op, whose index p is 
greater than m. Thus we have 

G —e <ap<G +€. 
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Ako Op — -e <a^<ap +€, since p> m. 

Thus 0 — 2e <a^<G +2e, 

and since < «n < if n > w, 

it follows tlwit 6 — 3e <G +3e, if ^ > m. 

Thus a^-yG\ and consequently the sequence is convergent. Of 
course in this case ^=6r, the two extreme limits being equal in a 
convergent sequence. 

Various proofs of this general theorem have been published, some being 
apparently much shorter than the foregoing series of articles. But on examin- 
ing the foundations of the shorter investigations it will be seen that in all 
cases the apparent brevity is obtained by avoiding the definition of an irra- 
tional number. This virtuaUy implies a shirking of the whole difficulty ; for 
this difficulty consists essentially * in proving that (under the condition of 
Art. 3) a sequence may be used to define a ** number.** 

146. First theorem on limits of quotients. 

If lim a„ — 0 and lim 6„=0 ; and if, in addition, the sequence ( 6 „) 
steadily decreases, then 

provided that the second quotient has a definite limit, finite or infinite. 

Suppose first that the limit is finite and equal to I ; then if e is 
an arbitrarily small positive fraction, m can be found so that 

^ n> m\ 

Or, since {&n“^n+i) is positive, we have 

(J-6)(6„-6n+i) < < (i+€)(5„-6„+i). 

Change n to n+l> w+2, ... n+p— 1 and add the results ; then 
we find 

(I e)(bf^ <C 

Now take the limit of this result as p oo ; we obtain 
(i-€)6n=»n=(i+06«, 
because by hypothesis a^^ ->0 and b„+p -> 0 . 

* Pringsheim (BncyUopaMe, 1. a. 3, 14) says : ** As the truth of this theorem 
rests essentially and exclusively on an exact d^niUon of irroHonat n/umbere, natur- 
ally the first accurate proofs are connected with the arithmetical theories of irrational 
numbers, and with the associated revision and improvement of the older geometrical 
views.** 
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Hence, since b„ is positive, we have 

or hm{ajb„)=l. 

On the other hand, if the given limi t is oo , we can find m so that 

t" if w > 9w, 

however large N may be. By exactly the same argument as before, 
we obtain > N{b„-b„^j,), 

which leads to a„ ^ Nb^t 

or ctjhn ^ iV’, if n > m. 

Thus lim (a„/6 „) — qo . 

There ie no difficulty in extending the argument to prove that» with the 
same restriction on the sequence (b^), 

lim " “»+‘ lim i" lim““ " ®"+' . 

— «n-o»+i 

This theorem should be compared with the theorem (L’HospitaTs) 
of the Differential Calculus : 

If lim <f) {x) =0, lim yjr (») ~0, 

x-^ « X-^ oo 

then lim 0 {x) =lim (l}'(x)l\l/{x)y 

x-^ CO a- -><» 

provided that the second limit exists and that \J/\x) has a constant sign 
for values of x greater than some fixed value, 

147. Second theorem on limits of quotients. 

If bn Steadily increases to oo , then 

lim^=lim^^- 

Ofi+l 

provided that the second limit esdsts,* 

For if the second limit is finite and equal to I, as in Art. 146 
above, we see in the same way that we can choose m so that 

< {l+€){bn-Kdy H n> m. . 

Thus, since is positive, 

* Extended by Stoh. from a theorem given by (Jaiuthy for the case 
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Now, siiice 5„->ao , we have 

lim Z„=lim {(?-e)(l =l-€ 

and Umy„=Um|(I+e)(l-|5) + |2}=J+e. 

And BO we can find yiq such that 

Xn> 1—2€ and < ?+2e, if n> Wq* 

Hence J— 26 < ajbn < l+2€, if n> Wq, 

or lini(a„/6„)=i. 

Similarly, if the given limit is oo , we can find m, so that 

if W > m, 

however great N may be. 

Thm |;>|+w(l-‘^)-3r.,»y, 

and the limit of is iV^, as n->oo , so that we can find n©, such 
that Xn > JiV, if n > Wq. 

Then aJK > if n > Wq, or lim (ajbn)=^ . 

There is no difficulty in proving similarly that with the same restriction 
on the sequence (&^) 

lim ?5±lZ_«n - if^ ®n± 1 r «n . 




bfi^i - bn 


The present theorem should be compared with the following 
theorem (L’Kospital’s) of the Hifierential Calculus : 

If \lr(x) increases steadily to oo ivith x, then 

lim -lim 

provided that the second limit exists. 

It is probably not out of place to say a word on this important theorem, 
since few of the commoner English text-books contain a correct proof. By 
the extended form of the mean-value theorem we have 

where* >^>« 

Vr(*) -f{a) W\$y » > t > «• 

and \lr{x) -\lf(a) is positive by hypothesis. Thus, if </>'(a:)/T/r'(x) tends to 
limit I, we can choose a so that 

(I-t){^(*) -Vr(a)} < <l,{x)-ti>{a) < {l + (){\lf{x) -f{a)]. 
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And from here onwrds the argnment proceeds as for sequenoee. 
Similarly, if <^\x)ly\r\x) oo , we can find a so that 

<jf»(r) -<f>(a)> N {\lf{x) -fia)}, 

and again the same argument can be used. 


El. 1. If 




p + 1 >0, 


we have 


!/» ('i+iy. 

6«+i -*»«“(« + “(1 +l/m)'^‘ - iv «/ 


Now 




as 


by the fundamental limit of the Differential Calculus. 


Hence, 

and BO 
El. 2. If 
we have 

so that 


K P + l 

a„=logn, 6„=n, 

lixQ^l2?J?^=:0. (Compare Art. 160.) 


Similarly, if =(log n)*, 6„ =n, we find 

“«+»_!“» ={log n +log (» + 1)} log (l +^) < |log (n + 1). 

which tends to 0 by the previous result. 

Thus lim {(log n) */n) = 0. 

Similarly we can prove that lim {(log n)*/n} =0. 

The reader may also verify this result by usmg D’HospitaUs theorem. 


El. 3. If 
we have 
and hence 


On+i-«n=P"(P-l)' ^n+l-^» = ^> 
liin(®n+l-«n)=®» 11? = !. 


or 00 , if p > 1. 

Thus lim (p"/a) =0, if p ^ I, 

or 00 , if p > 1. (Art. 160.) 

Of course Ex. 3 is only another form of Ex. 2. 


Bi. «. Even viken (o„) and ( 6 „) ore hath mmotonic. Urn ajb^ need not exiet. 
In this oMe, Hie thearem .hewB that liJn(o^i-a*)/(h«.i-6«) doe* not 
exktw An example is given by 

S =?"{? + ( -in’ 
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Here o^, -«„=P"{P3 4-i)( -!)»+•» -3 -( -!)»} 

=?"{(?> -1)3 -(2> + l)(-l)"}. 
and so a„ steadily increases if 3 > (y + l)/(p - 1). 

Then we have 

liin®9ti -a-P + ^ iiZi -a +1’ + ^ . 

^ P-i- 

whil® Um K/6„) - 1, lim (a„/6 J =(/ + !. 

Since (i> + l)/(2) -1) > 1, 

these results agree with the extended form of the theorem. 

Ex. 6. Even when (an^i-<in)l(^n+i-^n) osoillates infiniteily, ajb^ may 
have a definite limit. 

For if ««=»»+( -1)". 6„=3» + (-l)»*+\ 

we see that a^i -a„ =3 +2( - =3 +2( - 1)^ 

Thus (a^i -®«)/(^n+i -^n) oscillates between \ and 6, although 

Again, if a„=(n + 1)* +( -l)"n, 6„=(n +1)® +( 
we&id 

«»H-i -a« =2fi +3 +( - l)"+i(2n + 1), 6^^ - =2« +3 +( - ir(2» + 1), 
so that (On+i -6„) is alternately 2<n + l) and 1/2 (n + 1); and so 


0^1 - On 0^1 " On 


But lim(a„/6„)=l. 

Ex. 6. If 6„ does not eteadily increascy the theorem is not necessarily true. 
For example take =n + 1, ={2 f ( - !)»>} Uy, 

so that a^i “ = 1, =2 + ( - + 1). 


Consequently 


OfH-1 


but yet 1^ K/&n) =h i^JK) = 

Similarly L’Hospital’s theorem may fail when changes sign infinitely 
oftep. 

Thus consider </>(«)= a: + 1 + sin a: cos x, ylr{x) =e“‘“ * (x +8in x cos x), 
for which we find that, as a; oo , <f>'{x)l^lr' (x) -► 0, while (/> (x)/\/r (a?) oscillateB 
between 1/e and e. 

Ex. 7. Consider the case, 

</> (a?) =a; +a sin a?, ^(a?) =a;, (a > 0), 
and prove that lim </> {x)!'^ (^) = li 

X— *>»> 

lim </>' (aj)/^'(af) = 1 - a, lim <l>'{x)lylr'(x) =» 1 +a. 

2d 


while 

B.1,S. 
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148. An extension of Abel’s Lemma. 

To determine Umits for the fraction 

" Oo«o+ait>i+...+o„f;„’ 

where the terms a, , v, are aU -positive and the sequence (v,) is monotonic. 

Write Ao=ao, Ai^Oo+Oi, , A„=ao+ai+...+a„ 
and B^=h^ jBi= 6 o+ 62> ••• i 

Then, as in Ait. 20, 


First, if the sequence {v„) steadily decreases, we can obtain an upper 
limit to Xn by writing 

H„Ar in place of (for r=m, m+l, ... , n) 
and HAf in place of Bf (for r=0, 1, ... , m— 1), 
where H, H„ are the upper limits of 



respectively. To see that this step is justified, note that 
Ao, Ai, ..., A„ and (v#— %), ••• , («n-i— ««)• 


are all positive. 

Thus, on subtracting bod 


(H-H + - +.4„_i(V„-i-O m). 

.d,(Vo— t>i)+i4i(Vi— v,)+...+2„v* 


If we replace Ar by its value ao-f®i+" ■+*>•, we obtain 




(qo<>0+glOl+ .■. + 0«.Vm)--^m«m 
«oVo+«i»i+ •••+«•«» 


Or, since H—H„ is positive by definition. 


X„< 


H„+ (H-H-) - +q» . y m. 

«-rv “’"%v,+OiV,+... + o„t;, 


In like manner we prove that 




O,t)0+0l1>l+...4-O«.Om 

Oo<'o+«l®l+-+«»Vn’ 


where h, ^ are the corresponding lower limits for BrlAr» 
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Secondly, suppose that the sequence (Vn) steadily increases. In the 
numerator of the factors (Vo~^i)> •••» (^n-i~'*^n) ^re 

now all negative, while is positive ; thus the value of the 
numerator is increased by writing 

hAr in place of S,. (for r=0, 1, , m— 1) 

and h^Ar in place of B,. (for r=m, m+1, ... , n— 1), 
while in tjie last term we put in place of This changes 

the numerator to 

-|- (^m ^m+l) “h • • • “1“ (Vn~l ^n ) } "f* 

= K (flo^O + • • • + «n^«) + (Hm - hJA„V„ 

+ (hm-h)(A^v„,-aoVo- 

and, since hm = h, this will not be decreased if we omit the negative 
terms in the last bracket. Hence, as the denominator is essentially 
positive, we obtain the result 

jf ^ I h^AnV,,-\-{hff^ h)A^v^ 

” "^OoVo+%Vi+'... + a7v„ 

Similarly, we find 

Y ff hfn)AnUn ~l~ ^ m) Af^V^n ^ 

” ” ao^O + <3til^l+..” + an«^n 

Thirdly, if the sequence (t’„) first increases and afterwards decreases.'^ 
Suppose that the term Vp is the greatest in the sequence, and 
let m be less than p. Then the factors • • j 

negative, while {Vp—Vp^i), ... , ('^^- 1 — are positive. Thus 
the numerator of is not greater than 

h{A^{vQ-v^)+ + 

+ h^ {A^ {v^- t;,n+i) + . . . + - iv) } 

+ {Ap {Vp - Vp^i) + . . . + - v,.) + 

= H^(aoVQ+..,+anVn) 

+ (Hm-K)(ApVp-aoVo- ...-OpVp) 

(A'fn^rn 

Hence, by an argument similar to the last, we deduce 

Y ^ TJ \ h ^ApVp~\-{]i ,ji^ h)A„ ^v„, 

” “ ■aoVo+«i^i+ ’ 

* In this case the sequence (t;„) is not, strictly speaking, monotonio ; but it will 
ave repetition to disouss the corresponding result here. 
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and similarly 

X - h 

" OoVo+«l«l+-+®n«n 

Ex. Trove that if and S^n “ divergent, although 6„ need not be 

positive, 

^0 + + ••• + 

provided that ' [Jensbi?.] 

149. Cauchy’s theorems. 

It follows at once from Art. 147, that if (^n+i^^n) ^ definite 

limit, sjn tends to the same limit. Thus, by writing 

«n = «l+«2+--+On. 

we obtain Cauchy’s first theorem, if a sequence (a„) lias a limit, this 
limit is also equal to 

^Tooha^+a^+^. + an). 
n 

A direct proof is very simple, however ; if a„ I, we can find m bo that 
2 - € < a„ < 2 + c, if n > m. 

Hence, by addition, we have 

{n - 7n)(/ - £) < + ... + a,, < (n - m)(l + e). 

Thus, writing (Ui + a, + ... + aj/w -A^, 

we see that - c) + < A, < ” j(Z + 1 ) + ^ A„ 

If then Uq is found so that 

no€>m{\l\ + € + \A^\}, and Uo^m, 
we have 2 - 2t < < ^ + 2c, if n > tiq. 

Hence lim A^ = 1. 

Similarly, if -► oo , we can find m so that a^> N, if » > m. 

Proceeding similarly, we get 

Then choose rto so that > 2m{iV+ \ A^\}lNj 
and we have A,,> N - = ^N, if n > »„, 

Thus lim = 00 . 

When - 00 , we need only change all the signs to deduce the final 
result. 
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Of course the second limit raay exist, wlicri the first does Jiot ; thus, with 
second limit becomes J, although the sequence (a,,) 

osoiUateB. 


Oanchy’s second theorem. If all the terms of a sequence (a„) are 

- 

positive, and exists, so also does lima,,"; and the two 

limits are equal. 

For, if lim(a„+i/a„) is finite and equal to I, we can find m, so that 

t 

i(l — e)<a„+i/a,<J(l+e), if n^m. 

By multiplication, we obtain 

_g)n-n. < aja„ < + £)»-“, 


so that 




* j. 

Hence {^) (l_.)<«-|-<(^) (1 + .). 


Now, as n -> 00 , (ajl^^y^ -> 1 (Ex. 6, Ch. L), and so we can 
find Uq —W; such that 


Hence 


1 — 2e / a,„\" 1 + 2e . - 

1 

1— 2e < a„’7^< l+2e, if n>no, 
lim a„"/i=l. 


Thus lim a„"=i=lim(a„+i/a„). 

Again, if lim(a„^.i/a„) = ao , we can find w, so that 
«n+i/^n>^> if W 
however great N may be. 

Hence, as above, a>Ja^ > 

or a„^>N{aJN^)k 

But, as n -> 00 , lim (a^jN'^y^ = 1 (Ex. G, p. 22) ; 

thus we can find n^, such that 

{aJN^)‘^>\, if n> Wo. 

Then a„" > ^N, if w > Wo, 

or lima«"=oo. 

The case when lim (a„^,/a„)=:0 can be reduced to the last by 
writing a„=l/6„, because a„ is positive. 
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It is not ditlioult to extend the previous argument to prove that in general 

J 

to («fi+ S to a^n < (a„+i/a^). 

For if lim an+i/®n = Q, wo can find m so that 

g(\ -€)< a„^i/a„ < 0(1 + c), if n > m. 

Repeating the previous arguments, we find that 

1 \ 

I ^ 

and < (^) ^ ifn>no. 

1 1 

Hence 

Similarly it may be proved that 

i j_ j, ■ 

lim (a„+ i/a„r" = hmaj’" r; lim (a„+ ,/o„)'» , 
if Cn -b„+i- and b„ steadily increases to oo . 


Ex. 1. To find 

we write 
so that 


lim ^ (» I)» , 

«„=(» •)/»". 

iK =»"/(« +1)" =(1 + 1 W 
1 , 


Thus lim -(nl)"=Iimo_"=lim 

' " a„ e 

by Art. 166. This result can be verified at once by reference to Stirling’s 

formula for n ! (see Art. 179). 


Ex. 2. To find 
we write 


J L 

lim - {(m + l){m +2) ...(m +n)}*» , where m is fixed, 


a„ =(m -1^ l)(m +2) ... (m +n)ln^, 

and then ( i ^ ^ ’ 

a„ w+1 \ n/ 

so that the limit again is 1/e. 


Ex. 3. Similarly we find that 

1 i 4 

lim U^ + l)(^+2) ... 2n}»»= , 

7J € 

because ‘ ( 1 + IF • 

o„ n + 1 V «/ 

160. Oesliro’B theorem. 

If the sequences (o„), (6„) converge to the limits a, b, then 

lim ^ (ai6„+a,6„_,+...4-On^i)=®i‘ 

Write an=a+Pm iPnl=^»' 

Then p„~^0, and consequently P«-+0 also. 
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Hence, by Cauchy’s first theorem, 

Now, on substituting for (%, • » ^n)» ^he given expression 

becomes , , v 

- (61+62 + . . . +6„) +Rni 


where 


\Rn\ <^(Pl+Pa + ...+Pn), 


and C is the upper limit to |6i|, 162!, ... |6„|. 

Now as n-> 00 , 0 remains finite, because and so 

Further, from Cauchy’s theorem, 

(61+62+ ... +6n)/w->' 6, 

and so the given expression tends to the limit 06. 


151. The Hardy-Landau converse of Cauchy's first theorem. 

If (i) a„ is real, (ii) either w(a„-an+i) <K 01 n (0^+1— «n) < 

(iii) 6„ =(01+02+* •• +®n)/^ to the limit I, then also tends to the 

limit 1 . 

Without loss of generality we can suppose that 1 = 0 , K=l, and 
that the form of the two conditions (ii) is given.’*' 

Now o„+i=(in- 1 ) 6^+1 — nbf^, su that (6„+i 6,i)=(o„+j 6„+i)/w, 

and thus, on taking the sum from w=m to n=m+p—l, we find 
that 

h h — I ^w-h2 ~~^m+ 2 i i 

U) Om+j> Om m ^ m+1 ' 

Since 6 „-> 0 , we can find a value of v such that | 6^ | < e, if 
n> V, however small e may be. 

Further, we have seen (in Art. 147 ) that 

limon^lm 6„^lim 6n~lim o„, 
and so here ^ o^ ^ 0 ^ lim 0^. 

Thus there are three possibilities only : 

(a) hm o„ = 0 =lim o„, so that o„ -> 0, 

(iS) limOngO, limOn>0, 

(y) Um On < 0, lim OngO. 

•Write ^ (Ci+Ca + ... +Cn)/n -► 0, end 

that n (Cn -Cn+i) < 1 if the first form of condition (ii) is given ; when the ssc<md 
form is given, we use dn=(i ”®n)/^ again n (dn 
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It will be noticed that (^) and (y) are not exclusive, since they 
include the common possibility 

lim an < 0, lim > 0 ; 

but one at least of {/S) and (y) must be true, unless an 0. Let us 
suppose that {/3) is true ; then a positive number X exists such that * 
an > 2\ for one infinite set of values of n, and for another infinite 
set of values an<\. 

Choose any value m+1 > v+l from the first set of values of n, 
and let m-fp+1 be the next value of n belonging to the second set ; 
then we have 


(2) a,n+i > 2X, +1 < X, (m+p > m> v) 

and also •• greater than, or equal to, X. 

Consequently in (1) we have 

dnx+l ^ ^m+2 “■ ^m+2 ^ ~ f** • • • ®w+v> ^ ^ » 

and thus we find 

(3) 

Further, condition (ii) gives, on summation. 


1 , 1 
< V^i+,7.4 


Vm+l 

and thus (2) yields the inequalities 




)<?-. 

>/ m 




V 


'm' ^ ' ' m-\-p 

Hence, substituting in (3), we have 



V^/ ^tn\-p ^ni ^ l-[-X * 

But, since v, \ bui | < e and | \ < e, 

so that 2e ^ j b^i |, 

and thus (4) yields the conclusion 

2e(l+X)>X(X-c) 

or t(2+3X)>X^ 


* If lim a„ = Cr > 0 , there is an iniimte set of values of n for which > G -77, 
where 77 is any positive number ; and thus (putting 77 = ^0) an infinite set for which 
> 56 ^. Now lim ^ 0, and so there is another infinite set of values of n, for 
which < 0 + 77 or < jiO. So the conditions are satisfied by taking X = },0, 
But if Jim a,j = CO , X may be taken as any positive number. 
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which contradicts the hypothesis that e is arbitrarily small. Accord- 
ingly hypothesis (j8) is inconsistent with condition (ii). 

If hypothesis (y) is true we can choose similarly a positive 
number X, and a value of m > i/, such that 


(2') -a^<X, -a^^,,,>2X, 

while — a,n+i> ••• » are all greater than, or equal to, 

Thus we can now write 




-dm+l ^ —€+X, ... b„, 




—e+X, 


and so, reversing all the signs in (1), we find that 

Also QJy^ — ^m+jj “f" ' 'll i > 

m m+ji m+v 1/ m 


and so (2') gives the inequalities 

V o X 

X<^, p>mX, — f— >1-7-^- 

^ p+m 1+X 

From here onwards the argument proceeds as before ; and we 
conclude that hypothesis (y) is also inconsistent with condition (ii). 

Consequently the hypothesis (a) must be true, and so the theorem 
is proved. 

The most interesting cases of the theorem arise (a) when 
is never negative (or never positive) t and (b) when 
nlan-ann! <^* 


* If lim < 0, while lini infinite set of values of n, 

for which a^< g + tj and a second set for which >0-7;, where v is any positive 
number. We take now ij— - and X -= - jiff ; then for the first set < -2\ or 
- > 2\ and for the second sot a„ > - X or - o„ < X. 

Now choose a value > v from the second set, and the next following value 
n >2 from the first set ; then if no values between mj, belong to the second set, 
we can write m = Wj, m + p = ra^. 

But if some further values (between belong to tho second set, we take 

'»i to be the greatest of these values, and again put ?/i+p— rn,. 

In either case there are no values between m and m +p which belong to the 
second set : thus 

If lim a^= - 00 , X may be any positive number, the first set of values of n being 
doting by < - 2X or -a^>2\; and the second set by Oy, > - X or - < X. 

t In this form of condition the proof may be simplified by observing that the 
sequence (a,j) is moootonic and so has a limit ; and in virtue of Art. 140, the 
limit of (a^) can have no other value than I, 
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In case (6) the theorem may be extended at once to complex 
sequences, by considering the real and imaginary parts of 
separately. 

The above proof was suggested by Mr. A. E. JollifEe ; other proofs 
have been given by Hardy {Proc. Loni. Math. Soc. (2), vol. 8), 
Landau (Prace Matem^Uyczno-Fizyczne^ vol. 21), de la Vall6e Poussin 
{Cours d' Analyse, voL 2, ed. 2, p. 167), and CipoUa {Mem. Acad. 
Napoli). 

It is easy to modify the above prool to give a theorem for continuous 
variation, analogous to Hardy*a theorem for sequences. 

lff{x)lx I as x~^ CO, ihen-alao f\x) -► I, provided that either < K 

or xf%x) < K. 

As before, we can take I =0, K = \ (and use the first condition), without loss 
of generality ; and let us write for brevity 

<f>{x)r.f(x)lx. 

Then we can find ^ so that | <^ | < c, if a; > ^ : and as in the foregoing, 

if we suppose that 

lim/"(a?)~0 and lim/'(a:) > 0, 

we can choose an infinite set of values such that f'{x) > 2X, and another set 
for which f'(x) < A ; so choose X{> from the first set, and let X + ^ be 
the next greatest value belonging to the second set. 

Then f'(x) > k from X to X -i- A 

Also f'{x) =a;(^'(x) + </>(x), 

so that x<f>'(x) = f'{x) -</>(«) ~ A - £ from X to X + A 

/ ^+*A - € h 

±^dx>{k-^)-^^j^. 

{-r{x))dx<j^ --<j, 

and so A < hfX, giving hf{X +h)> A/(l +A). 

Hence finally 

2c > ! </>(X + A) -</.(X) 1 > A(A -c)/(l +A). 
leading to c(2 +3A) > A*, which is contrary to the hypothesis that c is arbi- 
trarily small. 

Similarly we deal with the other alternatives. 

Ex. 1. If (ax 4 -a, + ... +aj/n 1 and the product n(o„+i-a„) steadily 
increases, prove that I 

fix* 2. State and prove the theorem corresponding to Ex. 1, for a con- 
tinuouB variable x. 

Ex. 8. If both and ajh^ tend steadily to infinity with n, prove that 
(®n+i ”®n)/(^n+i ""^n) tends to infinity, with a rapidity, not less than that 
of a«/6„. 
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El. 4« If a„ and 6^ both tend steadily to infinity with «, and if ajb^ tends 
steadily to zero, prove that -b^) tends also to zero, with a 

rapidity not less than that of ajh^, 

[For a discussion of Exs. 3, 4 and allied theorems, see Bortolotti, Annali 
di Matemaiica (3), vol. 11, 1906, p. 29.] 

162. Theorem. If 'Zbn, 2c„ are two divergent series of positive 
terms, then 

lilQ Vo+Cigi+»»» +C n^n_|- Vo+feigi+.» +fcn^n 
Co+Ci+*'«+Cn 5o+fci+-«'+5n * 

provided that the Second limit exists, and that either (i) cjbn steadily 
decreases, or (ii) cJbn steadily increases subject to the condition * 

£f» ^ TT 

where K is fixed. 

Let us write for brevity 

•Bfi +^1 +• • • (^n =^0 + • • • +Cn> 

Pfi =60^0 + * • • Qn =^0^0 "i'Oiei + • • • 4 "Cn^n' 

Let us also write cJbn=Vn ; then 

Qn ^(feo^ oK+»»»+(fcn0^n 

To this fraction w’e can apply the result of Art. 148 above, and 
we find, in the first case, when (t;„) decreases, 

( 1 ) 

where H, h are the upper and lower limits of PolBo> ...» to 00 » 
and Hrr,, are those of PJB^, Prrt+ilBm+v - , to oo . 

If lim PnlBn=ly we can find m so that h^^^l—e and H^^l+e, 
and then we fiind from ( 1 ) 

< I” < {l+e)+(H+l) . 

Now C„ -> 00 , so that we can choose w®, such that 
1-2€< QJCn < 1+2€, if n > W 0 . 

Hence, lim (QjCn) = 1 - 

♦ The theorem is due to Cesiro, AUi d, Ii. Accad. d. Lincei, Rendiconti (IV.), 4, 
1888, p. 462 : it was rediscovered by Hardy, Quarterly Journal, vol. 38, 1907, 
p. 269. Of course H > 1 in case (2), in virtue of the fact that Cn/6„ increases. 
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lu like lauuuer, if PJB„ — > oo , we can find m so that 
and then Qja, > N-{N-h) ajO„. 

Since 0^ oo , we can find Wo, so that 

(N - h) CJCn < Wy if > Hy 

or QJGn > iln> n^, 

and 80 lim (Qn/C'n) • 

In the second case, when Vn=Cnlbn increases^ we see thht QJCn 
lies between 

k / tt tt . B^c„ 


and 




Now, by hypothesis, 




where K is constant and greater than unity. Hence QJCn lies 
between n 


and 


h„,+K(H„-hJ+K{K,-h)^ . 


Then proceeding as before, we see that can be found so that 
I - 2K€ < QJCn < l+2K€y if n > % 
so that lim (QJCn) =^. 

Similarly we prove that when PJ^n -> oo , so also does QJCn- 

It is instructive to note that in the first case the series 2c„ diverges 
more slowly than while in the second case Hc^ diverges more 
rafiMy than 26„, hut the final condition excludes series which diverge 
too fast 

It should be noticed that if tends to a definite limit, this theorem is an 
immediate corollary from Art. 1 47 ; for then both fractions have the same 
limit as 8 ^, 

The applications of most interest arise when 

and then we have the result : 

If Hcn is a divergent series of positive terms, then 

Co+q + .‘..+Cn n + l 
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provided that the second limit exists and that either (i) c„ steadily 
decreases, or (ii) c„ steadily increases, subject to the restriction 

WO„<Z(Co+Ci + ... + C„), 

where K is- a fixed number. 

Ez. 1. A specially interesting application arises from applying the theorem 
of Frobenius (Art. 51) to the series 

where c^, c,, ... form an increasing sequence of positive integers, satisfying 
the condition last given. 

Here it is evident that the series should be written in the form 
Oo+(0)a;+(0)a;* + ... +(0)a?^«+^ +... + , 

so that A„=ao 4-^1 + ... 

if C 0 +C 1 + ... < Co +Ci + ... +c„. 

Thus, if = 0 ® +ai + ... +a„, we have 
A© +Ai + ... 'hAv + ••• - Co 

and therefore Frobenius’s mean, if it exists, is given by 

Co+Ci + ...+C^ * 

which we have proved to be the same as 

lim (tfo+fii + ”- +«n)/(^ + l)* 
provided that the last limit exists. 

Ez. 2. Interesting special cases of £x. 1 are given by taking 

Co+Ci + ... +c„=(to + 1)*, (» + 1)*, etc., 

for which K may be taken as 2, 3 respectively. . 

Thus we have the results 

lim (ao+ax»+a,a;* +a,a;® + ...) =lim-^^ — — — 

X 71+1 

and lim(ao +aia;+a,a:® +a8a;*^ +...)= lim 

*_*.! n~-*x: 71+1 

Ez. 3. But if we write * c© +Cj + ... +c„ =2”+^ 
we have c^ =2, c„ =2", and so 

«««/(«• +Cl +•••+«.)=*«• 

It is perhaps worth while to call special attention to the fact that the sequence 
2, 4, 8, 16, ... 

does actually increase faster than 

1, 8, 27, 64 

In fact the 10th, 11th and 12th terms are 1024, 2048, 4096 in the first sequence 
and 1000, 1331, 1728 in the second. 
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That is, our condition is broken, so that toe have no right to anHeip(Ue (he 
existence of the limit, 

lim +,,>) 

when the limit of ( 3^+81 + ,.. +e^)l(n + 1) exists ; and as a matter of fact the 
p4rtioular series 1 -.r* +ar* - a;* +a;^* - ... can be proved to oscillate as x tends 
to 1. [Hardy. ] 

Ez. 4. Wo can use this theorem to establish Ces^ro's theorem of Art. 23, 
by taking s,, = ± 1. Thus, in. the notation of that article, 

«i+«i + -+«n=Pn-yn 

and { (1“ *'*’■)/( ? *»■)} 

7j 93 

because X converges, while 2 diverges. 

Thus {p^ - ooRRot approach any limit other than zero. [Cesabo. ] 


fc. w«. 

^n+1 


Also let ; then prove that 


©n *"2 Aj./ ^ 


© 


'»»=A \ 


T» -n ' « ' 

Prove that, in cose (i) of the theorem,* ao , bub that FJC^ < 1 ; and 
by applying Art, 147 deduce that 

[CJbsabo.] 


EXAMPLES. 

Irrational Numbers. 

X. (1) If A is a rational number lying between o* and (a + 1)*, prove that 

A- 


a + 


A-o* 


( 2 ) If (o + v'^)"=Pn+?„V- 4 , 

where a, are rational numbers, prove that 

Pn+l==^«+^«n» «n+l=««n+Pn» 
and that Pn" ”-^)” 

Thus if a is an approximation to v^A, ^ ^ closer approximation. 

[The approximation Ptfq^ is the same as that used by Dedekind (see Art. 
138).] 


This is the only point in the proof at which care is necessary. 
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2* (1) If a, h, X, yi are rational numbers buoIl that 
(hx -ay)* +4 {x -a) (y -&) =0, 

prove that either (i) x =a and y =6, or (ii) y/{l~ab) and y/{l -xy) are rational 
numbers. [Math. Trip. 1903.] 

(2) If the equations 

a®* +26a;y +cy* = l, lx* +2mxy -t-ny^ = 1, 
have only rationaJ solutions, then 

V'Hft -»»)• -(o -Z)(c -n)} and \<{(an-’Cl)*+4(am~bl)(cm-nb)} 
are both rational. [Math. Trip, 1809.] 

3. If a. is irrational and a, 6, c, d are rational, then a<A. + 6 is irrational unless 
a-O; and 

(acL +6)/(ca +d) 

is irrational unless ad -he. 


4. Any irrational number a. can be expressed in the form 


«.=CyH +-"j + , 

^ a a* a* 

where a is an assigned positive integer and c,, ... are positive integers 

less than a. Thus, in the scale of notation to base a, we may write a as a 
decimal, 

Co*CiC*C3 .... 

For eixample, with a =2, that is, in the binary scale, we find 
V2 = l-0110101000001.... 


6. If Uj, Og, a„ ... is an infinite sequence of positive integers such that n 
can be found to make (ttiaga, ... a„) divisible by N, whatever the integer N 
may be, then any number (x can be expressed in the form 


a.=Co+— +— i-- 

a^ OjOg 


a^agOg 




When =a^ - 1 for all values of n, the fractional part of the series reduces 
to unity ; and in order that a may be rational, must bo equal to a„ - 1 
after a certain value of n. [Cantoiu ] 

For instanoe, v'2 = l +2 ® +^,+ +^j 0<(^<i. 


The restriction that (agag ... a„) must be divisible by is essential ; thus, 
if Cf^ =n, =2n + 1, we find 

§•^0 *■" =1 - 3.g - .7 .r(2« -H) } » 

and BO the sum to infinity is 1, which is rational, although is not equal 

to 0 ,- 1 . 


6. If we can determine a divergent sequence of integers {q^) such that 

(Pn “2n«-) 

where p^ is the integer nearest to then a. must be irrational. Apply this 
(a special case of Ex. 8} to the series in Ex. 7. 



432 


IRRATIONAL NUMBERS 


[AP. 


Establish also the converse theorem, and deduce that when a is irrational 
we can find an integer N such that No. - is as near to any assigned number 
0 (0 < < 1) as we please, where M is the integral part of No., 

[For the first part, note that if a were equal to r/s, 

I Pn “ I — ^ 

Compare Hardy and Littlewood, Acta Mathemaiica, t. 37. ] 

7. The sums of the series 


?(-7' 


fpn- 


where q are any positive integers (such that q < p*)» are irrational numbers. 
The same holds for the product 11 ( 1 -P””)* [Eisbnstbin. ] 

[For simple proofs and extensions, see Glaisher, Phil. Mag. (4), vol. 46, 
1873, p. 191, and F. Bernstein and O. Sz&sz, Math. Annalen, Bd. 76. ] 

8. If OL is the root of an algebraic equation of degree k (with integral 
coefficients), we can find a constant K such that 


■cl\> 




where p, q are any two positive integers. Thus if we can find a divergent 
sequence of integers {q^) such that 

I p» -?««•! <3;:‘. 

where p„ is the nearest integer to 0Lg„, then cl is not an alg^aic number of 
degree k. 


Consequently, if 


«-=c. + i5+l^, + - 


■+10n! + - 


where Cj, c„ c*, ... are less than 10, by taking the sequence = we can 
prove that a is transcendental. [Liouvillb. ] 

[See Borel, Legona sur la Thiorie des Fonctionst ch. 2. ] 

0. Suppose that a is an irrational number which is converted into a con- 
tinued fraction 

I 1 1 

0® + «!+ «§ + ..• ' 

and p„/?n ^ convergent which precedes the quotient a„ ; write further 

l x» 


where 

Then shew that 


Af. H 1 + ... . 

” ** «n+i ®n+i 

IsinwwLTTl > AT/Ort+i, 


if ffn ^ ^ ^n+ 1 » 

and also that | sin q^air | =sin i) =( 1 + €„) 7r/Q„+ 1 , 

where tends to zero as n tends to qo . 

[Hardy, Proc, Lond, Math, 8oc, (2), vol. 3, p. 444. ] 
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Moaotonic Sequences. 

13., (1) If in a sequence (a^) each term lies belTween the two preceding 
terms, shew that it is compounded of two monofconic sequences. 

(2) If a sequence of positive numbers (a„) is monotonio, prove that the 
sequence (6,,) of its geometric means is also monotonic, where 

(3) If Cl, C|, ... , Cp are real positive numbers, and if 

Mn=(Cl”+C,«+...4-Cp«)/p, 

prove that the sequence steadily increases ; and deduce that the 

1. 

same is true of 

ILD -©V 

where is positive and independent of n, shew that if is convergent, 
its sum gives the value of lim (see Art. 49). 

Oanversely, if lim 8^ exists, shew that converges, and that its sum is 
equal to the limit of 8^, 

Apply to Ex. 12, tsMng ii;:=l. 

[The converse theorem is no longer true if is not positive : it then forms 
a case of Biesz*s definition for the “ sum *’ of See Cambridge Maihe- 

matieal Tracis^ No. 18.] 


12, Apply Cauchy’s theorem (Art. 147) to prove that 


I in n-1 n-2 1i/.v1a^ 


where C is Euler’s constant (Art. 11). 

Prove also that for all values of n, the expression lies between 0 and 1. 

[Math, Trip, 1907.] 

18. Prove that if 

lim {a - a„) + (1 - A) =1, where A is positive, 

then lim (a „+ 1 - a^) =lim ^ =1, [Mercbr. ] 

[It follows at once from Cauchy’s theorem (Art. 147) tht.t if (an+i“®n) 
tends to a limit, so also does and that these limits are equal ; thus 

their common value must also be equal to I, We have now to prove that 
the sequence (Unf i ~*^n) cannot oscillate ; and it is clearly sufficient to shew, 
that cannot oscillate. Now the given expression is equal to 
c„ = A{(n + l)6„+i-TOb„)+(l - A) 6^, 
and so (w- + l)A6nfi = {(’^ +1)^ “ 

Hence falls between and c„, provided that n + 1 > 1/A. 

Suppose next that we choose m so that 

1 -« < c„ < 1 ifn>w»^l/A. 

2e 


B.I.S. 
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Then brn may be (i) greater than { + c, (ii) less than 2 c, or (iii) in the interval 
(2 - €, Z + e). 

(i) When > Z +€, it follows that and so > Z - < ; 

thus either > I + €, or bn+i falls between Z - « and Z +€. Continuing the 
argument^ we see that either > b^^i > l + f or at some stage 

bf, falls between I -e and Z + c. Under the former conditions, the sequence 
{bf^) steadily dooreases and so tends to a limit I' not less than Z + c » but this 
^ntradicts the previous result that if (b^) has a limit 1% the value of V must 
be equal to Z. Hence at some stage bp must fall between Z - c and ^ + c. 

(ii) If b,n < Z - an argument similar to that used in (i) will shew that 
the sequence increases until at some stage bp falls between Z *- c and Z + c. 

(iii) We have now to consider the consequences of having Z-€<6j,<Z + e 
for some value of p ^ m. 

Since Cp falls in the same interval, and bp^^ lies between bp and it follows 
that bp^ j also lies between Z - « and Z + c ; thus the same is true for n =p + 2, 
and so for w + 3 and for all values oin^p. Hence 
Z-c<fe^<Z + €, ifngp, 
and so (&„) must tend to the limit Z in all cases. 

This theorem has proved of great interest in establiBhing the equivalence 
of the means of Ces^ro and Hdlder ; see L Schur, Math» Annalen, voL 74, 
p. 447. Other proofs of the theorem have been given by G. H. Hardy, 
Qmrterly Jourml, vol., 43, p. 143 ; and by K. Knopp in a paper immediately 
following Schur’s, The proof by Schur does not differ substantially from that 
given in the first edition of this book. ] 

Infinite Sets of Numbers. 

14. For some purposes of analysis we need to use infinite seta of numbers 
which cannot be arranged as a seqmnce ; when a set can be arranged as a 
sequence, it is often called countable or enumerable. 

The set of all real numbers lying between 0 and 1 is not countable. 

[Cantor. ] 

[A proof will be found in Hobson’s Theory of Functions of a real variable, 
§56.] 

15. Given any infinite set of numbers {k) we can construct a Dedekind 
section by placing in the upper class all rational numbers greater than any 
number k, and in the lower class all rational numbers less than some number k. 

This section defines the upper limit of the set ; prove that this upper limit 
has the properties stated on p. 16 for the upper limit of a sequence. Frame 
also a corresponding definition for the lower limit of the set k ; and define 
both upper and lower limits by using the method of continued bisection (as 
in Art. 144). 

16. The limiting values of an infinite set of numbers consist of numbers A. 
such that an infinity of terms of the set fall between A - e and A + e, however 
small t may be. 
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Given an infinite set of numbers (ife) we can oonstruot a Dedekind section 
by placing in the upper class all rational numbers which are greater than all 
but a finite number of the terms Jb, and in'the lower class all rational numbers 
less than an infinite number of terms k 

This section defines the maximum limit of the set ; prove that the maximum 
limit is a limiting value of the sot, in accordance with the definition given 
above ; and further that no limiting value of the set can exceed the maximum 
limit (compare Art. 6‘2). Frame a corresponding definition for the minimum 
limit and state the analogous properties. 


OontinuouB Functions. 

17. If f{x) is continuous in the interval (a, 6), prove that it assumes, at 
least once in the interval, 

(i) every value between /(a) and/(6), 

(ii) the upper and lower limits (H and A) oif(x) in the interval. 

[Apply the method of continued bisection. 

In case (ii) wo get an infinite sequence of intervals 6„) such that H is 
the upper limit of f(x) in the interval (a„, 6„) ; let (a„), (&„) tend to the common 
limit I, Then if f{l) < H, choose 5 so that 

Then choose n so that A,, - ®ud we find that /{a?) < i{H ■\-f(l)) 

at all points of (u„, 6„), contrary to hypothesis.] 

18. Prove that if f(x) is continuous in an interval (a, 6), then the interval 
can be divided into a finite number of parts (the number depending on t) 
such that 

|/(»f) -‘/{xi) I < 

where x^ are any two points in the same sub-division, [Hbinb. ] 

[See G. H. Hardy, A Course of Pure Mathematics (2nd edit.), §§ 105-106,] 

19. A function is said to be finite in an interval if its absolute value has 
a finite upper limit in the interval. 

Deduce from Ex. 18 that iif{z) is continuous in an interval, it is also finite 
in the interval ; and also that B can be found so that 
l/($.)-/(fi)l<‘* 

where f j, fa ar® I'WO points of the interval satisfying | f i - ^ 1 1 < 
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DEFINITIONS OF THE LOGARITHMIC AND EXPONENTIAL 

FUNCTIONS. 

163. In the text it has been assumed in Chapter II. that 

and a number of alUed properties of the logarithm have been used 
from this point onwards. It is customary in English books on the 
Calculus to deduce the differential coefficient of log x from the ex- 
ponential limit (Art. 57) or else from the exponential series (Art. 58). 
It would, therefore, seem illogical to assume these properties of 
logarithms in the earlier part of the theory ; although, no doubt, 
we could have obtained these limits at the beginning of the book. 
But from the point of view adopted here it seemed more natural to 
place all special limits after the general theorems on convergence. 
It is, therefore, desirable to indicate an independent treatment of 
the logarithmic function ; and it is often convenient to adopt this 
way of introducing the function in a first course on the Calculus.* 

164, Definition of the logarithmic function. 

There appears to be no real need for the logarithm at the beginning 
of the Differential Calculus, but we require the function in the 
Integral Calculus as soon as fractions have to be integrated. At 

first it is probably best to denote ^dxjx by L{x), and to postpone 

the discussion of the nature of the function L{x) until after the 

* Hutorioally, thii is effectively the way in which Napier originally defined the 
l og u rithm (lee Art. 156) ; more recently the same method has been advocated by 
Bradshaw (Annali of Mathmatia (2), vol. 4. 1908, p. 51) and by Osgood, LMtHch 
dtr FunHuneiUheorie, Bd. 1, pp- 487-600. 
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definite integral nas been introduced. We eball assume, for the 
present, the theorem that I y Ajc represents the area between a 

Ja 

curve, the axis of x and. the two ordinates x=b] an arithmetic 
treatment of the theorem will be given below (Art. 161). 



Let the rectangular h)rperbola y^l/x be drawn, then we shall 
denote by L {x) the area AMPB bounded by the curve, the fixed 
ordinate AB (aJ^l), the axis of x and the variable ordinate MP ; 
or, in the notation of the Calculus, we write 

( 1 ) 

where, as will be evident from the figure, x is supposed positive. 

It is obvious from the definition that 

(2) i(l)=0. 

Further, if parallels are drawn through B^and P to the axis of x^ 
we obtain two rectangles, one enclosing the area AMPB and the 
other entirely within AMPB. 

Thus we have 

(3) x—l> L(x) >{x- l)/a?, 
or, with a slight change of notation, 

(3a) x>L (1 +x) > x/(l +x). 

Although (3) has only been proved when x >'l, yet it is easy to shew 
similarly that the inequalities (3) hold good algehraicaUy, when a; < 1. But 
care must be taken to notice that when x is less than 1, in (.3), or negative, 
in (3a), all the members of the inequalities are negative ; thus, for the numerical 
values the inequalities would have to be reversed. 

For instance, we get from (3), 

-*>i;(i)>-l. 

But in numerical value i < I ^ (i) I < 
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Again, if wo take an ordinate NQ, niioh that ON =23?, it ia clear 
that the area PMNQ-~fj(2x) L{x) and lie« between the rect- 
angles MN . NQ and MN . MP. The areas of these rectangles are 
respectively / 1 \ i 

^\ 2 x ) ~"2 

so that 


and X 




(4) l>L(2a?)-Z{®)>i. 

Thus, writing a;=l, 2, 4, , we get 

1 > i/(2) >* since £ (1) ==0, 

1>£(4)-£(2)>J. 

l>£(8)-£{4)>i, 

and so on. 

It follows by addition that 

n> L{2^) > 

Now, if 0 ? > Xq, it is evident from the figure that 
£(a;) > £{3 ?o). 

Hence, if 2"+^ > a? > 2", 

we have £(2"+^) > L(x) > £(2'»), 

and so n+1 > L{x) >\n\ 

thus it is clear that L{x) tends to infinity unih x (Art. 1*2, Note 2), or 
(6) lim£(a;)=oo. 

^-►oo 

Again, if we write a;=l/<, we have 

dx^ dt 


so that L(a;)=| £(/), or 

(6) £(a;)=~£(l/x). 

Hence, since Ijx tends to infinity as x approaches zero, L(x) will 
tend to negative infinity, or in symbols 

(7) limi(a?)=— 00 . 

*-►0 

Again, the function L (x) is continuous for all positive values of x. 
For as above we see that L {x +h)—L (a?) lies between two rectangles, 
one of which is numerically equal to hjx and the other to hj{x+h). 
Thus, if ! A I < cJ, 

\L(x+h)-L(x)\<SI{x^S), 
and so | £(a;+A) — £( 3 ?) | < €, if | A | < sa;/(l +e), 

which proves the continuity of £(a?). 
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It follows from the fact that integration is the reverse operation 
to di&rentiation that 

( 8 ) 

but without appealing to this general fact we can obtain this result 
(8) by noticing that {L{x+h)—L (a?)}/A is contained between l/x and 
Thus 

If a;=a, 5 are two ordinates such that 6 > a > 1, we find that 
L{b)—L{a) < (6— a)/a 

by using the same argument as we used to establish (4). Further, 
from (3), we have L(a) > (a— l)/a. 


Hence 


L{a) 1 L{h)^L{a ) 

a—l^a^ b—a ’ 


or, by adding numerators and denominators,* we find that* 

L(a) ^ L(b) L(b)~L[a) , l ^ ^ i 

~ 1 > — > where 6 > a > 1. 

a— 1 0 — 1 b—a 

Consequently, the function L{x)l(x--\) decreases as x increases) 
which corresponds to the nearly obvious geometrical fact that the 
mean ordinate between AB and MP decreases as x increases. 


As an exercise, the reader may prove this result by differentiation. 

The figure below gives a general idea of the course of the 
logarithmic function. 



The dotted lines represent the curves 


* H ^ , then - > > - » provided that q and a are both positive. 

q s q q+s ^ 
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156. Fundamental properties of the loirarithmic function. 

In the formula r'^ix 

change the independent variable from x to ^ by writing x=^lv ; 
we find then 



or, going back to the definition, 

L(u) =L(uv) — L(v). 

Thus 

(1) L{uv)==L(u)+L{vy 

From equation (1) it follows at once that 

(2) ,L(u^)=nL{u), 
where n is any rational number.* 

Now we have proved (Art. 154), that L(x) is a continuous function, 
which steadily increases from — oo to +oo as x varies from 0 to cx> . 
Thus there is one and only one real root of the equation L(x)=l 
(see Art. 143) ; let this root be denoted by e, as usual, so that 
L(6) = 1. 

Then equation (2) gives, for rational values of n, 

( 3 ) L(e^)=:n, 

which proves that L(x) must agree with the logarithm to base c, 
as ordinarily defined ; we shall therefore write log x in place of L{x) 
in future. 

We can obtain approidmations to the numerical value of e by 
observing that equation (3) of Art. 154 gives, on writing »=! H-l/n, 

^>log(n-?)>-^l. if«>0. 
or 

( 4 ) 

Thus, as n increases, log (1+1/n)” tends to 1 as its limit ; and, 
since the logarithmic function is continuous and monotonic, (1 -hl/n)” 
must tend to e. 

* Equation (2) may be used to establish the existence of roots which are not 
evident on geometrical grounds ; for example, the fifth root. Of course, from the 
point of view adopted in this book, it is more natural to establish the existeDoe of 
such roots by using Dedekind's section (see Art. 138;. 
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Siinilaiiy, we prove th&t 

(6) l<log(l_l)-<^^, 


Thus, we find two formulae 


( 6 ) 


lim(l+-) =e=lim(l— -)' 


It is easy to give a direct proof that the two expressions in (6) have a 
definite limit. For we have proved (Art. 154, end) that (loga;)/(x - 1) 
decreases as x increases. 

Thus, if a; = 1 + 1/a, we see that log (1 + 1/n)*^ increases with n ; and therefore 
( 1 +l/n)*^ does so. In the same way we prove that (1 > 1/n)^ decreases as 
n increases. 

But from (4) and (5) we see that (1 +l/a)*^ is less than (1 - l/a)’~^, and is 
therefore less than (1 - 1/2)“* if n > 2. 

Thus (1 +l/w)” <4, and consequently (1 +l/a)" converges to a definite 
limit e (by Art. 144). 


As a matter of fact, however, these limits for e are not very con- 
venient for numerical computation ; and their geometric mean gives 
a better approximation. 


For it will be seen that 


Hence 


f 2(1 «■!* < io(i(^) < jTj 


Thus we have 

n 

n 

so that differs from e only by terms of order l/3n®. 


With n = 100 it will be found that 

(l+^)" =2*7048, =2*7320, =2*7184, 

the third of which is only wrong by a unit in the last place. 
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156. Napier’s Logarithms. 

The recent tercentenary* of the publication of Napier's loga- 
rithms has revived interest in the details of Napier’s methods. 


Napier's definition of Logarithms, 

Suppose that a point P moves on a straight line (7-4, starting from 
a point A with velocity u, and moving so that the velocity of P is 
always proportional to CP; and that simultaneously a second 
point Q moves on a second straight line, starting from a point B 
with constant velocity o. Then in Napier’s original definition BQ 
was called the logarithm of OP, when the constant velocity v was 
equal to the initial velocity u, 

Napier’s tables were constructed for trigonometrical purposes ; 
and before Napier’s time the current trigonometrical tables gave the 
various functions in the form of whole numbers, taking the radius 
CA (Fig. 42) as a suitable power of 10, and tabulating the values 
of PT and CP as the sine and cosine of POT, respectively. Thus, 
to obtain an accuracy corresponding to modern 7-figure tables, the 
radius was taken as 10^ ; and this was the value chosen by Napier. 



To compare the present definition with Art. 154 above, let us write in the 
figure c = GA, x = CP, y = BQ ; then we have 


dx _ 
dt~' 


X dy 


Hence 
and so 


di ux 


if v=u. 



*John Napier (1550*1617) was Baron of Merchiston, near Edinburgh. The 
Mirifiei lAtgaHGimorum Canonis Descriptio was published in 1614 : tercentenary 
celebrations were held in Edinburgh in July 1914. For additional details the 
reader may consult the Tercentenary Memorial Volume published by the Royal 
Society of Edinburgh in 1915. 
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Thus, if log v denotes Napier’s logarithms, we have the funda- 
mental formula 


log^a:=clogg), 

where, actually, c=10’, and the range of values of x in Napier’s table 
is from c to 0. 

It is wy to prove, directly from Napier’s definition, that to 
numbers in geometrical progression correspond logarithms in 
arithmetical progression, and similarly 

-logj^®i =log^aj4 -logjy ® 3 

if x^:x^=x^:x^. 

This formula was the basis of Napier’s rules for applications of 
logarithms, and was used also in his fundamental calculations 
described in the following Article. 


Subsequently Briggs * remarked that the rules of calouiation would be 
simplified by choosing v/u so that the value ar=c/10 should ooneepond 
toy sc; thus in general 


log id 

But Napier pointed out that the rules of calculation would be still further 
simplified by supposing y =0 to correspond to a; = 1, so leading to the relation 
log {XiX^) =l 0 g Xi +log Xg. 

Thus finally Briggs adjusted the constants so as to make y =0, c correspond 
to X - 1, c, respectiyely. This gives in general 


if c s KP® ; and this forms the basis of Briggs’s ArUhmetica Logarithmica of 
1624. 


157. Napier's method of calculating logarithms. 

In order to calculate his fundamental table of logarithms, Napier 
adopted an approximation for the difference between the logarithms 
of two nearly equal numbers. Thus suppose that Pi, Pj represent 
two positions of the point P in Fig. 42, with CPj > CP ^ ; then 
Napier pointed out that the time taken in passing from to P 2 
must ‘be longer than it would be for a constant velocity equal to the 
actual velocity at Pi, and, on the other hand, it must be less than 


* Homy Briggs, sometime FeUow of St. John’s College, Cambridge ; Gresham 
Professor of Geometry, London, at the date of his correspondence with Napier ; 
subsequently SaviUan Professor, Oxford. 
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if the oonstant velocity were supposed equal to the actual velocity 
at P 2 * Thus 

CPi 

and a closer approximation is to be anticipated by taking 
QiQi _^ /PiP% I PiPt \ 

the arithmetic mean of the two limits assigned previously. 

In symbols this approximation may be written 

1 ft c , V V J A \ 


log^5-log^a=|(a-6) Q+j) , 


which is practically the same as (7) of Art 165. 


To estimate the error in the approximation we may use the equation 
- J (« - 6) g + J) -log (5) =f (a -*)(*- 6) J 
npH(l-t)dt 

~Jo ~(l+ptf * 

where t={x- h)l(a - 6), p = (a - 6)/h. 

Thus when p is small and positive, the error is less than 

but is of this order of magnitude. 


The error in Napier’s approximation (A) is therefore of the order 

and it seems certain that Napier was aware that his method of 
approximation was very close, although probably he had to depend 
only on arithmetical tests of its accuracy. 

Another approximation was used by Napier in calculations of a 
less fundamental type ; this was obtained by using a constant 
velocity equal to that at some point between Pj and Pg. 

ft 

Thus in symbols logA 5 — log^a=jj, (a— 6), (B) 


where 


b <k<a. 
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If A;=4(a+6), the approximation (B) corresponds to (7) of Art. 166, and 
the error is easily found to be of the order 

^c{{a-b)lb}\ 

But in general k will differ from by an amount less than 

i(a--5) ; and then the error in (B) is seen to be of the order 

ic{(a~6)/6}*. 

Thus with c = 10’ and (a -6)/6 < J x 10”*, the errors involved in using (B) 
can never be as much as (or say ,^) ; that is, the approximation (B) can 
bo applied with safety to interpolate from Napier^s Third Table (for which 

the ratio of consecutive entries is 1 ”2171^ * selecting the number given 
in the table which is nearest to the number whose logarithm is required. 

The approximation (A) is used in calculating the logarithms in 
Napier’s First Table : this table contains the values of 

and then log^v^r log,v 

Applying the approximation (A) to the values c, and Ai=c— 1, 
it follows that 

log^X , = Kl ■*-c - 1 ) = 1 +2V 

the final error being actually of the order -Jc”* ; Napier then took 
log^Ai =1*00000005, 
and so log =100*000005, 

the error in the second being of order J x lO”^*^. The effect of this 
error in the Third Table is at most multiplied by 
50x20x70=7x10*, 


and so is at most 2 in the eighth decimal. 
Napier’s Second Table contains the values of 




and then log^^rF =ylog^^Fi. 

To approximate to Fi, Napier used the fact that 
-^100-^1 ==-0004950, Yj =9999900, 
and applied approximation (A) again, giving here 
logA Y I =logA' A^qo + *0004950 
=100*0005000, 
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t])« error in which is of order | x 10~', so that the rdtimate effect in 
the Third Table is at most J xlO"*, or say 2 in the fourth decimal. 

The value of Xm oau be verified at once from the binomial aeries ; this 


gives 

c c c 

or 

„ „ 9900 


or JT,*- y,=-^, neglecting J xlO-‘. 

The error in log.v is estimated most readily from the fact that 

using the logarithmic series. 

Then log Tso =5000*025000, 

the error in which is of order i| x 10”’ ; but the value given in the 
Second Table for is in error owing to some arithmetical slip. 
The table gives 

9995001-222927 

instead of the value 9995001*224804, 

which is found by using the binomial expansion 

y _in 7 |^i ^ 4 .:^ 49 _50 49 48 \ 

^ 60 -au ios-i-iQs 2x“l0^ 10*'2xl0'^3xl0^“^“v 

=10’-5000+1-225- 000196+... , 

the terms omitted being of order 3 XlO"*. 

This arithmetical slip affected the whole of the logarithms in 
Napier’s Third Table, which contains the values of the products 

ZrWJc, for r=0, 1, 2, ... , 20, and s=0, 1, 2, ... , 68, 

where Z,=c(l-^)', 

and the corresponding logarithms are given by 
(rlogyZi+slog;^ Wj). 

To calculate log Zj, Napier took a fourth proportional V,- such 
that*' 

c:7=y„:Z,. 

* Most rapidly oaloulated, as Napier remarked, in the form of 
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and then the value of log^^F can be found from the first table. 
Napier found that 

c- 7=1-2236387, instead of 1-226417, 
which would follow from the value of 7,, given above. 

Then approximation (A) gives 

logjvZi-logArrgo=c- 7, 

neglecting terms of order 10~^ here ; and so Napier gave 
log;,Z, =5001-2485387 
in place of logyZ^ =5001-250417, 

which follows by using the correct value of 

That this value is oorrect to the last figure given follows from the loga- 
rithmic series, which shews that 

=6000 + 1-26 + -0004166 , 
the terms omitted being of order 2 x 10~^. 

The last of Napier’s fundamental logarithms is log^vW^i ; now we 
find from the binomial theorem that 


,=w{i 


20 

2xl0» 


20 


19 


20 


19 


18 


2xlO»’4xlO» 2xl0»'4xl0»'6xr<7 


+. 




or Zao- Wi ==475 - 1 -426 + -003028125 - -00000484... 
=473-57802 


with an error of order 10“* ; this was found by Napier with an 8 
in the last place instead of 2. 

From this Napier calculated that 

logi^W^i -logjvZao =478-3502551, 

which is in error by about -00006, corresponding to the error in 
Napier’s value for 2*0- 

It is possible to calculate this result from the approximation (A) directly ; 
but Napier derived it by finding first U, such that 

Cl U =Zjo i W i* 

Then U is most nearly equal to Y^, in the Second Table ; and U' is formed 
such that 

c:U'=-U:Yi. 

It is found that U' is nearly equal to in the First Table ; and then 
the approximation (A) is applied in the form 

logAf/^-log,v2C„=-(l^'-2:„). 
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Thus filially the mult is 

logiv -log;v^io =log/v U ^log^r# -logA’U' 

=6 logjri^i — 22 log.vXx -^{U* — JTib) 

=478 0025 + -34770. 

Actually U need not be calculated out completely, U' being given by 

This leads to the value 

U' = 10’ -22 + 34772, 
while X„ = 10’ -22 + 00002. 

It follows that the errors in Napier’s Third Table, and in the 
derived logarithms, are all due to the errors in Yso andZso ; and 
thus the resultant errors can be estimated as a defect of 
•001878 --00006 in 5000, 
or say -364 in 10®. 

For instance Napier gave the result 

logA 10® =23026842-34, 
while modem oalculations lead to 

log 10 =2 3025850930 
or log A 10® = 23025850-93. 

There is thus an error in defect equal to 8*59 ; while the error estimated 
at the above rate would be equal to 8*37. 

Similarly Napier gives for 9^ 

sine = 1564345 ( = 10’ x • 1564345), 
and the oormponding value of log^ is given as 

18661174. 

The actual value should be 

10’ log oosec 9° =23025850*93 x logio cosec 9° 

=23026860-93 x 0 8056676 
= 18551182, 

so that the error in defect is about 8 ; and by the above rule the error would 
be 6 73. 

On the other hand, the value given by Napier for his logarithm of the 
cosine of 9** is 123881, which agrees exactly with the value derived from the 
product 23025850*93 x logjo sec 9°. 

158. The exponential ftinction. 

Since the logarithmic function log^ steadily increases as y in- 
creases from 0 to +CO , it follows from Art. 143 that, corresponding 
to any assigned real value of x, there is a real positive solution of 
the equation 

log y==a;. 
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We call y the exponential function when x ie the independent 
variable and write y=exp x ; the graph of the function can be 
obtained by interchanging x and y in Fig. 41, p. 439, and then 
revexBing the direction of the axis of x. The figure obtained is 
shewn below : 



Fig. 43 , 

It is evident that the exponential function is single-valued,* because 
Vt > log Viy if y* > Vv Thus two different values of y cannot 
correspond to the same value of x in the equation log y=x, so that 
y is a single-valued function of x. 

Suppose now that 

y=exp x, y+A?=exp(x-4-A), 

BO that X =log y, x -f A ==log(y +k), 

then A ==log(y +*) — log y —log (1 +A/y). 

Thus, from equation (3) of Art. 164 we have 

(1) ^l(y+^ <h< kly, 
or, since y and y+k are positive, 

(2) hy<k<h{y-\-k). 

Accordingly k has the same sign as A, or the function exp x increases 
noiOi X, and consequently the exponential function is continuous, 

* (lenenhy, the lunotion invene to a given function w single^valued in any 
interval for which the givm function steadily increates (or steadily decreases). 
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We bave proved in equation (3) of Art. 165 that, when x is 
raiiondl, the exponential function is the positive value of e*. If now 
X is irrational, defin^ by upper and lower classes (A), (a), we have 
e*=exp a < exp x < exp A =e^, 

because the exponential function increases with x. Also since erpx 
is continuous, can be made as small as we please ; and con- 

sequently (compare p. 407) exp 2 ; is the single number defined by 
the classes (^), (e^). Thus expo; coincides with Dedekind’s defini- 
tion of e^, when x is irrational ; and so for all vahies of x^ the ex- 
ponential function is the positive value of e^. 

Since log 1 =0, it follows that 6^=1 ; thus from the continuity of 
the exponential function we see that 

(3) limc*=s®=l. 

Again, because log y+log ^'=log (yy')^ we have 

(4) 

Of course (3) and (4) agree with the ordinary laws of indices, as 
established for rational numbers and rational indices in books on 
algebra. 

From the definitions of the logarithmic and exponential functions 
it follows at once that 

ify=exp®. 80 tauit|=y. 

Thus the ^ponential function has a derivate equal to itself that is, 

< 6 ) 

This result can also be deduced at once from (2) above. 

Again (3a) of Art. 154 gives 

a; > log (!+»), 

or (6) c® > 1 +«, for any value of 

If we now change the sign of «, we get c“* > 1— » ; from which 
we deduce 

(7) 6*<l/(l-x), if0<a;<l. 

These simple inequalities are often sujBScient to obtain us^ul pro- 
perties of the exponential function.''^ 

*The geometrical meaning of (6) is simply that the exponential curve lies 
entirely above any of ita tangents. 
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159. Some miscellaneous inequalities. 

When a; > 1, (3) of Art. 154 gives 

(1) Ioga;<x— 1 <x; 
thus if w is any positive index, 

(2) log a;” < or log x < x^Jn. 

Again, from the same article, we see that if x and n are positive, 
xl(n+x) < log (1 +xln) < xjn. 

Thus, we find 

(3) e^^(l+~T<e^, iff=— . 

Now, as w->QO , and the exponential is a continuous 

function ; thus it follows from (3) that 

(4) e*=limfl + ?y. 

n->Q0^ nJ 

Similarly, we can prove that if n > a; > 0, 

(3a) > ( 1 — " ) > e*, where Xi = . 

' ' \ nJ ^ n—x 


Here a^f > a; as oo , so that 

6*=lim(l-?)“” 

'W/ 

When n is a positive integer, we have 

and since all the terms in this expression are positive, (3) gives 


and consequently, by taking the limit as n->oo , 

(5) e^%\-\-x+\x^y ifsoO. 

Similarly, we can prove that, if x > 0, e® is greater than any finite 
number of terms taken from the exponential series. 


160. Some limits ; the logarithmic scale of infinity. 

From the definition of Art. 154 it is clear that 


log X— log g ^ 1 
x—a ^ a\ 


if X > a. 
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or 


Hence also 

log a: < log a+e(a;— a), il®>o>l/e. 

«*>•»/«• 

Now when x-^co , the expression on the right tends to £, and we 
can accordingly find * so that 

log xjx < 2£, if a? > ^. 

Thus 

(1) log a;/x->0, as a:->-oo . 

By changing x first to and secondly to x"", and noting that 
log X” =n log X, we now see that 

(2) lim (log x/x") =0, if n > 0, 

a’-yoo 

and 

(3) lim (x" log x) =U, if n > 0. 

Again, from (3) of the last article we see that 
e® > {xjnYy if X > 0, n > 0. 

From this it is clear that e® tends to infinity with x, and with great 
rapidity. 

Again, changing n to n + 1 in the last inequality, we find that 

X 

x^ ^ (n+l)"+i * 

which tends to infinity with x, when n is any fixed positive index. 
Thus we can write 

(4) lim(e®/x”) =qo , if n > 0. 

*-►00 

We can also obtain (1) and (4) by appealing to L’Hospitars rule. Art. 140 
above. 

Thus liin^^^=limi^=0, 

but as a matter of fact the foregoing proof is actually the same as the proof 
of the general theorem given in Art. 146. 


€«» ae'« 

hm — =lim^=a), o > 0. 

X-M X X—^QO * 


Similarly, 

If we write a = 1/n and raise the last to the nth power, we get (4). 


* For instance we might take 
logo e 

i “1 

assuming this greater than 1/e, which is always true when e is small enough. 


logo 60 ^ loco 
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160, 161] 

The limitB {1H4) form the basis of the logarithmic soak of infinity. 
It follows from (2) that logx tends to oo more slowly than any 
pc^tive power of a:, however small its index may be ; hence, a 
fortiori, log (log x) tends to oo still more slowly, and so on. On the 
other hand, we see from (4) that e® tends to oo faster than any 
power of X, however large its index may be ; and hence, a fortiori, 
ten<k to 00 still faster, and so on. Thus we can construct a 
succession of functions, all tending to oo , say, 

... < log(loga;) < loga? < a; < 6® < < ... , 

and eocA function tends to oo faster than any power of the preceding 
function, hut more slowly than any power of the following function. 

It is easy to see, however, that this scale by no means exhausts all t3rpeB 
of increase to infinity. Thus, for inatance, the function 

tends to oo more slowly than e*, but more rapidly than any (fixed) powdr 
of X. 

Similarly, x* 

tends to infinity more rapidly than c*, but more slowly than c** or than €«*. 

Other examples will be found at the end of this Appendix (Exs. 11, 
p. d69). See also G. H, Hardy^s Tract, “ Orders of Infinity,” No. 12 of the 
Cambridge Mathematical Tracts. 

161. The existence of an area for the rectangular hyperbola. 

We give here a proof that the rectangular hyperbola has an area 
which can be found by a definite limiting process ; this seems 
essential, since comparatively few English books give an adequate 
arithmetic discussion of the area of a curve. The method applies 
at once to any continuous curve, although the diagram refers only 


p. ^ , ,P' 
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Fig. 44(a). 

to a curve like the rectangular hyperbola in which the ordinate 
constantly decreases. 

Consider any strip of the figure, bounded by the curve (PQ), the 
axis of X (MN), and two ordinates MP and NQ. We can associate 
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with this strip an outer rectangle PMNP^ and an inner rectangle 
Q'MNQ. 

Here of course the outer rectangle corresponds to the first ordinate 
MP and the inner rectangle to the last ordinate NQ of the strip ; 
but if there are several maxima and minima on the curve between 
P and Q, the outer rectangle will correspond to the upper limit (or 
to the greatest maximum), and the inner rectangle to the lower 
limit (or to the least minimum).* 

Now bisect MN at and draw the ordinate This divides 

the original strip into two, and each strip has an outer and an inner 
rectangle ; namely, in the figure, PM^,, R^N outside the curve, 

QMi inside. But when the strip is subdivided into two, the upper 
limit (or the greatest maximum) in the whole strip is also the upper 
limit in one of the two subdivisions ; and (in general) is greater than 
the upper limit in the other subdivision. Hence the sum of the two 
new outer rectangles must be less than the original outer rectangle ; 
thus in OUT particular diagram PMi-\-RiN is obviously less than the 
whole rectangle PN. 

By similar reasoning the sum of the two inner rectangles is greater 
than the original inner rectangle ; in particular RiM 4* QMi is greater 
than the rectangle QM. 

If we bisect MM^ and MiN again, we obtain four outer and four 
inner rectangles ; and again the sum of the outer rectangles has 
been diminished while the sum of the inner has been increased by 
the further bisection. 

When MU is divided into 2^* equal parts, let us denote the sum 
of the outer rectangles by and the sum of the inner rectangles 
by Sn- Then 

So>Si>Ss> ... > > ... , 

and Sq<Si <82 < ... <Sn < ... . 

Also Sn > 8 n, (n=0, 1, 2, 3, ...). 

Now, in our special diagram, we see that the difference S^—Si is 
the sum of the two rectangles P/Jj, RiQ, which is equal to 

iMN(MP^NQ)=i(So-^So). 

* To follow the reasoning here, and in what follows, the reader wiU find it useful 
to sketch several curves with a number of maxima and minima of various relative 
magnitudes ; and other curves with (finite) discontinuities. 
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and generally 

It is therefore clear from Art^ 143 that a.nd 8^ approach a 
common limit as n increases ; this limit, say A, is called the area 
of the figure PMNQ, 



But it is essentia] to prove that toe find the same area A in what- 
way the base MN is supposed divided to form the rectangles* 

Let S denote the sum of the outer rectangles when MN is divided 
up in any manner, regular or irregular ; and let cr denote the sum 
of the corresponding inner rectangles. Then a glance at Fig. 44 (6) 
will shew that for any value of n we have f 
2 > Sn> at < 

where of course 2, o* are quite independent of n. 

Thus, since lim —A =lim 

we have ar~A, 

But 

where j8 is the breadth of the widest rectangle contained in the 
sums 2, tr. 

Hence we can choose a value S such that 
2— if/8<^, 

* This theorem was originally proved by Newton (see his Prirtdpia, Lemmas 
2, 3). The discussion given by Newton is a condensed form of the following proof : 
the additions made here are intended to lead up to Riemann’s condition, as Newton's 
proof cannot be applied unless the curve steadily rises or steadily falls (as in the 
case of tbe rectangular hyperbola sketched). 

t To avoid confusion we have only indicated the rectangles 2 and Sm» l>be latter 
being dotted ; the reader will have no difficulty in constructing a similar figure 
for <r and N. 
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and therefore, since we have 

2— -4<€, A-‘xr<€, if/8<<5. 

Thus, lim 2 ==lim ^r. 

That is, we obtain the same area A, in whatever way the base 
MN is divided, provided that the largest sub-division tends to zero. 

162. Extension of the discussion to curves which are not mouotonic. 
When the fimoMon to be integrated is not monotonio, but is finite in the 
interval (a, b) (for definition, see Ex. 19 , p. 435 ), ipe construct S^, as above ; 
and we can see that and s„ are each monotonio, and so have defimte limits 
as n tends to infinity. 

But we cannot make the inference that without introducing 

some further condition. The most natural condition is due to Riemann. 

Suppose that in any sub-division of (a, h) into sub-intervals ^i, r)y, 

we denote by ei|. the difference between the upper and lower limits (or between 
the greatest maximum and the least minimum) of the function in the interval 
then Riemann assumes that it is possible to find a value for 8 so as to make 

2»?rtor< <» 

r^l 

for all modes of division of the interval such that rji, t/s, are aU less 

than 8. 

Now iSf„ if 17^ refers to the subdivisions constructed by 
successive bisection. Thus under Riemann*8 condition 

and so lim =lim = A, say. 

Then, just as before, we prove that for any mode of division 

<r<A, 

and by Riemann’s condition, we have also 

2-cr<c, if?/,. <8. 

Thus lim 2 =A^lim(r. 

It is easy to shew that any continucma function satisfies Riemann's condition ; 
for (see Ex. 18 , App. I.) we can find 8 so that < </(& - a)r if Vr < Thus 
we find < «, because —b - a, 

163. Extension of definition to doable integrals. 

It is also easy to extend the definition of integration to a function of two 
variables, say z,y; let us consider the meaning of 

where x ranges from a to 5 , and y from a' to b\ 

U we divide (a, 6) into 2 ^ equal parts and (a\ h') into 2 ** equal parts, we 
obtain two sums 
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161 , 162 , 163 ] 

where iSfiA,* end are the upper limit (or greateat maximum) and lower 
limit (or least minimum) in a sub-reotangle y. Then, just ae above, we 
see that Sim , « decreaBee if either m or n ig inoreaaed, while Sm , « increaaeB ; 
thus Sm» n and n have each a limit when m, n tend to infinity in am/y manner 
(aee Gh. V., Art. 31). 

Further, if/(x, y) is cantintuma we prove as above that 
lim 8m, n =lim „ = F, say. 

Now we have, from the definition of single integrals, 

lim f ]im8m,n)-f dx f f(x, y)dy 

m>>a}\ M-^s / Ja Jaf 

and lim r lim f dy \ /{x, y)dx, 

n— ♦*\m— ►« / Ja' Ja 

so that these two repeated integraU are each equal to F, and therefore to each 
other. 


EXAMPLES. 

1« Prove direotly from the integral for log x that 2^ < e < 3. 

[For we have log (2J) = ^ , log 3 = y , 

If we take these integrals from 1 to 1}, from 1^ to 1 etc., we find that 
log(2J)<iH + i + ...+i<l. 

log3>J+J+t + - +*>!•] 

2. Determine which of the two expressions 

V(2)*' 

is the greater. [Oxford Sen, Schol, ] 

[Take, logarithms and note that 

V3/(V3 + Jw) < y3 < -6929 < log 2, 
since (Art 63) log 2 > '0931. ] 

8. When x is positive, shew that the functions 

Ml±?) and (i+,)!28li±f). 

X ' ' af 

are both monotonio ; and sketch iheir graphs. 

4. If 1 +« > 0, prove that a?* > (1 +a;){log(l +»)}*. 

[Math. Trip. 1906.] 

[Write log (l+x)=2(, and use the fact that if f is positive. ] 

6. Prove that as x ranges from - 1 to oo , the function 

1 1 
log(l +x) 

remains continuous and steadily decieases from 1 to 0. 


[Math. Trip. 1894.] 
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[From the last example, we see that the derivate is negative ; difloontinnity 
is only possible at x -0, and when | a; | is small we find that 
1 \ I X 

log(l+a;)“i 2 “12 
the series converging if |a; | < 1. ] 

6. Prove that to the base (1 -hllpy, where p is large, the logarithm of 
any number N is equal to 


7. In J. Burgi’s tables the value of log 10 is given as 2*30270022 (in 
modem notation). Verify that this is consistent with the value p = 10*» 
assuming logc 10 =2* 3025860039. 

Shew also that Napier’s value (quoted in Art. 157) is not consistent with 
taking p = - 10’. 

[This disproves the statement, made by some German writers, that Napier’s 
logarithms were calculated on the same lines as J. Burgi’S. ] 


8. lia^->laan tends to oo , prove that 

lim w(a„’* - 1) =logl, lim(l =eK 

Deduce that 

{ 1 JL J. 1 \n 1 

+ ... | =(Oia,...aj>)r. 

0. If /[>,, is numerically less than a fixed number A, independent of 7i> 
and if 


then 
Also if 


then 

[Compare Art. 12*2 (4). ] 


lim<r„=lim p^, 

logfl +- +-^— ) =- + - fi — , 
®\ n nlogn/ n nlogn 

fimcr„=nmp„. 


10. Use the last example to shew that if 

the series of positive terms converges if /x > 1, and otherwise diverges. 
Deduce that the series 


2(w!)*w«‘-*e«(» - l)'-f"+»>* 


is divergent. Compare (4) and (5) of Art. 12*2. 

11. Shew how to determine X so that 

e* > Jfx^, iix> X, 

where M, N are any assigned large numbers. 
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[We have to make iv > log if log a;, 

which (sinoe log x < 2*Jx) can be satisfied by talring x > 2 log if and 
But as a rule these determinationB of X are unnecessarily large. ] 

12. What is the largest number which can be expressed idgebraioally by 
means of three digits ? Estimate the number of digits in this number when 
written in the ordinary system of numeration. 

[The number of digits in 9^ is found to be 369,693,100. If they could be 
written 16^ to the inch, this number would extend over 360 miles.] 

18. The logarithmic function log z is not a rational function of x. 

[Apply Art, 160.] 

14. Arrange the following functions in the order of the rapidity with which 
they tend to infinity with z : 

X*, (logx)*, (lagx)<“*«*)‘, (logxV®^^***, (loglogx)'^***. 

Indicate the position of each of these functions amongst the members of 
the standard logarithmic scale. 

16. If we assume the binomial series for any integral exponent, and suppose 
n to be an integer greater than |x |, we find 

(j +?)" = ! +*+(1 +(l -l)(l -?)!; +... to (n + l) tenn*. 

Deduce that, if x is positive, 

/, x\»* , . X* X* . /- X^”" 

and so obtain the exponential series. 


(■-r. 


16. Shew that 




[If the product on the left is oaUed v, we get 

dv c* - 1 - z z* , 

dz z 2! 3! 

Taking v = 'la^z^lnl, we get at once, since Oq =0, 

Oi=lf ®n 1 

If we obtain the series for v by means of the rule for multiplication, we 
find the identity 

1 n(n - 1) . 1 n{n - l)(n -2) ^ 1 ^ ^ . 1 . ,1 

'*- 2 — 2— +3 3 ! ... to «tem« = 1 + 2 + 3 + 


which is easily verified directly. ] 
17. 8 hew that, as x-> 0 , 
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18 . H Xn = (l+2+j+—+^)”2>og{»(* + l)>“^* ^ Ettler’# 

eonstaat (Art. 11), prove that 

0 < X« < H«(» + 1))"*- [CtoAso. ] 

[It wOl be seea that 

p x^dx 1 1 

Xfi .1 - Xn = j, -aji) < 3 n(n* - 1) ’ 

whioh gives the result. ] 

19. A good approximatioQ to the funotioii of £x. 18 is given by taking 

1 

X»-6{n{n + l) + jt}’ 

the error in whioh is of the order l/(150?i*). [A. Lodge. ] 

[Apply Euler*s series (Art. 106),] 

SO. Prove that 


r J..+I a*fs ■> 

^3^ { X X* 1 


*'^l(» + l)! *(n+2)\ ■'■{»+3)l 

~nt\w + l n+2^21 

w +3 / 

Deduce that the expansion of 

/, x'^\ a?" f X 

X* X* 

*"+> 1 


"»+2**’2l(w+3) 

n!(2» + l)j 


as far as the term in 

[Differentiate the first equation, and both sides reduce to er*(z^ln !). J 
21. Shew that the sequence 

o*=e**, a4=c«**,... 

tends to infinity more rapidly than any member of the exponential scale. 
23. Prove that the series 

2(log nY'vr^ 

converges if 9 >lorif 9 = l and p < - 1 ; and otherwise diverges. 
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SOME THEOREMS ON INFINITE INTEGRALS AND 
GAMMA-FUNCTIONS. 

164. Infinite integrals: definitions. 

If either the range is infinite or the subject of integration 
tends to infinity at some point of the range, an integral may 
be conveniently called infinite* as differing from an ordinary 
integral very much in the same way as an infinite series 
dififers from a finite series. 

In the case of an infinite integral, the method commonly 
used to establish the existence of a finite integral will not apply, 
as will be seen if we attempt to modify the proof of Art. 161. 
We must accordingly frame a new definition: 

First, if the range is infinite, we define the integral 
as equal to the limit lim [ f(x)dx when this limit exists. 

Secondly, if the integrand tends to infinity at either limit 
(say that f(x)-^oo as we define the integral [ f(x)dx 

Ja 

08 equal to the limit 

limf f(x)ch (S> 0 ) 

<-►0 Ja +6 

when this limit exists, 

* Following (German writers (who use uneigetUlieh), some English authors have 
used the adjective improper to distinguish such integrals as we propose to call 
infinite. The term used here was introduced by Hardy (Pm. Lend, Mmth, 8oe, 
(ser. 1), vol. 34, p. 16, footnote), and has several advantages, not the least of 
which is the implied analogy with the theory of infinite series. 
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If the integrand tends to infinity at a point c within the 
range of integration, it is usually best to divide the integral 
into two, and then we should define the integral by the equation 

I b n 

f(x) dx = lim I f(x) dir + lim 1 f(x) dx. 

o 4— ►OJa 4i— ►0vc+4i 

But in certain problems the two limits in the last equation 
are both infinite, while the mm of the two integrals tends to 
a finite limit if SJS tends to a finite limit; we then define 
the principal value of the integral by the equation 

P [ /(ic)dr — lim r[ f{x)(ix-\-[ /(ir)ctel. 

Jo 4— ►oL-Ja J(;^j J 

It is at once evident that we can extend the use of the 
terms converge, diverge, and oscillate^ so as to apply to these 
definitions. 

Exs. (of convergence). 

2. = if o>0, 

Jq Jo k-^cc a a 


/ ^=hm r-T==lini— j =_ — -j, itO<k<l, 


4. L "77^ 

. /■» dx; r-tdx , r^dx 

6. I -T = hm I -T+hm - 

=Hm ?(8*-a*)+lim ?(6*-8,*) 

4— M) 2 4i -♦0 2 

=|(6*-a«), 

J-a ^ X Ji ^ / 

where in the last two integrals we suppose a and b to be positive. It 
should be remarked that in the last ease we should have 

which, of course, does not tend to a definite limit unless 8/fii does so. 


Stokes, ifcUA and Phya. Papera, voL. 1, p. 241 
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Bn. (of divergence and oedllation). 

^ diverge$ and j%mxdx otcOlcUet, 

diverges and ^ sin (i) owa'Jtow. 


It must not be supposed that the two types of infinite 
integrals are fundamentally different. An infinite integral of 
one type can always be transformed so as to belong to the 
■other t 3 rpe ; thus, if f(x)’'>cc as x-^h^ but is continuous else- 
Avhere in the interval («, h\ we can write 


07— a 
’ 6 — 03 


or X 


_a -h6f 


Then 




and the integrand in ^ is everywhere finite.* 


Ex. 


n dx _ r 


di 




By reversing this transformation it may happen that an 
integral to oo can be expressed as a Jinite integral. 

Ex. When x=ll^, x~*dx becomes which is a finite integral 

if (both integrals still converge if 2>«>1). 


It is also possible in many cases to express a convergent 
infinite integral of the second type as a finite integral by a 
ohange of variable. Thus we have 

by writing 03 = sin 6, and the latter integral is finite if f(x) is 
finite in the interval (0, 1) (for definition see Ex. 19, p. 435). 
Kronecker in his lectures on definite integrals states that such 
a transformation is always possible, but although this is 
theoretically true, it is not effectively practicable t in all cases. 


* Care must be taken in applying this kind of transformation when the infinity 
of f{x) is iruide the range of integration. Here it is usually safer to divide 
the integral into two, as already explained. 

t If /{x)-*v> as .r-*o, we can write j /(x)dx=f, and introduce ( as a 
new variable. Similarly in other cases ; and in the same sense we can always 
-express a divergent integral in the foim f df. 
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16B. Special case of monotonic ftinctioiis. 

Although, as we have pointed out in the last article, the 
definition of a definite integral requires in general a modification 
for the case of an infinite integral, yet we can obtain a 
direct definition of the integral as the limit of a sum, when the 
integrand steadily increases or steadily decreases. 


Suppose first that in the 


integral f{x)dx 


the function /(») 


steadily decreases to 0 for values of x greater than c ; we may 
then consider only the integral J f(x)dx, because the integral 


from a to c falls under the ordinary rules. Then let Xq(^c), 
® 2 » ®8, be a sequence of values increasing to oo ; we have, 
as in Art. 11, 




(a!«+i - > 1 /ix)dx > - a!,)/(x^j) 


Thus, if the integral J f{x)dx converges to the value J, 


( 1 ) ^ 2 

Of the two series in (1), the second certainly converges, in 
virtue of the convergence of the integral and the fact that 
the series contains only positive terms. The first need not 
converge, if the rate of increase of {x^ is suflBciently rapid; 
for instance, with a;„ = 2®" and /(a;) = l/x*, it will be found that 
every term in the series is greater than J. 

However, by taking a5„ to be a properly chosen function of 
some parameter h (as well as of n), we can easily ensure the 
convergence of both series in (1); and we can also prove that 
the two series have a common limit as a^n+i— is made to 
tend to zero by varying h ; this common limit must be equal 
to J, in virtue of the inequalities (1). 

For example, suppose that is independent of n and 

equal to A, say; then x^—c-k-nh and we have 

= A[/(c)+/(c+A)+/(c+2A)+ ...], 
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It follows that the difference between the two sums is hf(c), 
so that both are convergent, and their difference tends to 0 
with h; hence 

Jslim A[/(c)+/(c+A)+/(c+2A)+ ...]. 

In like manner, if is independent of n and equal to 

q, say, so that Xn^cq^, we have 

^ (*«+»-**)/(».) =c(g-l)[/(c)+g/(cg)+ 3 */(c?*)+ ...] 

•“d (®«+i - = c[(g - l)/g][?/(cg) + g*/(cg*) +...]. 

Thus we can again infer the convergence of the first series 
from that of the second, and we see that 

J=limc(g-l)[/(c)+g/(cg)+g*/(cg*)+..‘.]. 

Bz. 1. Consider xe^dxy with Xn^nh, 

We have then /■»lim 3e~** 

»lim -0-* 

a value which can be verified by integration by parts. 

Ez. 2. Consider x~*dx^ (where, a >1). 

Here write and We get 

by applying one of the fundamental limits of the differential calculua 

Bz. 3. It can be proved by rather more elaborate reasoning that 
if f{x) BteadUy deoreates to 0 as x tmds to oo , then, 

ain X /(x) dx sBlimk^/(nA) Bin nh, j a>SiF/(^)<ifl7*lim A2/(«A)oos«^ 

Let us consider the simple example 

r^dx, 

Jo X * 

the sum is then 44’(Bin4+^ein2AH-...). 

ai.& 2 g 
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Since h is positive (and less than 29r), the sum of the series in brackets 
is A), by Art. 65, and so the whole sura is 

which gives the limit ; that this gives the correct value for the 
integral can be verified by other methods (see Ex. 1, Art. 173). 

Ex. 4. The reader may verify in the same way that 
/** sin® a: , , 

i. 

Ex. 5. By means of the integral we can prove that 

lira A*(e-*+2*-i0-®*4-3*-*e-»*+...)= 

' Jo 

a result which has already been found in Art. 51 by another method. 

In like manner, if f(x)-^(x> as JC-^0, but steadily decreases 

as X varies from 0 to 6, we can prove that when J f{x)dx 
converges, we have ® 

\'f(x)dx = \im h{l -q)[f(hHqf(bqHq^f(hq^H,,.l 

Ex. 6. Take J^logxdx; we have to find 

lim 5(1 -$')[logft+^log(5y) + y®log(6^®) + ...] 

=limJ6(log6)+&5r(log9)/(l - j)] 

=5 (log 6) -6, 

as we may verify by direct integration. 

In the previous work we have seen how to evaluate an 
infinite integral by calculating the limit of an infinite series; 
when the range is finite we can also obtain the result as the 
limit of a finite series ; that is, we can replace a double limit 
by a single limit. 

Thus, suppose that in the convergent integral J f(x)dx the 

integrand f(x)-^oo as x^a, and that f{x) steadily decreases 
from a to b. Then write b — a=^nh, and an argument similar 

W) that of Art. 11 will shew that I f(x)dx lies between the 

Ja+h 

tMro sums 


and 


+/(^ “b 2A) + • • • "b/(^ "" ^)] 

h[f(a+2h) +f(a + Sh)+... +f(b)]. 
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Now, as h-*'0, the integral tends to a definite limit ; and the 
difference between the two sums is h[f(a+h)—f(b)], which 
tends to zero with h in virtue of the monotonic property of 
f{x) (see pp. 470, 471 below). That is, 

f f(x)dx=‘\im h [/(a+h)+f(a+2h )+ . . . + /(6)]. 
which gives the value of the integral as a single limit. 


Ez. 7. Consider where 0<ji<l. 

Write A=-, and we have to find 
n 


{by Ex. 1, A.rt. 147, above). 




1-8 


Ez. 8. In the same way logxdx is found as 

Urn I 2 log f -- y* = - 1 (Ex. 1 , Art. 1 49). 

Ez. 9. If we divide the last equation of Art. 69 by sin Oy and let 6 
tend to zero, we find, if a = 7r/7i, 

usin 2a ... sin(7i — l)a. 

Now change from n to 2n and write /t for a , we get, pairing the terms, 
2/? = 2*"~^8in2A sin*2^ ... sin‘-^(7^- l)/i. 


Thus, extracting the square root, 

sin Asin 2/t ... sin (7i— l)^=n^2^~’', /if A — 7r/2»i), 


and from this we can find log sin. r. 

For this integral is equal to 

lira A[log sin A + log s.n (2/-) + . . . + log sin (»A)] 


= liQi ^[ilog«-(«-l)log2] 

H— TOO 

= -i7rlog2. 


166. Tests of convergence for infinite integrals with a 
positive integrand. 

If the function f(x) is positive, at least for sufficiently large 
values of x, it is clear that the integral 1 f(x)dx steadily 

Ja 

iiicr68/S6S with X \ thus in virtu© of th© monotonic t©st for 
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ocmvergence, the vniegral to oo ca/wnot oaeiUate, and will con- 
verge if we can prove that 

[ /(x)dx<iA, 

Ja 

where A is independent of X. 

In practice the usual method of applying this test is to 
appeal to the principle of comparison, as in the case of series 
of positive terms; in fact, if g(x) is a positive function for 

which I g(x)dx converges, then J* f(x)dx also converges if 

f{x)<ig{x\ at any rate for values of x greater than some 
fixed number c. 

For then f /(jr)dx<[ g{x)dx<i{ g(x)dx, 

J c J c J c 

and this last expression is independent of X. 

Thus, suppose we consider where a is positive and is either 
positive or negative ; from Art. 160 above, we find that as , 

80 that we can determine c to satisfy 

x^e~^<l, if x>c, 

and then if x>c. 

Now (see Ex. 2, p. 462, Art. 164) j e'^^dx is convergent, and conee- 

/ oo J 

x^e~^dx is also convergent. 

If we write A'=c*, we find that 

J j^e-"<ir= J(log 

so tbat^ is convergent. 

Examples of this type can be multiplied to any extent by the aid of 
the logarithmic scale of infinity (Art. 160). 

Thus if we can find a positive index a and a constant B, 
such that one of the conditions 

(i) fix) < 5(logxyx-<i+*),| 


a > 0, £C > c, 


(ii) f{x)<,Bxfie-^, 
is aatiajied, the integral | f{x)dx converges. 

The comparison test for divergence runs as follows: 

If 0(x) is always positive and 0(x) dx is divergent, then 
so also is J f{x) dx, if f{x) > 0{x), at any rate after a certain 
value of Xe 
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We have proved (eee the small type above) that ifa is positive, e can be 
found so that 

whatever the index may be. 

Now j — e^) 

and this expression tends to oo with A., so that the integral to oo is divergent. 
Thus a^d^dx also diverges. 

If ae=0, it is easily seen that this integral diverges if -1. 

By changing the variable, we deduce as before that 

j (log 

diverges under the same conditions. 

Accordingly the integral i f(x)dx diverges if we can find 

J a 

an index a^O, such that one of the conditions 
(i) /(»)> jB(log 05)^0? a>0 
(u) f(x)'>^ ] or a = 0, — 1, 

is satisfied. 

These conditions are analogous to those of Art. 11 for testing 
the convergence of a series of positive terms; and, as there 
remarked, closer tests can be obtained by making use of other 
terms in the logarithmic scale (although such conditions are 
not of importance for our present purpose). But one striking 
feature presents itself in the theory of infinite integrals which 
has no counterpart in the theory of seriea An integral 

j*«p 

I f(x)dx may converge even though f{x) does not tend to the 

limit zero. Naturally, we must then have an oscillatory 
function, for lim/(aj) = 0 is obviously necessary in all cases of 
convergence ; but we may even have lim f{x) = x> . To see, in a 
general way, that this is possible, we may use a graphical 
method; 



Fig. 46. 


Consider a curve which has an infinite series of peaks, of 
steadily increasing height ; then, it is quite possible to suppose 
that their widths are correspondingly deci«uist*d in such a way 
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that the areas of the peaks form a convergent series; and 
consequently [ f(x)dx may converge. 


Let us consider in particular the function 

/(j7)=J7^/(l+^sin2^X (a>^>0). 

Here in general /(a;) is comparable with but its graph comes up 
to the curve at every point for which ^ is a multiple of tt. 

In the interval from twt to (n + l)7r, we have 

1 -}-[(7i.+l)?r]‘‘8in2a? 1 -l-(w7r)*8in*jr 

f(n+l)n (lx tt 


Now 


fio that 


f. 


nr l + ^ainV (1 + J)4’ 




^<f''"'y(x)dx<' 
[l+(n+l)V*]* (l+n‘jr*)» 


(n+l)» 


.(71+1/71^+^ 


From this it is evident that j f{x)dx converges or diverges with the 

aeries that is, according as a>2(/J-|-l) or a^2(/?+l). 

And generally, if <^{x)y ir{a;) steadily increase to oo with j?, the integral 

r 

J H-Vr(^)sin^(:r7r) 

converges if 2</>(7 i+1)/[^(w)]^ converges and diverges if 1)]^ 

diverges. 


Ex. 1. 


• r- 

Jo 1 


+a?®| sin X 


converges or diverges according as 


a>)C;+l or a^/? + l. [Hardy*] 

Ex. 2. converges with diverges 

^th 2#^. [Hawt.] 

yr(nw + €) 


Ex. 3. converges with diverges 

with . [Du Bois Retmond.] 

W^(w7r4-€) 


In spite of the last result, we can prove (as in Art. 9 for 
series) that if f(x) steadily decreaseSy the condition lima;/(a>) = 0 

is neceasa/ry for the convergence of f f{x)dx. 


MesaAnger q/* Mathematical April 1902, Note VIII. 
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For here we have 

dx>{ji - ; 

thus for convergence it is necessary to be able to find A so that 
is less than c for any value of /x greater than A.. 

Hence lima^(j?)=0 is necessary for convergence. But even so, no such 
condition as lim(,rloga:)/(a:)=0 is necessary in general (compare Art 9); 
but it is easy to shew that if (for instance) xf(x) is monotonic, then 
a;\ogxf(x) must tend to 0. More generally, if tends steadily to oo 
and f(x)lif>{x) is monotonic, then /(^)<#>(5?)/<#>X^) niust tend to zero ; this 
may be proved by changing the variable from t to [Pringsheim.] 

It is perfectly easy to modify all the foregoing work* so 
as to apply to integrals in which the integrand tends to infinity, 
say at x = 0. 

The results are : The integral I f(x)dx converges {if b is less 

Jo 

than 1), 'provided that we can satisfy one of the conditioTis 
/(«)<£*“-> (log , 

where either (i) a>0 or (ii) a = 0, /8<C — h 
On the other hand, the integral diverges when 

f{x) > 

where (i) a-<0 or (ii) a = 0, /3=— 1. 

167. Examples. 

To illustrate the last article, we consider two simple cases. 

dnr 

1. (^>0). 

It is easy to see t|^t the integral converges, so far as 
concha the tests of the last 

article. There is an apparent difficulty at the lower limit, 
because of the factor l/.r; Imt since 


I r 


\ /. . \~\ 

^ .tL 




the difficulty is apparent only. 

* Or we may obtain the results directly by writing Ifx for x in the integral. 
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fCO 

Now the integral is lim I («■“—«"“) — , and 

Ja « Jfa ^ 

by changing the variable of integration. 

Hence our integral is 

a-^oJa ^ 
rtB 

But I 6'* — lies between the values found by replacing 
Ja ® 

e"* by 6'* and by these values are respectively 
e“*log^ and e'^logi, 

both of which tend to log^ as & tends to 0. 


Hence 


f** ^dx , . 

lim 1 e'* — =logi, 
a-^oJa 35 ^ 


and accordingly [ (e'*— — = log<. 

Jo ^ 

f oo ^ 

0 

where a, 6, c are positive and 

^+£+(7=0, -4a+J56+Cc = 0. 

It may be shewn as above that the integral converges when 
these conditions are satisfied. 

Now consider 

In virtue of the condition Zila=:0, it is now evident that 

But 

Thus jJ(2ile-“)^=2(ilaloga)-|j(5L4u*)+... . 

r(2Ae-“)^=2(4aloga). 

Jo 


and so 
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8, The reader can prove similarly that, if p'^n, 

where ^A,<i/=0. (*=0, 1, 2, n-l) 

168. Analogue of Abel’s Lemma. 

If the^ function f(x) steadily decreases, hut is always positive, 
vn a/n interval (a, h), and if | ^(£c)| is less tha/a afia^ nvmher 
A in, the interval, then * 

¥(®) < £/(a:)^(a5)da! < Hf{a), 

where H, h are the upp^ and lower limits of the integral 

as ^ ranges from a to 6. 

For, assuming ,that f{x) is differentiable, we have 

Now, since f(h) is positive and f\x) is everywhere negative, 
we obtain a value greater than J by replacing x(b) and x(®) 
in the last expression by H, and a value less than J by 
replacing them by h. 

Thus we find 

hf{h)^h^f(x)dx<J<Hf{b)-H^f{x)da 

or hf(a)<J<Hf{a), 

Similarly, if H^, h^ are the limits of the integral x(^) the 
interval (a, c) and H^, h^ in the interval (c, h), we find 

h,f{b)-h^^f(x)d!C-h,^f{x)d<t < J 

< HJ{h)-H,^f{x)dx-H,^f{x)dai 
<» Ai(/(a)-/(c)]+ V(c) <J< tf,[/(a)-/(c)]+ir^(c). 

* If f{x) shoald be disoontinnoai at x=a, f{a) denotes the limit of /(x) as x 
tends to a through larger values. 
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When is a complex function of a real variable, it is 
easily seen that if u is any number, real or complex, and if 
ri^ are the upper limits of 

I [ 

' J a I 

as ^ ranges from a to c and from c to 6, respectively, then 
I I < ,, [f(a) -/(c)] + 

When f{x) is complex, formulae corresponding to the 
lemma of Art. 81 can be obtained (see Proc, Lond. Math, 
Sac., vol. 6, 1907, p. 65); but these results are not needed 
for our present purpose. 


Tlie first inequality on p. 473 is equivalent to the Second Theorem 
of Mean Value. To see this, note first that x(^) continuous, and so 
(Ex. 17, p. 435) assumes every value between A, JI at least once in the 
interval (a, b). Thus the inequality leads to Bonnet’s theorem 

where 

From this du Bois Beymond's theorem, which is true for any monotonic 
function g(jp), follows by writing \g{^)-g(b)\ for f{x)\ thus we find 
the form commonly quoted 

But, since the precise value of cannot be determined, these equations 
contain no more information than the original inequality aiid not so much 
as the inequality at the foot of p. 473 

Although the restriction that f{x) is to be differentiable is of little 
importance here, yet it is theoretically desirable to establish such results 
as the foregoing with the greatest generality possible. We shall therefore 
give a second proof, based on one due to Pringsheim^, in which we 
assume nothing about the existence of f'{x). 

Divide the interval into n equal parts by inserting points x.^, ..., 
Xn-\y and write XQ=a^ Xn~b; then we have 

f f(x)<l>{x)dx= 

•f* r=0 

f*r+\ 

where Jr=^ f(x)<l>(x)dx. 


* Munchener Hitzungaherichte^ Bd. 30, 1900, p, 209 ; this paper contains a 
more general form of the theorem, which is also deduoible from the first in- 
equality on p. 473. Another proof has been given by Hardy, Messenger of 
Maths., voL 36, 1906, p. 10. 
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Hence* if /,+i=/(ar,+,), 

(1) Jr-fr+lj 4>(x)dx = j y‘(x)-/,^i]<l>{x)dx; 

but in virtue of the decreasing propei-ty of f{x\ [/(^)-/r+i] is positive in 
the last integral and is less than (Jr-fr+'dy 

(2) -/r+l]</> |<(/r -/r+l)^ (6 - a)/n, 

because \fl>(x)\<A and Xr^i—Xr=(h-a)ln, 

By adding up the equations (1), bearing in mind the inequality (2), we 
see that 

n-l f*r+\ 

(3) 4>{x)dx^Rn, 

rssO •'*r 

where l/J.|<^(6-a)(/.-/-)<~(6-a)/«, 

because fn=f(h) is positive. 

If now we apply Abel’s Lemma (Art. 20) to the sum 

n-l f*r+l 
2/r+l / <l>{x)dx^ 

r^O *'*r 

we obtain the limits A/j and for it, because 

m-l /■*r+l r*m 

2 I <L(x)dx^ / 

r=0 •' 

and the sequence 4, /j, is decreasing. 

Thus, from (3), we find 

(4) A/. - ^(6 - a)/o< J< N/, - a)^, 

where /i =/[« + (6 - a)ln]. 

If now we take the limit of (4) as n tends to infinity, we obtain the 
desired result, t 

In exactly the same way we can make the further inference that if c 
lies hetwem a, ami if -ffj, are the upper and lower limits of j 4^{x)dx 
as $ ranges from a to c, while ih are those as £ ranges from c to 6, then 

^ 1 [/(“) -/(‘O] + V(«) < < -ffi [/(») -/(c )] + n f(c). 


*In case /(;c) should be discontinuous at we define /r+i as the limit 

of /(x) wlien X approaches Xr+i through smaller values of x ; this limit will 
exist in virtue of the monotonic property of f(x). 

tit will be seen that the condition {^(x}|<A is by no means essential, and 
that it may be broken at an infinity of points, provided that J |^(x)|da: con- 
verges ; for we can then make a division into sub-intervals, for each of which 
J is less than any assigned number. But Fringsheim has proved 

that it is only necessary to assume that ^(x) and /(x)x0(x) are integrable in 
the interval (a, b ) ; compare Proc. Lond. Math, Soc., vol. 6, 1907, p. 62. 
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In this case, the curve ^=sf(x)Bmx oscillates between the two curves 
y^- f(x\ as indicated roughly in the figure. 



It is almost intuitively evident that the areas of the waves steadily 
decrease in value, and have alternate signs. In fact 

/•(an+l)» fw 

/ /(47)8in:rrf.r= / /(ar+2w7r)8ina;ox, 

J^w Jo 

and since sin^ is positive in the Integral, this lies between 2/(2n7r) and 
2/(2w + 1 t) ; so that it tends to zero as n increases to oo . Further, 

f{2a+2i9 fit — 

ian+i) Binxdx=- f(x 4- 2iH- 1 w) sin xdxy 
which is obviously negative and numerically less than the area of the 
previous wave. It follows that j 8in^/(.r)<ir is convergent, by applying 
the theorem of Art. 1 9. 

In general, if <t>(s) changes sign infinitely often we can apply a similar 
^ethod, using Dirichlet’s test (Art. 22> to establish the convergence of 
the aeries. 


If the integrand tends to oo , say as cc->a, the general test 
for convergence and the test of absolute convergence run as 
follows : 

The necessary and sufficient condition for the convergence 
of the integral j* f(x)dx is that we can find S suck that 

<«, 

where S' has any positive value less thq^n S. 

This condition is certainly satisfied if the integral J |/(ir) | dx 

converges-^ and the original integral is then said to converge 
absolutely. 

It is possible to write out corresponding modifications of 
AbeVs and Dirichlet’s tests ; but such tests are not often needed 
in practice and are better left to the ingenuity of the reader. 
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Ji converge absolutely if j3 > 1 ,an^«sodoe8 
lo oJa? if 0 < g' < 1 ; because | sin a: | ^ 1, | cos .r | ^ 1, 
f] fi converge if 0<p<l ; and generally 

sin a* J* <^(a’) cos a? rfa? 

converge in virtue of Dirichlet^s test, if <^(a?) tends steadily to zero. 

For |y 8ina?rfjr| = |coaa — coa/>|~2, j^* co8a;tf.a?| — |8in6-sin« |^2. 

Ex. 3. Further examples of Dirichlet’s test are given by 

/(a?) = e~^“, (loga?)"^ ; <^{ar) = (sin.r)"^, log(4 cos'-^a?). [Hardy, l.c."] 

170. Frullani’s integ^rals. 

Ab a simple and interesting example of the tests of the 
last article, let us consider the value of 

r dx 

Jo X * 

where <l>(x) is such that j* fp{x)dx oscillates between finite limits 
(or converges). 

Then, by applying Dirichlets or Abel’s test, we see that 

js X 

is convergent and is equal to 

f •£ j ^ > 0. 

j«6 .r 

Thus f " dx = dx = r ^^dx, 

and if <p{x) tends to a definite finite limit (j>Q, as x tends to 0, 
the last integral has a finite range and a finite integrand ; 
thus we have 

‘“8 ©■ 

In the same way we can prove that if 

A -f- 2? “f* 0 = 0, I^b Oc = 

then r^.[As{ax)+£^(bx:)+C,i,{cx)]= -(2ylalog(O</.'(0). 

JO 

For examples, take (j^(x) = cosx or sin a:. 
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The former integral can also be evaluated if ^(x) tends to 
a definite value as x tends to ao . For we have the identity 
p <t>(ax) - 4>{hx) p ^(x^) - ^ 

J* X Ja X 

by means of which the value of Frullani’s integral may be 
proved to be (^o-^)log(t/a). 

The integral found in Art. 167 (1) is a particular case of this 
formula and also of that on p. 479. 

Extensions of these integrals have been considered by Lerch 
and by Hardy * 

171. Uniform convergence of an infinite integral, t 

If we consider the integral (supposed convergent) 

£/(«. y)dx, 

the least value of for which the inequality 

I y)dx\^<e, (X > i), 

holds, is a function of y as well as of e. In correspondence 
with Art. 43, we say that the integral converges tinifonnly in 
an interval (a, )8), if for all values of y in the interval ^ remains 
less than a function Xie)^ which depends on e but is inde- 
pendent of y. But, if this condition cannot be satisfied for any 
interval which contains a particular value y^, then y^ is said 
to be a point of non-uniform convergence of the integral. 

Ex. 1. If /(a:, y)=l/(.r+y)*, where we find that 

jf f(jc,y)dx=\l{k-\ry). 

Tlius ^=0it)-y (ify<l/t), or f=0 (Uy>l/e), 

and so the integral is uniforinlj convergent for all positive values of y, 
since we may take X(e)=l/€. 

Ex. 2. If /(^ry)='y/(l+^*), we find that 

j[ if y50, or-O, if ya>0. 

Thug ^=cot*/|yj, if y<0, or ^*=0, if y=>0. 

Hence ys:0 is a point of non-uniform convergence for the integral. 

*Ijeroh, Biizxmgf^beriehtt d. k, B6hmiacken OtsdUeha^t der Wits,, June 2, 1823 ; 
Haxdy, iieeeenger qf McUha,, vol 34, 1904, pp. 11^ 1C2» and Quarterly Journal, 
vol. 38, 1901, p. 113. See also Art. 173, Exs. 1-A« 
t Stokes, Math, and Phya. Papera, voL 1, p. 283. 
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But, just as in the case of series, we have usually in practice 
to introduce a test for uniform convergence which is similar to 
the general test for convergence (Art. 169) : The necesaa/ry and 
anjfficient condition for the uniform convergcTice of the integral 

j* /(^> y)^$ w am interval of values of y, is that we can find 
a value of independent of y, such that 




where f ' has any valvs greater thaii and e is a/rbitrarily 
small. 

The only fresh point introduced is seen to be the fact that ^ 
must be independent of y. The proof that this condition is 
both necessary and suflficient follows precisely on the lines of 
Art. 43, with mere verbal alterations. 

But in practical work we need more special tests which can be 
applied more quickly ; the three most useful of these tests are : 

1. Weierstrass’s test. 

Suppose that for all values of y in the interval (a, /8), the 
function f{x, y) satisfies the condition 

where M(x) is a positive fwiiction, independent of y. Then, if 

f® f* 

the integral 1 M{x)dx converges, tlie integral 1 f{x, y)dx is 
Ja Ja 

absolutely and uniformly convergent for all values of y in 

the interval (a, )8). 

For then we can choose ^ independently, of y, so that 
J M{x)dx is less than e; and therefore 

1 1 /(^> y)^' I J {x)dx < M {x)dx < e. 

Thus the integral converges uniformly ; and it converges 
absolutely in virtue of Art. 169, (1). 

2. Abel's test.*^ 

^00 

The integral 1 f(x, y)<h{^)dx is uniformly convergent in an 
interval (a, /3), provided that j (f>(x)dx converges, and that, 

* Bromwich, Proc. Lond, Math. Soc. (2), vol. 1, 1903, p. 201. 


B.L8. 
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for every fired vulne of y iv the hvterual (a, fi), iJte function 
f(x, y) U) pomiive and steadily decreaaea as x increaaa, while 
fia, y) is less than a eonstant K (independent of y). 

For then, in virtue of the analogue to Abel’s Lemnui, we have 

I y)4>(x)dx I < fffd y) < fff(a, y) < HK, 

where H is the upper limit to the expression i ^<ft{x)dx , when 

r® iJf 

ranges from ^ to Now, since I if>{x)dx is convergent, 

Ja 

we can find ^ independently of y, so that HciejK) and 
consequently the given integral converges uniformly. 

It is evident that 0(aj) may be replaced by 0 (cc, y), provided 

that 1 0(a;, y)dx is uniformly convergent in the interval (a, jS). 

Ja 

8. Dirichlet's test. 

pco 

Tiu integral I /(«, y)<fi{x)dx is unifomfdy convergent in 

J a 1*00 

an interval (a, jS) if J <li{x)dx oscillates between finite limits, 

and the fvmction f(x, y) is positive and steadily decreases as x 
increases (y being kept constant), provided that f(x, y) tends 
to zero uniformly with respect to y in the interval (a, /8). 

For then | ||/(a;, y)y>(x)dx < Hf($, y), 

where H is 'less than some constant independent of y; we can 
then fix f, independently of y, to satisfy /(^, y) < sjH, 

Again, ^(ic) may contain y, provided that the extreme limits 

of I f/){x)dx remain finite throughout the interval (a, jB). 

Ja 

Ex. 3. Weieratrasi^s test. 

converge uniformly throughout any interval of variation of y. 

Ex. 4. AbePs test. 

r«-*»£2!Lfrf:r, (a>0), 

Ja JT Ja X 

converge uniformly in any interval (O^y^A), because the integrals 
Ja X Ja X 

converge in virtue of Art. 169, Ex. 2. [Stokibs, l.c., p. 284.] 
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Generally €r"^<f){x)dx converges uniformly in any smiilar interval, pro- 
vided that j i^(a;)daf converges. 


Ex. 5. DtrichUft test, 

COB 


SL- da,, r 

Jl 


einx 


dx 


(.r»+y»)i 

converge uniformly throughout any interval of variation of y. 

And ' r^^Bd^dx, r^UMdr 

h H-^ Jl Jl X 

converge uniformly in any interval which does not include y^O. 


Of course the definition of, and the tests for, uniform con- 
vergence can be modified at once so as to refer to the second 
type of infinite integrals. 


172. Applications of uniform convergence. 

An integral J f(x, y)dx which converges uniformly in an 

interval (a, 0) ha*^ properties strictly analogous to those of 
uniformly convergent series (Arts. 46, 46); and the proofs 
can be carried out on exactly the same lines. Thus we find: 

1, If /(aj, y) is a continuous function of y in the interval 
(a, j8), the integral is also a continuous f'lmction of y, provided 
that it converges uniforridy in the interval (a, 0)* 

Only verbal alterations are needed in the proof of the corre- 
sponding theorem for series (see Art. 45). 


St. 1. Thus (see 3, Art. 171) 

rcoQ{xy)^^ rsm(xy), rcoa(xy)^ 



(a>0), 


are continuous functions of y in any interval. 


Ex. 2. If £ il>{x)dx is convergent, then (see Ex. 4, Art. 171) 

lim 4,{x)dx=[<i,{.x)dx. [DIRICHLBT.] 

Ex. 3. But we must not anticipate the continuity at y~0 of 

r£8in^)^ ffii^ax, 

M l+x^ ’ Jo X ’ 

and it is not bard to see that they are actually discontinuous. 

(See Ex. 6, Art. 171, and Ex. 6, Art. 173.) 


Stokes, I.C., p. 283. 
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2. Under tlie mme conditions as in (1), we may integrate 
with respect to y under the sign of integration, provided 
that the range falls within the interval (a, )8). 

Again, the proof for aeries needs only verbal changes. 

« .-f f 

3. The eqvMion 


A 

dy 


f f{^,y)d^=‘ \ ^dx 

J a J a ^y 


is valid, provided that the integral on the right converges 
uniformly and that the integral on the left is convergent* 

Write 


and let us find ^ so that 


I 




lAx <e. 


if x>i. 


where ( will be independent of y, and the inequality is 
correct for all values of y in the interval (a, ^). Then, 

if x>i 

f'iCM »+*)-/<». 

because the value of the double integral of a continuous 
function, taken over a finite area, is independent of the order 
of integration (see Art, 163, p, 457). 

in virtue of our choice of 

Now »(jr, 

so that I ^{X, I < 2e. 


*The last condition is partly superfiuoas ; compare the note on p. 133 for 
the case of series. 
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The laet inequality holds for all values of X greater than 
and all values of | A | under a certain limit. If we make X tend 
to 00 , we obtain 

1^(00 , A)lS|0(f, A)l+2e. 

Since our choice of £ is independent of h, we can now 
allow k to tend to zero without changing and, by definition, 

. lim^(^, A)=(); 

h ->0 

thus we have lim | 0 (qo , /i) | ^ 2f. 

Ji -^0 

Since € is arbitrarily small, and ^(oo , /i) is independent of e, 
this inequality can only be true if 

lim 0(oo , A) = 0, 

h^O 


or 


,• r. f{^, y+h)-f(x, y) 

i“oJ« h 




Another theorem may be mentioned here, although the ideas involved 
are a little beyond our scope. 

Ifj in the integral F{z)^ f /(a?, the function f{oo^ z) is an analytic 
J a 

function of the complex variable z at all points of a certain region T of the 
z^plane^ then F{z) is analytic within Ty provided that a real positive function 

M(x) edn be found which makes the integral j M{x)dx convergent and 
satisfies the condition ^ | M{x) at all points of T. 

Ex. 5. To shew the need for some condition such as that of uniform 
convergence, we may consider the integral (dv ; if this is differ- 

entiated with raspect to y under the integral sign, we find (joB(xy)dXf 
which does not converge. 

Ex. 6. On the other hand, th#" equations 

Ji r dx^.r dx, 

dyJo \-\-x^ h 

~ — - - dx— I sin x dx 

dy Jo X Jo 

are quite correct. (See Exs. 1, 6, Art. 173.) 

4. The analogue of Tannery's theorem (Art. 49). 

If limfiXy n) = g(x)y lim Xn = oo , 


then 


lim f ^f(Xy n)dx= [ g{x)dxy 

H>-^aoJa Jo 
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provided that f{x, n) tends to its limit g{x) wnifcrndy in 
any fioced interval, and that we can determine a positive 
function M(x) to satisfy |/(a?, n)\^M{x\ for aU values of n, 

while I M{x)dx converges, 

Ja 

For, let f be chosen so that M{<xi)dx is less than c, then, if n is large 
enough to make 'we have (as in Art. 49) 

£ gda:^<j^\f-g\dx-{‘2€. 

Since f is fixed, \f-g\ will tend to zero uniformly (as n tends to c®) 
in the integral on the right ; and so this integral tends to zero (Art. 45(2)). 
The proof can now be completed in exactly the same way as in Ai*t. 49. 

Ex. 7. To see that some test such as Tannery’s is necessary, consider 
the integral 

f 

Since we have lim w/(«*+ir*)=0, and so if we apply 

the rule, without reference to the existence of J!d{x\ we find the limit 

U 2 ' 

But («-l)/(?i+l) tends to 1, so that the integral approaches the limit 
^TT and not Jr. 

The second type of infinite integrals. 

Tlie reader should find little difiSculty in stating and proving results, 
corresponding to (l)-(4) above, for the second type of integrals. 

Thei'e is only one case of practical interest which may be found to offer 
some difficulty ; this is the problem of differentiating an integral of the type* 

■f’(y) = b==b(y)> a, 

in which the upper limit varies with y, and is a point of discontinuity 
for although / is continuous there. 

We assume that the integral unifonnly convergent for all 

values of y belonging to the interval with which we are concerned, and 
that |5'(y)| remains less than a constant B for these values of y. 

Then we. can find a constant 8 such that, if we have 

Now, if we write 

y)= ^dx+b'Wib, y) 

* A very simple example is given by taking, say, 

m-C ^ix{y-x)idx,- ys-O. 
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we liATe, the ordinary theorem for differentiating an integral, 

and so, using the inequalities 'which define fi, we find 

|^-rl<€, if 0<f^6. 

Also, 

!f)-m y)-/(6-S, y>}, 

and so, using a double integral as on p. 484, we see that 

I y+A)-<^(f, y)}-l{.^(8,y+A)-^(8, y)i|<.. 

In the last inequality, let ^ tend to 0, and y) then tends to 
so that 

||{/’(y+A)-/’(y)}-iw8, y+A)-<^(8, y)}|^€. 

Thus we see that 

I + A) - /-(y)} - f| < 2« + 1 ^{.#.(8, y + A) - <^(8, y)} - g I . 

Take the limit of th^ last inequality as k tends to zero ; then the right- 
hand tends to 2c, because 8 is independent of A ; thus we find 

ii'n|l{F(y+A)-F’(y)>- 7^2., 

Ih-M) I 

and so by the same argument as before, we have 

173. Applications of Art. 172. 

Ex. 1. Consider first the integral 

where a, b may be complex, provided that they have their real parts 
positive or zero. 

Then J is uniformly convergent for all positive or zero values of y.* 
Now differentiate with respect to y. Wo obtain 

r^(e-«-e-^)dx= + 

and this integral converges uniformly so long as y ~ ^ > 0. Its value is 
therefore equal to dJjdyy in virtue of Art. 172 (3). 


It is understood that neither a nor h is zero. 
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Now, liiUa/'siO, by Art. 172 (IX so that 

,/=r(jL_ 1 w 

Jy \a^y hAryJ ^ 


Thus, using Ex. 2, Art. 172, we find 



'a? \a+y o^y) 


The last integral can be written as log (6/a), which has the advantage 
of being of the same form as if a and 6 were real ; but owing to the many- 
valued nature of the logarithm of a complex number, it is often safer to 
appeal directly to the integral. 

In particular, if we write a=l, 6==i, we have 



or 


dx 


f<- 


L+y y+ 

coaar)*^'=0, 

' X 


f: 


■ »mx — — iv. 

0 X ^ 


Ex. 2. Generally, we can prove in the same way that 

log a, 

where 2d=0 and the real parts of a, 6, c, ... are positive or zero. 

Ex. 3. By direct integration combined with (1) it will be found that 
/„ + +(6+c)a.}]p=6-a+clog Q), 

where the logarithm is determined as before, and the real parts of a, 6 are 
not negative. 

For example, if we take 

a=l, 6=“i, 

we get + + 

O'" ( [e"0^^)-cosJ^]p=|-l, {.re-*-ainx)~=-l. 

As another illustration take 

6=1, c=-(a-|-J). 

Then we find 

f [(a- l)e-* + (1 - i) (e-«-<r‘)] (a + |) log« -(a- IX 

Ex. 4. It is easy to prove similarly that 

/'* dr 

[l{A^{l-\-cLr)-\‘A^x]e-^^’]-^ = - SAgloga -EAi®, 

where 2Ai=0, 2 ^ 2 = 0 , and the real parts of a, 6, c, ... are positive or 
zero. 
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Ex. 6. By differentiating twice, we find that 

flPt/ r r* • / V rf tT TT , « 

j. MO (•^y) - =2, if y>o : 


the last result following from (1) above. 

Hence, since limt/==0, and J remains finite as y tends to oo (see Ex. 1, 
Art. 172), we find ./= J7r(l 

Thus, on differentiating, we find, if y is positive, 






When y is negative we find and so the other integrals 

become respectively. 

Thus J and the cosine integral are continuous at y==0. But the third 
integral is discontinuous there (see Exs. 1, 3, Art. 172). 

In like manner, the integral / sin {xy) — has the value ± according 
to the sign of y, and vanishes for y— 0. 


Ex. 6. As an example of Tannery’s theorem, we take the integral 

<*>») 


in which | f{x) | is supposed less than the constant H in the interval (0, 6). 


80 that 
For 


Jo L .r Jo Jo j; 2 


this result following from (1) above. In applying Tannery’s theorem we 
can take M(x)=Il(ain^x)/x^ ; and /(x/?i) tends to the limit /(O) uniformly 
in any Jixed interval for x. It is understood here that /(O) denotes the 
limit of /(x) as x tends to 0 through ‘positive values. 


Ex. 7. It follows at once from (6) that if 

then lim J„ - i^f(0). 

»I— MO 

The reader should prove that if 6 = 7r, this result must be replaced by 
lim J„ = iir{/(0)+/(7r)}, 

The integral is interesting on account of an application to Fourier 
Series given by Fej6r (see Art. 129). 
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174. Borne farther theorems on integrals containing another 
yariable. 

Just as Tannery's theorem (Art. 172) resembles Weierstrass's 
test for uniform convergence, so there is a theorem related 
in a similar way to Abel's test (Art. I7l). 

If f(x, n) is positive and steadily decreases {as x mcreases, 
n being kept constant) and if | ip(x)dx is convergent, then 

lim [ f(x,n)(l){x)dx=^[ g(x)il>{x)dx, 

provided that limXn=QO, that f{x,n) tends to the limit g{x) 
uniformly in any fixed interval, and that f{a, n) is less 
than a constant A for all values of n. 

For then we can write, by Art. 168, 


w: 


f{x, n)<l>{x)d^ 


<f{i,n)H<f{a,n)H<AH, 


where H is the upper limit to j| tp{x)dx as ranges from 

^ to 00 . Since the last integral converges when, extended to 
infinity, we can find ^ so as to make AH < e ; and then also 

j <y{i)H<AH<i€, 

because, as x increases, g{x) decreases and does not exceed A. 
Consequently we find 

< 2e+ 1£ { f(x, n)-g{x)}if>{x)dx^. 

Since ^ is fixed the limit of the last integral as n tends to oo , 
is zero by Art. 46 (2); and so we have 

lim 1 1 f{x, n)<p(x)dx— f g(x)^{x)dx 

It follows that this maximum limit is zero, or 

lim [ f{x,n)'^(x)dx=\ g{x)^{x)dx, 

n— Jo . ’ Jo 


^2e. 
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XMzlelilst’t flnt iategnL 

Ab an application of this theorem, consider the integral 
If we change the variable of integration to au/ii., we have 




sinx 


dx. 


Hence, if f{x) is positive and never increases, our theorem 
can be applied, because* 

m^f{xln)>0, 

and f{xln) tends to the limit /(O) uniformly in any fixed interval. 

Hence =/(^) £* ^ 

in virtue of Art. 173, Ex. 1, above. 

It is, however, easy to remove the conditions from the 
function f(x) of being positive and never increasing. Suppose, 
for example, that f{x) first decreases in the interval (0, c), and 
afterwards increases in the interval (c, b). Now consider the 
functions F(x), 0(x) defined by 

F{x)^f(x)^A, 

0(x)= A 

and F(x)^f(c)+A. \ (c^x^b) 

G(x):=f(c)^A-f{x)J ^ 

where A is a constant such that /(c) -f A and /(c) -h A —/(6) 
are both positive. Then the conditions of being positive and 
never increasing are satisfied by both F{x^ and (?(aj), so that 

lim [V(x)®-i^t^^ = |F(0), 

n—^QO Jo ^ ^ 

with a similar equation for 0(x). But F{x)^0{x)=f{x)y so that 


J (O^xgc) 


lim r/(*)^cfo=|/(0). 
n— Jo X 


It is easy to see that this result com be at once extended 
to any case where f{x) has a limited number of maxima 
a/nd minima and no injvnities between 0 a/nd b. 


* Here we UBe /(O) to denote the limit of f{x) as x approaohes 0 through 
poaitivt values ; this limit exists in virtue of the monotonio property of f{x). 
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Dirichlet's second integral. 

Consider now 



sin( 2 u-fl)a? 

sinx 


f(x)dx, 


iO<b<T) 


where n is an integer. We can write 

„ P sin KT . . , 

ICji — I (p(x^clXf 

Jo 

where v=-2n+l, ^(«:)=^/(*)- 


Since xj^mx steadily increases and has no infinity in the 
interval (0, 6), it follows that <f>{x) will satisfy the conditions 
set forth in dealing with Dirichleta first integral, provided 
that f{x) satisfies them.* 

Hence lim = |7r0(O) = lirf{0). 


If, however, the range of integration extends up to tt, we 
may write the integral in the form 




and then change the variable in the second part to tt — .r; 
this gives 


Hence 


lim 

n->oo Jo 


'^sin {2n-^V)x 


sin a; 


■f{x)dx 


T[/(0)+/(^)]- 


Ex. 1. Ab a veriBcation we note that 

sin (2W'+ j ) »r ^ 2 coe 2r + 2 cos 4.?: + . . . -f 2 cos 2 wj?, 
8in.r 

80 that rt^gu^2n±l)x^,^ 

Jo sinj? 

and r 

Jo am 

which agree with the general theorems on writing /(.*;)= 1. 


* For then we can write 

/[x) = F{x)’-G(x), 

where x(^)» •^(^)> positive and never increase in the interval (0, b), 

while B is a positive constant. Then 

^{x)=iBF{x) + x{x)0{x)\ - { BO[x) + x{x) 
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' Bz. 2. It is instructive to investigate the value of the integral 

by means of the curve y~{8in(2n4'l)4f}/8indr. This curve is of the same 
general type os the one given in Fig. 46, Art. 169 ; except that the initial 
ordinate is y=2w4-l and that the points of crossing the axis are 
7r/{27H-l), 27r/(2n+l), W7r/(2w + l). 

Then, using the argument given there, we see that the value of the 
integral X'n is expres^d by a finite series of the form 

where k is an integer such that (2a + 1)6 lies between {k~\)Tr and hr, and 

%>Vi>V2> ... > Vft>0. 

Hence (if r is any integer less than k), the value of the integral Kn 
differs from 1 

by less than v,. Thus, changing the variable to xjv, K„ lies between 


f 


f(r+l)n 


io 


vsin (x/v) 


dx, 


mil JU j j 

• ~y~T-zdx and 

V am (.r/v) 

where i/=27i+l. If we make n tend to qo, we find that the limit of 
the integral lies between"* 


dx and 


r. 


sin X 




Jo X 

where r is any positive integer. Thus 

A'»= ( ~d.V = \. [DiRIOHtBT.] 

Ex. 3. It is easy to see (as in Ex. 2 or otherwise) that 
lim r- 

n-^Jo sinx Jo .r ' 

where A = lim (27i6„). The maxima of this integral are given by k = ii, Rtt, 
Stt, ... and the minima by A = 27r, 47r, Gtt, .... 

Glaisher (Phil. Travs., vol. 160, 1870, p. .387) has given the following 
numerical values for the maxima and minima, where 




-0*06317, 


4=r51M,i,=?_r 

Jnr X 2 Jo 

/i= -0-28114, -0*10397, 

/2= +0-16264, /*== +0*07864, /a= +0*05276. 

Thus the greatest value of the integral is Jtt -/ i — l *86194, and the 
least (if A>7r) is ^tt- / 2 = 1*41816. 


*From the inequalities proved in Art. 59 and in the footnote p. 213, we 
see that (since xjv < ^ir), 

... I 1 ..J1 ... o.. I 

I<1. 

la:®- 


Thus 



a: . a* 1 1 ar’ 

--Bin- -g, 

\ V v \ 6 

X 2>v 
Goaec - < — » 

r X 

1 sin a; 1 
1 X 1 

Isina; 

sin a; | _ | sin a; | 

1 la; 

. X 1 

- sm - 

V 

1 a; 

V sin {xjv) 1 1 X 1 

sin (xjv) 1 V 


-7r*(r + l)® 
1/2 ' 


"3 3 

and so this diflfereuce tends to zero uniformly In the interval 0^a;^(r+ l)ir 
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Ez. 4. If f{x) is positive and steadily decreases in such a way that 
'lf{nw) is convergent, we can prove that 

and again, if f{x) tends steadily to zero, 

^ COB x/(x)<fa=» I [/(O) - S.f{w) + 2/(2ir) - ...]• 

In particular, if /(^)=c‘“(c>0), the first limit is Jw coth (^cs-y and the 
second is ^tanh(^c?r). 

Ez. 5. Shew that if f(x) satisfies the conditions of Dirichlet’s integral, 
and 0<«<1, then 

lim n* I f(x) dx— f{Q) f sin xdx—f{Q) r(«) sin (i»Tr), 

1 im n* /* f(x) dv =/(0) f cos xdx = /(O) T (s) cos w). 

fi— ^ ‘ X * -0 

For the values of the integrals, see Ex. 36, p. 521. 

Jordan’s eztension of Dirichlet’s integral. 

Suppose that f n)f(x)dx, where f(x) is positive' and 
Jo 

never decreases in the interval (0, h\ while t/){x, n) has the 
properties 

(i) ^ <p{x,n)<ix\<,A, if 0^^=?'; 

Jo ' 

(ii) lim [ <fi(x,n)dx=l, if 

n—^oo Jo 

where A is a constant and c is arbitrary, but must be regarded 
as fixed in taking the limit (ii). Under these circumstances 

lim/n= 

where /(O) denotes the limit of f{x), as on p. 491. 

For we have from Art. 168, if 0 < c < 5, 

where H, h are the upper and lower limits of 1 i/i(x,n)dx as 

^ varies from 0 to e? and H\ It as ^ varies from c to b. Now, 
from (i) |ft — /t'|<2A, (if— fl''|<2A, 

so that |/n-i/(0)i< 2A[/(0)^/(o)] + i;/(0), 
if fj is the greater of H'^l and Z — fe'. 
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Now choose c'so that 2-4 [/(O) — /(c)] < s ; and having fixed 
c, make n tend to infinity. Since by condition (ii), 

H— >»aB 

it follows that 

lim| J„-i/(0)|£e. 

w-^co 

Hence lim7«5=i/(0). 

This result can be at once extended to any function f{x) of the 
type considered in dealing with Dirichlet*s integral (see p. 491). 


175. Integration of series, when infinities of the inte- 
grand occur in the range. 

It is obvious that infinite integrals are excluded from the 
discussion of Art. 45': one case of practical importance presents 
itself when the terms of the series are of the form 
where at, say, the upper limit 6. Then we can easily 

establish the following result: 


A. If 2/n(i^) converges nniforvfdy in the interval (a, h) and 
j* I I dx is cmivergent {and has the value J\ then 

f <l,{x)[Zfn{x)]dx^^ f 4>(x)fn(x)dx. 

J a Ja 

For then we can find m, independently of x, bo that 

if P>m. 

I tn I 

Thus j i J ^<f)(x)/„(x)dx I < € j I I 

«p ft 

It follows that 2 I <l>{x) fn{x)dji; converges, and that 
9 Ja 

li 

\ m Ja I 

At the same time we have 


ljfV«| 

1 1 

\cLv- 2 f (t>(^)fn{^)dx\ 

\ ii Jn 1 

find 



|/>w| 


2 jf <i>{3i)f»(x)dx j 


and, since J is fixed, we can determine m to make 2€J as small as we 
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please ; bat in the last inequality the left-hand side is mdtptndent of m, 
and therefore must be zero. 

Thus jf ‘ [|/«(*)] d* ■= I j*4>(x)U{x)dx. 

£Ze 1* This case is illustrated bj' 

pogxlog(l+x)dx^I(-ir^f^'^iogxdx^S^^^ 

Here the series for log (1 +s) couverges uniformly from 0 to 1 ; but 
log:r-*^ao as a;-*0. 


On the other hand, the series may also tend to oo (or it may 
cease to be uniformly convergent) as ; when this happens, 
we can often justify term-by-term integration by means of 
the theorem: 

B. Suppose that is positive in the interval (a, b), and 
that the terms /n(®) cvr^ oU positive, then the convergence of 
either the integral p 

Ja 

or the series zf <l>{x)fn{x)dx, 

Ja 

is necessary and sufficient to allow of term-by-term integration. 


It is obvious that both conditions are necessaiy : the only point to be 
proved is that either of them is sufficient. 

Write F(5, (^>0); 

then, sinde <^(.r) and fn(x) are never negative, the function m) never 
decreases as S tends to zero and m to infinity. Thus, as in Art. 31 (6), 
we see that if either of the repeated limits 

lim I lim F{8, m)|, lira |lim F{S, m)| ^ 

is convergent, so also ifi the other, and their values are equal. 

Now Art. 46 applies to the interval (a, 6-S), so that 

li m ^S, m)= 

lim I lim F{B, ni)| = J /«(*) <**• 


And 80 


( 1 ) 
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Similarly the other repeated limit is seen to be eqval to the aeries 

2 f 4>{x)fnix)dx ( 2 ) 

0 /n 

Hence the theorem is established ; for if either the integral (1) or the 
series (2) is convergent, so also is the other, and their values are equal. 


Ex. 2. An application of Theorem B is given by the equation 


r ipg(l-a;) 
Jfi s/{\ -x) 


dx^ 



af^dx 
w^(l -j?) 




This result is easily verified directly ; by integration by parts, the 
integral is found to be -4, and the sum of the series in brackets is 3. 
(see Ex. 2, p. 48). 

We get another illustration by expanding 1/V(1 instead of log(l —x). 


Ex. 3. Another example is given by 

where ^+1 is positive. Here we use Theorem A to include J7=0 in the 
interval and Theorem B to include x—l. 

The special case p==0 gives 



and if “i the integral can also be evaluated in finite terms. 


C. When the Urma fn(^) alt positive, we can apply 

a simila/r a/rgv/ment in case either the integral 

I \t(»{x)\(^\fn(x)\} dx or the series sj \4>\Afn\djx 

converges* Here we write 

0/»={0 + l^l}{/+l/nl}-|0lf/+l/J}“l/n|{0+l0l} + l0|-l^ 

and then, under either of the given conditions, Theorem B can 
be applied to each term on the right-hand side. Of course 
these conditions are easily seen to be sufficient only and not 
neceasa/ry here. Thus, for example, if 

a = 0, 6 = 1, 


* Hardy, Messenger of Molhemdiics, vol. 36, 1905, p. 126 ; Bromwich, 
vol. 36, 1906, p. 1. It should be noticed that the argument fails if we only 

know that ^(x)[2fn(x}]dx is absolutely convergent. 

2i 


B.I.S. 
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we have 

+ (see Arts. 47, 62) 

although here 2|/n(a;) |=!l/(l— as) and [ as) diverges. 

•^0 

Ex. 4. To illustrate Theorem C, consider 

Here we take ^(^)=^logj? and 2|/„(jr)| =1/(1 -j?), and then the con- 
ditions of Theorem C are satisfied (compare Ex. 3). In particular, />— 0 gives 

J w2 ” 12 


But Theorems B, C do not suffice in a number of comparatively 
simple cases which present themselves in practice and do not 
come under any really general theorem. In dealing with power- 
series, the remark made on p. 151, lines 14-18, is often useful; 
and in some cases we can apply Theorem C to — 

taking X to be lim (an/a^+i), and then proceed as in the 
following example: 


Ex. 5. Consider the integral P f dxy p^l>0 

Jo (l-har)* 

If 1/(H-J:')*=2a„ar"=^n(^)> 2|/,(a:)|= 1/(1 - 07 )*, and Theorem C fails 
because the integral diverges if 1 /( 1 - 47)2 is put in place of 1/(1 + 47 )*. 

Now an*(-l)"(w + l) and X=-l. Also l/(H-4:)=2(a„_i-l-a„)4:" ; and 
by Theorem C, 




Tlie coefficient of an on the right is 

47”+^log.rctr= - }/(n+p + l)^ ; 

and BO we find 


p 47** log 47 
'0 (1+jr ^ 




(n+p+iy^ 


In particular, if p=^0, the series reduces to -log 2, and it is easily 
verified that this is then the value of the integral ; thus our work is 
confirmed. 


Ex. 6. 


To illustrate the result given on p. 151, consider the equation 

^ , 1 1.1 


f 


<Za7*- 
1+47 jt?+l 


p + 2'^p+3 


(p + l>0).; 


this is valid, because the resulting series converges. 
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Sx. 7. Furtlier applicatioM of iniaorema B, CVre giTen by eqnationa 

From the last integral we can obtain the results 

or=0, if y«0, 
or=-7r®, ify<0. 

8. By changing the variable in £x. 6 from to where 
we find 

Similarly, starting from the equation 

which can be established by Theorem B, we find 

176. Integration of an infinite series over an infinite 
interraL 

The method of proof employed in Art. 45 does not justify 
the deduction of the equation 

£ ^(®)[2/n(®)]<*® = S <t>(j>:)U(x)dx, 

from the knowledge that 2/„{a;) is uniformly convergent for 
all values of x greater than a. 

A. However, if in addition we know that J* | <l>{x) | dte is con- 
vergent, the method used to prove Theorem A of Art. 175 can 
be at once modified to establish the desired result. 

But it is often necessary to justify the equation when either 

I \<f,ix)\dl>i is divergent or 2/i,(a:) can only be proved to con- 
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vei^e uniformly over a fixed interval;* and then some new test 
must be introduced. 


Thus, for example, if 

and the maximum of ia ao that converges uniformly to 

its limit in any interval for x. But yet we find, tahing <fi{x) = l, 

I Snix)dx=^l ; so that lim f Sn(x)dx=^li 

and this is not the same as f [ lim *S'n(.t?)] 

Jo n — ►» 

This illustrates the case when j | | da? diverges (because <^(a?) = l); 

the other difficulty arises in the integration of series such as the exponential 
series ! , which converges uniformly in any fixed interval (which may 

be arbitrarily great) but does not converge uniformly in an infinite interval. 


B. Many cases of practical importance are covered by the 
following test: 

If converges unifynnly in any fixed intemial 

where b is arbitrary ^ and if <l>(x) is continuous for all finite 
values of x, then 

f 0(x)[i;/„(a:)]</j: = 5:[ <j>ix)fn(x)dx ] 

Ja Ja 

|0(x)|{2|/„(x)|}dx or tJie 

a 

series Zj \<f>(oc)\>\fn{'^')\dx is convergent. 

For, by means of the identity 

we can at once l educe this theorem to the case in which and /» are 
never negativi: 

In this case the function 

F(\,fji)=r<f>(x)d/Jx)]dx 
Ja 0 

never decreases as A, /x increase ; and consequently we can repeat the 


provided that either the integral 1 

/•<n J 


* The distinction between uniform convergence over a Jixed and over an infinite 
interval may be illustrated by the two examples Sn{x) = xln and S„{x) = \l[x-\-n\, 
The former converges uniformly to zero in any interval (0, 6), where h infixed', 
but may be taken arbitrarily great ; the latter converges uniformly to zero for 
aU positive values of x. 
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arguments giren in Art. 31 (6) to pi-ove that if lim (lim F(X ft)) exists, 

X—XB ft. • » W 

80 also does the other repeated limit, and the two limits are equal. 

But, in virtue of the uniform convergence of 2/n(^), we have 

80 that lim {lim /’(A., fi)}— f 0(^)[2/n(^)]d^. 

X—*ao fi — Ju 0 

The other repeated limit is seen in the same way to be 

if ^{x)fn{x)dx, 

0 Ja 

and so the test is established. 

Ex. 1. Consider 

where a is positive, and 6=^ -fig, where |g|=s<a; since 
I sin (hx) I = [Hinh2(g,r) -f 8in*( ^<cosh sx < e** 
and the integral j [if*l{if^-\)]dx 

is convergent, it follows from Theorem B that term-by-term integration is 
permissible, because the terms in the series 

are all positive. Thus we have 

h b 


f* ain(bx) ^ _ ^ , 

Jo + 


5,-f ... . 


"(2a)2-fh*^(3a)2-f62^ 

In the case when a=2Tr, this expression is equal (by Art. 100) to 

u_j i.n 

2Vc^-l 6'^2/* 

and so in general it is equal to 

n/ 1 5 +1Y 

a \g2Tr6/a _ j 27ri^ 2/ 

Ex, 2. In like manner we prove that 

/*“8in(6j?) b b b 

Jo '~^Tl d^+b^ (2a)»-f62“^(3a)H62 

^in 1 

2 Li a sinh (v’b/a)J* 

by Art. 99. 


* Note that exactly the same argumont enables us to include 0 in the range of 

integration, although the series diverges there. 
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■ Bz. 3. Taking tli« case a— S t, expand both sides of Ex. 1 in powers 
of & In thk case the application of the theorem depends upon the integral 


jo 


which converges if |6|<2ir. Thus we find 

Jo 7^-} 4r* 

see Art, 100 and compare Art. 175, Ex. 7. 

£z. A Similarly, by expanding 8in(5j?) in powers of :r, we find that 
if 0<d<a, 

/%-“sin (6^)<£r= J;{l 

And without restriction on 5, we have from the values of r(J), r(f), 

I e-‘‘^cos(2br)dj;=^(l-^+l^-...)==^exp(-f). 

C. However, Theorem B does not cover all cases which are 
required. For example, it is not hard to see that the series 


^ sin (nx) 
V nPx ’ 


(p>i) 


can be integrated term-by-term between the limits 1 and oo , 
although the test given above fails.* This case and others are 
covered by the following test: 

Write J suppose that the series £/„(a:) 

converges uniformly in any fixed interval (a, fc), while the 
series ^g^ix) converges uniformly in an infinite interval 
(ojga); then 

(1) 2 [£/«(*) db] converges^ 

(2) I [2/«(®)] dx converges, 

J a 

(3) the vahies of(l) and (2) are equal. 

[Dim.] 

For, by Art. 45, w© have 

And, since ia uniformly convergent, we have (Art. 45) 

j[ [2/n(a:)] dg= ^lim [2^n(3?)] = 2 lim = S f ^ fn{a:)d3^- 


Bee the second paper quoted on p. 497. 
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177. Tbe ittvendon of a repeated infinite integral 

It IB by no means easy to determine fairly general conditi<ms 
under which the equation* 


poo pop poo poo 

(1) 1 /(*. dy f(x,y)d<c 

J a J b Jb J a 


is correct. 

Here we shall simply coiisider the easiest case, when either 
/(^> y) 18 positive or else the integrals still converge when /(a?, y) 
is replaced by \f{x, y)|. 

Let us write 


F{\, y)dy=^dy^f(x, y)dx. 


this equation being valid (see p. 457) if, as we suppose, f{x, y} 
is continuous for all finite values of x, y (or at least for all 
such as come under consideration). Further, write 

(P{x, fi)= \f(x, y)dy, V"(a;)=lim ^(x, fi)^ [ f{x, y)dy, 

Jb Jb 

assuming the convergence of the last integral. Let the interval 
(a, X) be jpubdivided by continued bisection into n sub-intervals, 
each of length I, and let hr{p) denote the minimum of 0(a?, /i) 
in the rth interval; then, as in Art. 102, we have 

F(\, /ii)=lim 

n-^00 7*s=l 

Now this sum cannot decrease as n and /i tend to infinity ;t 
and so we may use theorem (5), Art. 31, which gives 

(2) lim { lim 

#*->oo n->-ao 1 n->-oo fL-^oo 1 

provided that one of these limits converges. Thus 

(3) lim F{Xf /n) = lim 2 if ^ = lina Kip)* 

Now we shall prove below (see the small type, p. 604) that 


* For wider oonditioni, see a paper in the Froc. Land. Math. Soc. (2), vol. 1» 
1903, p. 187, and other papers quoted there. Reference may also be made to 
Gibson’s Oalcvlua^ Ch. XXL (2nd ed.), and Jordan’s Coutb d'Anudyse, t. 2, §§71, 72. 

t As regards n, see the argument of Art. 162 ; and ^(x, fi) increases with 
(because /(x, y) is not negative), so that the same is true of Mm)* 
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kr is the minimum of fi) in the rth interval; 

and so, using Art. 162 again, we have 

(4) lim 2 I \lr(x)dx. 

n-^-oo 1 Ja 

Since the integral in (4) is supposed convergent (otherwise 
equation (1) would be obviously meaningless), the equation (4) 
shews that the right-hand limit in (2) exists; and so the 
assumption made above is justified. From the equations (3) 
and (4) we see that* 

r* 

dy\ f(x, y)dx-^ \ dx\ f(x, y)dy. 

Jb Ja Ja Jb 

From (3) and (4) it is also clear that 

f dx[ f{x, y)dy = \\m { limjP(\, //)} ; 

Ja Jb A. ->00 

and similarly, we find that the second integral in (1) is equal 
to the repeated limit of F(\ ju) taken in the reverse order. 

Now F(\, fi) cannot decrease, as X and fi increase, so that 
we can again apply theorem (5) of Art. 31 ; and we obtain 
de la Vallee Poussins theorem: 

Equation V (1) above is correct, provided that both the integrals 

\a^> y)d^> y)^y 

are convergent, and that either of the repeated integrals 
converges. 

It will be seen that (by using /+|/| in place of f) we can 
extend the theorem to cases when / changes sign, provided that 
the integrals all remain convergent when |/| is put in place of /. 

We hpve still to prove that if is the minimum of /a) in any 
interval then /i(/x) tends to a limit k, which is the minimum of 

ylr(r) in the same internal. 

From the definition of A(/a), we have 

fi)^h(jx\ 

and BO, on making fi tend to infinity, we find 

( 6 ) 

If it happens that iL)^k, it is evident that \lr(p)^k, also; and 
so we see from (5) that ylr(p)=k, and consequently k is the minimum of 
ylr(r) in the interval (p, q). 


*Note that we do not use any condition of uniform convergence, as in 
Art. 172 {2) ; instead, we have the condition that f is nowhere negative. 
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But if fi)>i^h(jjLX it follows from Ex. 17, p. 435> that the equation 
/A)=/r has at least one root in the interval (jt?, q)\ let denote the 
least root.* Then, if v>ft, we havet 

eo that and (y therefore tends to a limit $ slb v tends to infinity. 

Again v)=i:, 

so that, on making v tend to infinity, we have 

Thus = and so from (6) we find that which is therefore 

Again the minimum of 

Ez. As an application we shall establish the equations 
h \«*~1 Jo 1)’ 

Jo t U-l <^2/ Jo C»“-1 ’ 

where the real part of y is positive and the arc tan function is determined 
so as to vanish with x. 

We have seen (Ex. 1, Art. 176) that 


and therefore 




Now the last integral is absolutely convergent, since 

r xtdx _ t 

i, ?^-24’ 

id I e-" [=«-*, if y=f+ti?. 


(Ex. 3, Art. 176X 


2 r\e--\dt 

Jo ' 'Jo «®-*-l 12^* 


which proves the absolute convergence ; we can therefore invert the order 
■of integration without altering the value of the integral, and we then find 

re-^fjL-i+iu^z r 

Jo \e‘-l t^2j Jo 1) 

Now, if we write in the last equation, we can integrate with 

respect to $ under the integral sign, between fo and oo ; for 


and BO 




*If the equation has an infinite set of roots, the limiting values of the set 
are roots (because 0 is continuous) ; and so the set attains its lower limit, 
which is therefore the least root. 

fXhe reader is advised to use a figure in following the argument here. 
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80 that this doable integral is absolutely convergent. Similarly we find 
that the right-hand side is absolutely convergent, since so that 

xdx ^ Pctf /’• xdx 1 


<r^r 


pJt e««-l 24fo' 


M 

Thus we find the further equation 

,uch p™ 

where 


178. The Oamma integral. 

In Art. 42 we have seen that 

^ (l+a;)(2-|-a!j) ... (Ti+a)’ 

We shall now express this function by means of an infinite 
integral when a, the real part of l + is positive. 

Write "" dyy 

then, using the method of integration by parts, we find that 

= (ti - «)/(! + « + aj), 

and so 

But /n = l/(n + l+»), 

so that r(l 4-a;) = lim Jo» 
or, changing the variable by writing i — ny, we have 

r(lH-£c) = lim f (l — 

We can apply Tannery’s theorem (Art. 172(4)) to the last 
integral; for we have* 

I <^^+«/(271), 

and so (since a is positive) the integrand converges to the limit 
uniformly in any Jixed interval for t. Further, we have 

and the integral I dt is convergent, because a is positive. 

Jo 

* Actually "n)**” ^ positive, 

- (1 - (/ti)* is positive and less than ^/(2n): 
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Thus oil the conditions are satisfied, and so we find 

r(l+a!)= fe-'f (ft. 

Jo 

A RomewhEt aimilar integral can be found for Euler’s constant ; we have 
seen (Art 11) that 

C=]ta(l+|+...+i-log»). 

But • 

Thus we find, on writing 0^=1- t/n. 

And logw=j^ Y* 

hence <?= iij; [/.' { ^ " (^ ' S" } T " f (^ " S" t} 

and, by the same method as before, we obtain as the limit 

(7»/;(l-e-.)f -/V‘^= -;im[logS+/Vf]. 

we eee that 7 

Jo \1 + ^ / t 

Another form is easily obtained by changing the variable from t to Ijt 
in the integral ^ this gives 

(7= /^i 7-' 

A number of definite integrals for C can be obtained from the expression 

- lim flog 8+ { ®”*tT 
{-.>.0 L- Jfi t -J 

Amongst them are the following : 

It is easy to see from Art. 180 below that 

TTsoM proportias of the Gamma-ftmction. 

1. When is a positive integer, we can write 

r(l +sr)=»Hm(^ +;r)(2+rfr) ... (7t+:r) “* 111 ^ 1(1 +n)(2+w) ... (jr+«) 



INFINITE INTEGRALS 


[aP. Ill, 


A result which is also easily obtained from the definite integral, using the 
method of integration by parts. 

o rt/ \T</i T n\n*-^ n\vr* 

(x) ( ) X4-:r) * (l-a:)(2-.T)...(n-a7) 

,._7l + J7 (w!)2 

“ y<r%0 7ov /7 O 0\ 


1 — . . . (n* - x^) 


■“«w-s)(-s)-('-3r 


• r(j7)r(l --^)=ir/8in(7rj7). (Art. 98.) 

3. Writing in the last result, we find, since r(i) is positive, 

r(i)=A. 

4. r(x+i)r(x+l)=hm +a:) ...(n+x) 

“ (1 + 2a)(2 + a*) . . . (2» + 2a^)‘ 

Also = 


Thus 

1 (2^4-1) (2w)!n^ 

Since this last expression does not contain x^ we can find its value by 
putting x=0 ; this gives r(^) or a result which can also be obtained 
by appealing directly to the definition. 


179. Stirling's asymptotic formula for the Oamma-fhnction 
when X is real, large and positive. 

In the integral 

r(l-l-a;)=| e~H^df, 

the maximum of the integrand is and occurs for t=x, 

so if we write 

the range of values ( — oo , 0, -h oo ) for y will correspond precisely 
to the range (0, x, oo) for t. 

f® fJt 

Thus r (1 +£c) = J ^ dy. 

Now, taking logarithms, we have 


y^==(t’-x)-x\og(t/x) 



X 

T 


80 that 
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But the properties of the 
lies between* 


2\ X ) 


logarithmic function shew that 

j x/t — x'^ 
and 5 (_). 


Thus, since y has the same sign as ^ — we see that y lies 
between 




and 


©*¥■ 


Thus, (a;/2)^(l/y) lies between 

x!(t—x) and tl(t — x). 

And therefore, since tj{t~^x)=^\-\-xj(t^x), we see that tl{t--x) 
must lie between 

Ki)‘ '-j©* 

ies between 
(2aj)^ and 21 ^ 4 - (2fl3)^. 


Hence ^ = lies between 

ay t — x 


Accordingly, we have 

r(H-aj)=e-*a!*r e-s’‘[(2x)i+^]dy, 

J -00 

where |f|<2|i/|. 

Nowt e-y'dy = -K^, | \y\e-i^dy = \ 

J - 00 J - oo 

and accordingly 

r(i+x) 3 1 2 

e'‘^af{2Trx)^ 1 (2'7ric)^ 

Hence lim ^ ^ 

e-^af^{2wxy 

or, as we may write it, 

r(H-ic) ^ e'^x%2irx)^. 


*We have, if {t-x)lx=T, y^=xj\del{l + ei 

which obviously lies between ^xr^ and ^xi^I\1+t)K 

+ r =2 /’"e-»*<iy = re-**-*cte=r(i)=ri (Art. 178 (3).) 

J-« jo jo 
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Again, we see that 

|logr(l+®)--log{€'*af(2‘jrx)^}| < 2/[(2 to)*-2], 

BO that log r(l +05) (a? + J) log £B — a; + J log (27r), 

using the symbol in the extended sense explained in Art. 113. 
If we subtract logo;, we obtain 

log r(cc) (oj — i) log 05 — oj + J log (2w). 

The foregoing method is due to Liouville, who gave it in. 
his JourTial de MatMmaiiquea (t. 11, 1846, p. 464). 

Ex. Consider the value of 

^{x)^n’-r{x)r(x+l)r(x+l) ... r(x+^*)/r(«.), 

where n is a positive integer. 

If we change x to we see that 

+ 1 )/<^(^) - n* ^ + 1 ) . . . (wo: + n - 1 ) = 1. 

Hence 1)= 2)« . . . = <f>(x-^s). 

But when y is large, r(y*f a)'>jr(y).y* (Art. 42), so that 
M w »V‘"-*’[r(y)]“/r(ny). 
or, using the asymptotic formula above, 

Hence, as y tends to infinity, <j!»(y) tends to the limit (2ir)*^**“^w*, and 
we have alr^y proved that where e is an arbitrarily 

great positive integer, so that we must have 

The special case n=2 has been discussed in Art. 178 (4). 

180. Integrals for logT(l+x). 

We have proved (Ex. 1, Art. 173) that if the real parts of 
a, b are positive, 

1 rdt, ^ 

Hence, if the reed paH of l+05 i$ positive, we have 

-lim[,>logn+yi.g(jij)]. 
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HiQB we are led to consider the function 
/S(a!, to) = a: log « + ^ log 

-“re-— 

= F{x)'-\-0{x,n), say. 

It is to be observed that both in F{x) and in Q(x, n) the 
integrands are finite at ^ = 0. 

For if <<27r, we can write (Art. 100) 






so that » 


And similarly for the other integrand. 


Thus, when ^ < 1, j 


aj — 






cannot exceed some fixed 


value, independent of t ] but if ^>1, this expression is less 

than + because jc'^Ke* (since the real part of l-f-a? 

is positive). Thus we can determine a value X, independent of 
t, such that 


Then 

or 

so that 


\0{x, TO)|<£ze-»‘d< 

<X/TO, 

lim 0{x, 1 ^) = 0. 


Hence 


logr(l+®)= lim5>(£c, n) = F(x) 
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This integral can be divided into two parts, and we find 
log r(H- *) = ^(as) + 

where -‘)e-]* 


the last expression following from the example of Art. 177. 
The advantage of this transformation is due to two facts, first 
that the value of if>(x) can be found in terms of elementary 
functions; and secondly that tends to zero if |ic| tends 

to 00 in such a way that the real part of x also tends to oo. 
For, in the course of the example of Art. 177, we proved that 

where ^ is the real part of x. Thus when ^ tends to oo , we have 

lim \fr{x) = 0. 

The limit is also 0, when i] tends to oo , ^ being kept positive 
(see Ex. 56, p. 525). 

As regards 0(aj), we have 

- ,^(1) = j“[(x - !)«-' + Q - - o] f- 

= (ic -I- i ) log ic — (a: — 1 ) 

by Ex. 3, Art. 173. Thus we see that, if A = l-f0(l), 

^(.c) = (ic + 1) log £c — A. 

To determine A, we make use of (4), Art. 178, which gives 
log r(ir-f- h) + r(£C-f 1 ) + 2x log 2 — log r(2fic + 1)= J log rrr. 
Thus we have, since lim V^(a?) = 0, 

lim J)H- 0(a;)-f 2a; log 2 ~ (/>{2x)] = ^ log tt, 

which gives, on inserting the value of 0(a;), 

lim[^+®log(l-ij + |-|]og2] = |logx 

or* A = I log (2-7r) (compare Ex. 55, p. 525). 


*The value of A can also be found from Stirling's asymptotic formula 
(Art. 179); or by a device due to Pringsheim (Math* Annaien, Bd. 31, p. 473). 
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Thus we can write 

log r( 1 + as) = (as + i) log a: — a; + J log 2w + ^(a;). 


and IV-(a:)l<l/]2^. 

It is often convenient to have a formula for I’(l+a!), when x 
is real and varies in the neighbourhood of a fixed large value. 
Thus, if we write x = v-\-a, 

where v is large and a may be large, but is of the order Jv at 
most, we obtain the asymptotic expression* 

log r(l +«) ~ (i'-f a + i) log v — v-\-\ log 2ir+\ a^jv, 
where the error is of order ajv. 

Hence r( 1 + k + a) ~ (27r.<)*r-+“c ' 

In several books on analysis, the integrals for logr(l+.r) are found 
by a somewhat different method due to Dirichlet. 

In outline, this proof is as follows : 

(1 ) Differentiate the Gamma-integral, and we find 

(2) Invert the order of integration, and we_ obtain 


f " — (1 + »)-<>+»'= r dy. 


if 1 + v—d'. 


(3) We must next prove that 


8— >0 ‘'log(l+6)" 


and then we have 


r(l+.v) Jo\v c*'-!/ ^ 


r(H-.r)“> \y c*'-!/ 

(4) Finally, if we integrate the last equation, we arrive at the same 
integral as before for logr(l-|-^). 

l^e reader will find it a good exercise in the use of Arts. 166, 172, 
177, to shew that the steps ,(l)-(4) are legitimate. Proofs will be found 
in Jordan’s Oours cP Analyse (t. 2, 2me 6d., pp. 176-182). 

* We have 

0(F + a) = 0(F) + a0'(F) + iaV''(*' + ^»)» (0<^<1), 

80 that here we get 

(r + i) log - - K + 1 Iog(2ir) + «(log. + + y[jr^ - 5 


B.T.8. 
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Testa of Oonvergenoe. 

1. Determine the values of a, h for which the integrals 

(1) (2) /V'8inx<£r, (3)/^“^^, 

are convergent. 

2. Discuss the continuity of the integral 


/*" Bin^dv 
Jo 1— 2^cosv4 


Jo 1— 2d?cosy+^ 

regarded as a function of y. Sketch its graph. 

3. Discuss the convergence of the integrals 

Jo Jo 

4. If 0<K^J, both the series and the integral 


[Math. Trip. 1904.] 


[Math. Trip. 1893.] 


/ * ^mxdx 
af+a sin x 


‘^7i* + asin J .5C* + asina: 

are divergent if a>0, although both converge if a— 0. When the 

series and integral are both convergent. 

Reconcile these results with Dirichlet’s tests (Arts. 92and 171). [Hardy.] 

5. If f{x) tends steadily to zero as .r-^oo, prove from Art. 166 that we 
can infer the convergence of j xf(x)dx from that of j f{x)dxy provided 
that f(x) is inonotonic. 

Similarly, shew that if (a„) is a monotonic sequence, the convergence of 
27 i(a„-a„+i) can be deduced from that of 2a„ 

6. Apply the method of Art. 166 to prove that, if a, /3, y are positive, 
the integral 

p e^dx 
^ 8in*.r + cos^a? 

converges if )8+y>2a, and diverges if /8+y^2a. 

Deduce that, if /?>l>y>0 and /? 4- y > 2, the integral 

r ^ 

J <[(ll</8in‘(l«'') + (ll0''cO8»(V)] 

is convergent, where l,<=log<, 1,<— log(log<). 

Shew that in the last integral the integrand tends steadily to zero, but 
that no test of the logarithmic scale suffices to establish the convergence 
of the integral. 

State and prove corresponding results for series. [Hardy.] 
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7 . Shew that the series 2 

diverges if a is positive and A is rational (in contrast to the corresponding 
integral in Art. 166). But if A is the root of an algebraic equation of 
degree m>L the series converges if I3>a+2m. However, irrational 
values of A can be constructed for which ther series will diverge, whatever 
/3 may be. 

[Compare a paper by Hardy, Proc, Lond. Math. Soc. (2), vol. 3, pp. 444-9.] 

8. Shew that the integrals 

/ « pet) 

cos {/(^) }<^, J sin {/(j") }dx 

are convergent, provided that /'(j?) tends steadily to infinity with .v. 

Prove also that j is convergent no matter how rapidly 

/'(.r) tends to infinity. 

[In the first case it is not sufficient that /(.r) tends steadily to infinity, 
as we may see by taking f{^)—xJ\ 

9 . Although (see Ex. 8 ) J co8(j'2)dLr and j s\r\(x^)dx are convergent, 
prove that EcosOi’*^^ and ^8in(w‘^^) cannot converge if OIt is rational. 


Change of Variables. 

10. If g{i^) is an odd function of prove by dividing the range into 
intervals (0, ^), (Jtt, tt), (r, ^tt), ... and introducing the new variables 
j/, TT-.c, .r-TT, 27r-.r, ... respectively, that 

JO X Jq sin.r 

provided that both integrals converge. 


Deduce that f " \ 

Jo X ” 2.4..,2?i 

tan~^ (a8ina*)^=|7rsinh“*a, 
^ (log cos^.i ) d.v = - a- log 2. 


(Ex. 15.) 

[WOLSTENHOLME.] 


11. Apply the same method to prove that, if /(f) is an even function 
of f, a>0 and 


(1) j[7(8in X) ..•) : 

. 2a dx . , ^ f (sin. r)dx 

(^>io /(““•>•) 


s 2 I y(Rin x)(l +22 cos 2nx)dx ; 
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(3) 

= 2 jf ^/(ain .r) [e"*® + 2 cosh ( ko) 2 cos 2war] dv ; 

(4) /(sin j?) cos (kj?) ~ = |^*’[/(Bind?)(co8ec®.r-K)rfj?. 

[It is understood that all the integrals converge ; the series used are 
given in Ex. 14, p. 225, and Ex. 22, p. 314.] 


12. Illustrations of the last example are : 

(1) / (log ‘508®^)^= -’T, ^ (logco«2.r)i‘p=4>rlog2, 

^ (log cos2j)(log sin*^) 2ir(2 log 2-1). 

i +"■“>> L log id +«-•*). 

and a similar formula containing logsin^o; and logi(l 

(3) |f co8(ic4;)(log cos^jt) = - [cosh ( kq) log (1 + «~®“) - log 2], 

and a similar formula containing logsinV’ and log (1 - e”*®). 

(4) j[ co8(Ka:)(logi:o8*r)^=ir(Klog2-l); 

but in this case there is no corresponding formula with logsin*.^. 

[De La Vallee Poussin and Haedy.] 


Differentiation and Integration. 

13. Calculate the integrals 

u^J log(.r2+y^)rf.r, U(f= J log.v^di\ 

and prove that lim (u - Uq)/^ « ± tt, 

0 

the ambiguous sign being the same as the sign of y. Explain why this 
limit is not the same as the integral 

r lim [{log(.r2+y*) - log ^®}/y] dv. [Stolz.] 

Jo 

14, -Prove by differentiation, or by expanding in powers of a, that 

log (1 + a sech .r)fl£r [ir sm“ia - (sin"* a)*]. 

Obtain two other integrals by writing a = 1/3, where jS is real; and 
verify these results by differentiation and expansion. [Hardy.] 
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15, Prove eimilarly that 

log (1 + a sin a?) - i a - (sin^i a)®] 

IT*®* +a Mn«a:) [^^(1 + a)- 1]. 

Obtain four other integi-als by writing a =1/3. [Wolstbnholme.] 

15. By integrating the equation 

i '*'**«’^ 

with respect to y, prove that 

and 80 on, the terms introduced on the left being those of the sine and 
cosine power-series and the terms on the right being those of the exponential 
series. [Math. Trip. 1902.] 

17. Justify differentiating the integral 

jf tan”’ (a® tan^j?) dx, (a > 0) 

under the integral sign, and so prove that its value is r tan”’{a/(o + v/2)}. 

Change the variable to where a® tan2.r=cot and deduce that if 
we put ^K = 2a/(a*- 1), 

Examine the special cases k = 2 (Wolstenholme) and k=8 {Oxford Senior 
Scholarship), 

18. By differentiation or otherwise, prove that if a, h are positive, 

tan->(<M;)tan-»(ft4;)^=ijr [alog +6 log +1)]. 

i +* (^ +?)]• 

19. By differentiation or otherwise, prove that, if a is positive, 

/*^tan”’(8inh a sin x)dx^ r - l - 
Jo Jo sinh C 

=^ir»-2[(l+a)e-«+i(l+3a)«-s«+^(l + 6a)e-**+...]. 

[Math. Trip. 1892.] 
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20. Shew that if a, 6, c are positive, a being the greatest of the three, 


and 


sin CM? cos 6j? cos cr ~ = Jit, 

X 

if a>64-c» 

or iir, 

ration that 

if a<h+c» 

sin cux sin hx cos 

if a>b+Cj 

or ^ir(a + h^c\ 

if a<6+c?, 

® C^yp 

sin dx sin hx sin cw? = i?r6c, 

if a>6+c, 

or J7r(2ik! + 2ca + 2a6-a*-h*- 
if a<b+€. 

sin tx sin^j? ^ ” i0» 

if 0<^<2, 

or ^TT, 

if t>2. 


21. Prove that, if ^>|ai| + |rt 2 l + **‘ + l^«i» 

f sin tr . n flin ar^ . n cos br^ . = i • • ‘ <*«)' [Stormer.] 

yo 1 I ^ 

22. The results of Exs. 20, 21 can also be found by integration by 
parts : this method gives at once 

[ (5:Aco8a,r)^3=(-l)’‘+4ir2A^2^;;j;j^. 

(2A cosa.r)-^=(- 1)" 2A loga^g-,, 

where 24=0, 24a»=0, 24a‘=0 S4o»"=0. 

Establish similar formulae for integrals which contain sums of sines ; 
and prove that 


the number of terms in the bracket being or J(w4-1). 


[WOLSTENHOLME.] 


Dirichlet^s Intagrals. 

23. Apply the theorem of Art. 172 (4) to justify the equation 

lira rf(x+ct)e-^dt--isfwf{op), 

o— >0 

and deduce that 

lim - f lim \J{x + S) +/(a? - 3)]. 

^ [Weierstrass.] 

24, Apply Abel’s test of uniform convergence to prove that if f{t) is 
inonotonic (at least after a certain stage) and continuous, then 

lim r /(<)sin(»i!)f=7r/(0X W(0). <»• »> 
according as a is negative, zero, or positive. 
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Deduce thftt if ie positive and J" /{fydt is conver^ut, then 

X /(<)cos(»<)<*=|/(i:X 

and the same result is true if the cosines are hoik replaced by sines. 

[Fourier.] 

26. By taking (a> 0 ), deduce from the last example that 
r*V8m(.r2;) , ir ^ /‘“acosto) , 

Consider similarly the integrals given by taking /(a^)—l from :r =0 to 1 , 
and f{x)=0 from 1 to oo. [Fourier.] 

26. From the integrals 

Jo cosh wt Jo sinh irt 

2 r* 

6 “*’* = - 7 -* t cos 

JttJ^ ’ 

prove by the method of Ex. 4, Art. 174, that 
2 sech(^+,«u)= - 2 

_2 sechV+n<»)= ■;;;r 1 

2 e-(j:+«»j>=5^ 2 e-n«..»Mco8(2jinrj;/(o). [SchlOmilch.] 

-90 a> -00 

Integration of Series. 

27. Prove that (see Ex. 40, p. 195), if a, h are positive, 

l^^log (a^ co 8 *.r + 6 ^eiD*j:)<iar = tt log , 


ir(h- 


«V 

a) * 


log (a^ cos2;r + 6* 8in%) cos ^nxdx = “ ^ l,FTc 

and verify that these results remain correct when 6=0 and when a=0. 
Deduce that, if r* < 1 and q are positive, 

' Vo l-2rcosj7+H 

r log (a® cos^a: 4- 6^ Bin%) 

jo^coSrT^2snK~ ”^5^ p+q / 


28. Using the series of Ex. 1, Ch. IX., prove that 

Tv COB 2tanh~^^ T"" coB^<f>d4> _2tan“'^ 

jo l+2t^coB<l> + t*''' r(l + r^y’ J) r-^co8<^ + jj*~<(l-J{*)‘ 

Deduce that 

and verify this result by expanding in powers of t. 


[Hardy;] 
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29* From Art. 65, shew that (if f^<l) 

= sin + 2r sin + 3r^ sin 3ar + . • . 


[AP. 


(1 - y^) sin X 


(1 -2rco8a;+r^)“ 
Shew also that 

^\v?xcioBxdx 


r ^m^xcmxdx vr x^inxdx wi /i • \ 

(1 -2roo8a:+r*)^“l-r®* Jo 1 -2rco8J7+r2“r 

(*.. 8, Act. 175) 


Deduce that 


30. (1) Prove that 

Jo co8h(7r0~2^^* 
where En is Euler’s number (Ex. 4, p. 299). 

(2) By expanding in powers of shew that 

-e-“)^-log(l +o). 

31. From the series for log(48in%), log(4co8*jF) (see Art. 66), prove that 

y^^cos 2,nx log (4 8in*;r)fllr = - C08*ar)ciir =( - 1)”“^ 

|^’^log(cot‘x)dr=|() -^+^- + 

log (4 0in*4?) = g’r* = j^{ log (4 cos®^) 

J^lof; (4 sin®^?) . log (4 co8^x)<ix=^ — olstenholmb.] 

[Compare Exs. 46, 47 ; and note that the only difficulties arise in 
extending the rule for term-by-term integration up to the limits.] 

32. Use Art. 175 to justify the following transformations ; 

t7i*2« Jo 

=i-i(i+i)+Ki+i+i)-- 

= - i(iog 2)®. [Legendre.] 

33. Shew that 

s-”^sin(2^jF)^=‘V^ (Ex. 4, Art. 176), 

and verify the equation by making x tend to oo. 

34. If sinha?. sinhy*!, prove that ^ y<ir=Jir®. 

[Write and use Ex. 7, Art. 175.] 


[Math Tnp, 1902.] 
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Gamma Fimctioiis, etc. 

By writing shew that if the real parts of V, s are 


positive, 


r(r)r(«)- e-*^-^dxJ"er»y~'dy^j^ rf-\l -riy-^, 
and deduce that 

r(r)r(«)/r(»'+'«)= 

36. If «“**<"■’</<, where and |>0, shew that 

dU n jj 'd Z7__ iftjT 
d$'~ ^ 

and hence prove that U=r(n)la;% if w>0. 

By using Ex. 2, Art. 172, deduce that if 0<»<1, 

cost , — COB Unv), J 8in^.«*"^flfe— r(w)sin (Jwfr), 

and verify that the last result is correct if -l<n<l. 

Obtain the corresponding formulae for 

^ coB(a!*’)da! and sin (j^)cLv, p>l. [Caucht.] 

37. If the real part of x lies between -k and -(^+1X where ^ is a 
positive integer, prove that 

r(x) = + - [Cauchy.] 

[Apply the process of integration by parts to the integral for r(j7+I;).] 

38. Shew that if a, are real, 


/-JM-V-nfn— ^1. [mbllih.] 

\|r(a+»/j)|/ "¥L^^(a+»rJ- '■ ■' 


If a? =177, shew that 

I r(l +a:)| = V{(ir»;)/8inh(7nj)}. 
on T. j — r j> r 

express A, io terms of Gamma-functions, and prove that 

Assuming the value of r(j) given in Ex. 41, deduce that 

A = 1-311029, 5=0-699070. [Gauss.] 

40. Similarly express the integrals 

P dx P xdx 

Jo VCl-^y •'® 70^) 

in terms of r(J), and so obtain numerical values for them. [Gaum.] 



INFINITE INTEGRALS 


r>22 


[ap. 


41. Deduce from the product formula for r(l-l>«) that if |x|<2, 
iogr(i+^)=iiog{^}-iiog(^)+r,*-(7^-<7^-..., 

where C,=l-C' =0-422783, = ^ 2 “0-0011928, 

2 

Cs=J i «■»= 673630, (7, = i I »-» = 2232, 

2 2 

73866, 449. 

2 2 

As a numerical exercise, prove that 

logic r(J)=T-957321, log,or(i)«T*960841. 

It will also be found from this series that if then 

log^^r=I-71731 and ^=-*30163. 

These give r(l +t) =0 49802 — (0*16496)i ; 

a result calculated to 7 decimals by Gauss, from Stirling’s series (Art. Ill), 
writing j?=10+i. 

42. If if-(x)=r(.r)/r(x)=|^iiogr(^)}, 


prove that ^(a?)=lim [jlogw- 


f.)] 


where C is Euler’s constant. 

Shew that V'(x)- V'(y)= | 

Deduce from Arts. 178, 179 that 

\lr{l+a;) - l/>, \lr{l--x)- yfrix) = tt Cot {wx\ 

■>lr{Zx)==i[\lr(jc)+\lr(x+i)]+log 2 , 


^ [V' (®) + f (•*’ + ^)] + 1®8 »■) 

V'(j>)+C= r\—£-^dt (if the real part of x is positive). 
Jo l-t 

Obtain the particular results, 

^(1)=-C, f(2)=l-C^ f(3)=?-C', 

^(4)= -^“2 log 2, \t'(|)=2-C'-2log2. 

Shew also that 

r(l)= !: (lK)=i^. V''(i)= i 4/(2n+ l)?=i,r». 

1 0 

43. Shew that, if p, g are positive integers, 

\lr(j>/q) + C=‘lmf(t\ 

where /(t)= - log (1 - ««) - g 2 

= - «'log{(l - «•)/(! - 0>+(l - «') (1-0+ 'S <“■*' 108(1 - “'O. 

r*l 

01 = COS { 2 Tlq) + i sin {^irjq). 


if 
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Ddduce from this and the corresponding formula with q—p in place of 
that 

^ (?) + ~ ~ + *2 cos 'or {2 Bin (y )}• 

Obtain the particular results, 

f (i) + 6^= - i log 3 - Jir V3, V^(i) + C* - 3 log 2 - 

V^(S) + C= ~§log3 + j7r^3, f(j)+(7=. -31og2+iw. [Gauss,] 

44. Similar results can be obtained for the function i8(.r) * T » 

• 0 x+n 

thus, shew that 

)3(.r) + j3(H-.r) = 1/jr, /5(j?) + /3(1 - ar) = :r cosec (7r.r), 

lim - log .r] = 0, lim j9(a:) = 0, 

»—►« JT— ►an 

A ^-1 

/©m^^ positive). 

In particular, prove that 
^{l)=log2, 

/3(J)=log2 + ix V3, 0(B= -log2 + JirV3. 

45. K 

prove from Art. 172 (3) that we may differentiate under the integral sign, 
provided that a is positive. 

Hence 

/' (a) = 2^ 8in2« - . log sin x . <ij; = ^ \) ~ 

rjir 

and f'(a) = 4 8in2« - ij? . (log sin xf . dx 

= ^ f (a) - V'(o+ 4) P + -f '(a + 4)]- 


46. Shew from Ex. 45 that 
rifr 

/ sin ^ . log sin a? . (fa: *slog2-l 

Jo 

. 


f sin a: . (log sin a:)® . (fa: =(log2- 1)* + 1 
Jo 

J(Biu x ) . log sin x.dx = - 4)/ { r(J)}^ 

Jo 

rhfr , 

I log sin a: . ax 

rjir 

I (logsina?)*. cfar 


= -4irlog2, 
=4’r[(log2)‘+A>r>]. 
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47. Justify the differentiation of the equation (Ex. 35) 

Jo ^ lTa+^) 

Deduce that 

r^ir 

/ log sin X . log cos = Jir[(log 2)^ - 

Jo 

/•*» ^ 
/ sino?. logsin.*;.logco8J?. rf:i7=^2 — log2-- 
.^0 


[AP. 


MiscellaneouB. 

48. From the series 

sech J7 = 2 

prove that if the real part of c is greater than -1, 

[See Ex. 42 and use Art- 52 (3).] 

49. From the last example deduce that, if the real part of a is positive 
and not greater than 1, 

/'* sinh a.r dUr , ^ . 

Jo 

and hence, if X is real, prove that 
f* 

cos \a7 tanh a: — =log coth JAtt, [Math. Trip. 1889,] 

fo dos^ ^ ^ tan“^(tanh JAtt). [Hardy.] 

60. From Ex. 8, Art. 175, prove that if the real part of a is positive 
and not greater than i, 

lo ^ ~ ^ Trip. 1895.] 

61. Deduce from Ex. 35 and Art. 176 B, that if s and a are positive 

r(a:)r(a) 1 a-1 (a-l)(a-2) (c^ - 1 )(a - 2)(a - 3) 
r(^+a)“J .zr+l'*'~2!(.^'+2) " 3“!(.«:+3)' 

Shew also that 

r Tjo!) T 1 V L + 

Lr(j7+i)J 4 a;‘(.r+l) 4.8 .r(a:+l)(^+2) 

^To obtain the latter series, expand i 7 "^(l in the form 

7 " Kl - + ^74 7*+ * • •)• J 
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62 . Obtain the first integral of Ex. 49 from the series 
sech a? as 2 (fl”* - 4* 

by applying Frullani’s integral to the separate terms. 

Obtain similarly the following integrals: 

f.-«tanh^J=logf+21og{r(|)/r(5+2)}, 

. f.-«(i-««h^)f=-iog|+2iog{r(^)/r(i±l)}. 


where the real part of a is positive. 


[Hardy.] 


63. Write down the form of Frtillani’s integral when ^(ar)aBl/(H-«”*) ; 
and deduce that when p is positive, 


.'0 \coshjD.r 


1££ loa ( to*Y 

+ COS qx cosh 4-cos rx/ x ^ ^ / 

[Math, Trip, 1890.] 


54. The following integrals are allied to Frullani’s integral 


dx 'I 

(8inmx — 8innxf-^=iTlm-nlf 

’ nif 71^0. 

1 / , m4’W . ft 1 m+n 

(,-~_e-~)*^ = 2.»ilog-^+2«log-^J 

f - a) -<f>(s - 6)] cte=(6 - a)[.^( oo ) - <^( - CO )]. 

y-op 

Evaluate the first of these integrals when 9/i, n have opposite signs. 

55. By changing the variable from ^ to 2^ in Art. 180, prove that 

Shew from Ex. 3, Art. 173, that of these integrals the first is equal to 
log2-l and the second to ilog(^). (See Ex. 62.) 

56. Prove that if ^ is positive, the function 

t W-l « 2/ 

steadily decreases as t increases from 0 to oo (see p. 297). By applying 
Art. 168, deduce that, if x=(+irf in the formulae of p. 612, 

67. Deduce from Ex. 56 that if x=^'hii], where ^ is positive and fixed, 
but 7\ tends to infinity, 

where r«|^|. (Compare Ex. 38, p. 621.) [Pinchbrle.] 
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1. Shew that |[„iog(?^tj)_i]=i(l.log 2 ). 

[The Beries can be gummed to n terms ; or we may express the general 
term in the form 

2. Discuss the convergence of the series 

[MatL Trip. 1890.] 

3. If C'm= 1+^+...+“ -log w, 

ri 

prove that - (4, = j-- dt, 

and deduce that Euler’s constant is equal to 

1 - f ’ +<<+ <*+«'«+., .). [Catalan.] 

Jol+r 

4 . Prove that, if /i>v, the sum 

(»=>' excluded), 

tends to the limit log{(l +/;)/(! -i)}, when /x, v tend to infinity in such 
a way that v/fi tends to k, [Math. Trip. 1894.] 

6. Apply Euler^s method (Art. 24) to show that 

l-p+^-^+...=-988944.... 

[For other methods of transforming and evaluating these series see 
Glaisher, MeM€7iger of Matks,^ vol. 33, 1903, pp. 1, 20.] 

6. If 8n denotes 2"” +3"** +4"’’*+... to oo, prove by conversion* into 
double series that 

^«2 + J«g4-jA4+... = l -P, + + 

[See WooLSEY Johnson, Bull. Am. Math. Soc.^ vol 12, 1906, p. 477,] 

r>2tt 



xAIISCELLANEOUS EXAMPLES 


527 


7. If d is positive, prove that 

2(3 coth^wd- 4 coth^w^ -f 1)= 42?i®(coth nd - 1). 

1 1 

[Write ^=6'®® and convert into a double series.] [Math. Trip. 1894.] 

8. Shew that the series 

does no<^ converge uniformly in any interval including 

[Math. Trip. 1901.] 

9. (1) If /;»(^)-=w.a7”-i-(M + l)^", prove that 

2/«(^)=l, 0^|a:l<l, 

1 

and deduce that ^ while 2 /^ /*»(•**) o?^=0. 

(2) Prove that the series obtained by differentiating 

is uniformly convergent foi* all real values of j?, including .rs*?0. Is the 
same true of the given aeries? 


10. Prove that 

\a^2 a + 2^2 . 4 a + 4 J\ 


1 .1.3 


l+2.^+ 


2.4 




...) 


ir, ,«+l | (° + >)(«+3) rM .1. 
aL "^0 + 2 (a + 2)(a+4) J 


log(l +x^) . tan"’i!=2[J(l -I- — 

1, 2, x)J = F{i, §, 3, X), [/'(I, I 3, i 6, ^). 

[All these can be obtained by direct multiplication ; but the law of 
the.coefficiente is more quickly determined by differentiation or some 
other special device.] 

11. Shew how to calculate log 2, log 3, log 5, log 7 from the five series 
«, 6, c, d, e given by writing 

respectively in the series for log {(1 +^)/(l — ^)} I ^-nd prove that 
a-26 + c=rf+2£!. 

[For results to 260 decimals, see Adams, Math. Papers^ vol. 1, p. 459.] 

12. Prove that as x tends to 1, ^ ^ i 

+ - 41 og(l-‘ 0 - [Cesaro,] 

13. Sketch the graphs from 0 to 2ir of the functions 

si n 607 + ^ sin 10.r + 1 sin 1 5 + . . . , 

cos 2.27 4 - ^ cos cos 1007+... , 
sin 2o7 + i sin Go? +j sin 10o7 + ... . 
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14 . If /(x)«=a,+ 2;{a«co8»u'+6„8iii»r), 

flBl 

prove that “[/Cr)+/(^+a)+/(j^+2a)+...+/{jr + («- l)a}]^ 

where ansSTr/^, contains only those terms of the original series in which n 
is a multiple of s. 

[This result is of some importance in the numerical applications of 
Fourier’s series ; see Wedmore, Journal Instit. Elect, Engineers^ vol. 25, 
1896, p. 2^4, and Lyle, Phil. Mag. (6), vol. 11, 1906, p. 25.] 


16. If v*s4w*-l, so that V takes the values (1.3), (3.5), (5.7), ... for 
= 1, 2, 3, ..., prove that 


vl_l 


1 


V 1 1 


[Take in the series of Ex. 14, p. 225.] 
16. Shew that 


.(7rH307r2-384). 


5^7 11^13-17 2 v/ 3 * 


1 


7r‘^ 


52 + 72 + 1 72 + 192+ 29* 31=^ * 36 

by giving x special values in the series of Ex. 14, p. 226. 

17. Prove that if n is even 


2 


-( 


gee si nil x 

2?i-fl 




tan 


lcosh(?i+l)^/ 

[Math. Trip. 1907.] 


18. Shew that the remainder after n terms in the first series of 
Ex. 27, p. 316, is 

( - (2^ rsl ^ Jo 

where <f)n(t) denotes the Bernoullmn function defined in Art. 101. 

[Math. Trip. 1905.] 

19. Shew that 

[Wolstenholme.] 

[Use Arts. 102, 49 and the series for l/(e*-l) in Art. 100.] 

20. Discuss the convergence of the series 

® co%{x-k-na.) 

C08(?/+Hj8y 

where x, y, a, are complex. [Math. l\ip. 1892.] 

Discuss the convergence of the products 

for all values of the complex variable x. [Math. Trip. 1893.] 
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21. Prove that if 

iSo=l!-2!+3!-.4!+..., (Arte. 105, 109) 

then l(l!)-2(2!)+3(3!)-4(4!)+.,.=:l -2*So, 

1*(1 !) - 2>(2 !)+3*(3 1) - 4«(4 !) 4- ... =6iSo - 2, 
and generally !) is of the form aiSo+ft where a, fi are 

integers (positive or negative). 


22. Shew that 




3.5 1.3.5. 


2V 




[For an application to an important physical problem, see Love, PhiL 
Tram., A, voL 207, 1967, pp. 195-197.] 


23. If 
prove that 


e 


«r 

lim (lim Xi)=0, lim (lim 1. 


24. From the power'Series for iUog(H-ji?)]*, shew that if -7r<^<7r, 
[log(4co8*J(9)P-^=8[ico8 2^-J(l -hJ)cofl3^-hJ(l + J)co8 4^- ...]. 
and obtain a corresponding formula for [log(4 8in®^6^)p. 

Shew also that 

^ — j7r^-4^co8^~”COs2^+^2®os3d- ...j. 

Deduce the integrals of Ex. 31, p. 520. 

- 2» / cos 2n;r log (2 cos cf.r, 

Mn “ =*( - 1 )"/(2n + 1 ), 

“-=4-(i-3+6“"*27^)’ [Catalan.] 


26. If 

prove that 
and that 


?6. Prove that if iir is an integer and |r|<l, 

=irr*', if n^vk^ 

Deduce that if Ic^^aK and Z!=aA, where k, A are co-prime integers, 


f 




[Hardy.] 


1 -+■ r* 

Jo (I — 2rcosibr+r2)(l -'2«cosia:+«*) ^i_r*#^ 

27. Prove that if a is positive and y2=cw7‘^+26:r+c, 

Jxo y oJa I ^i+yo J 

If also oc - 5* is positive and equal to prove that 
r^idx 1. ,/ \ 

P I cM7iaro + ^ 

where the angle lies between 0 and v- 
[For a disoasaion of these and other similar cases, see Bromwich, dfesseitffer 
of Math$,j voL 35, 1906, p. 131.] 
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MISCELLANEOUS EXAMPLES 


28. Prove thafc if A, fA are real but not necessarily positive, 

|^*'log(Xcog>tf+/ii8in*fl)»(W=25rlog{J|(VX+V/*)l}. 

Deduce that if w=» out® + 26^74-0, w'=a';r®4*26'4?+(/, where u is positive for 
all real values of x (so that /) = ac-62>0), 

where q^\{ac* -\-a'c)-hh\ p* ^a'cf Express the second reiiult in a real 

form, when p' is negative. 

29. Prove that if the integral j /(8in®.r)c^ is convergent and equal 

to ^AiTy then the integral ° 

j [A -f(ain^j:)'](f>(x)cLp 

converges, provided that <l>(x) tends steadily to zero. 

Deduce the convergence of 

/ oD rm 

\og(4cos^x)(f>(x)dx^ I ]og(4BMv)<f>(x)cb'. [Hardy.] 

30. Prove that in the sense defined by Pringsheim (Ch. V.), 
lim sin (ctx + hy)af’~^y* • ^dxdy (r, « > 0) 

A, JO JO 

= a"^6“T(r)r(«'l sin ^(r-f «)ir. 

Prove also that if 0<a<7r, 

lim r*^ ['*««**+**!' = 

JO 2 Bin a 

[See Hardy, Messeriyer of Matha., voL 32, 1903, pp. 92, 369.] 

31. Prove that if the real part of x is positive, 

(1) r-vT-r-r-A* 

{9\ y vA 

^ ^ Jo 1+i 2T-p(^+l)...(^+«) 2"' 

32. Prove that if in the interval (a, b) the function |/(^, n)\ is less 
than 1 for all values of n, and if the function <J>{x) is positive and has a 
convergent integral irom a to 6, then 

lim f /(Xf n)<f>(x)dx= f { lim/(x, n)i<f>(x)dx, 

fi— ►* •'* n--»a» 

provided that /(x, n) tends to its limit uniformly in any interval whioh 
does not contain x^a. 

Deduce that 

lim I e~^"^*<}>{x)dx=:0f 

n—^oD Jo 

lim -p)8in®JF]*VW«2a?"=0, (0<p<l). 



INDEX OF SPECIAL INTEGRALS, PRODUCTS, 
AND SERIES. 

{Tke Humbert refer to pagta, not to ceiidet.) 

A8]rmptotic expressions. 

236 ; Stokes’s, 341 ; Gamma function, 606, 613, 626. 

Asymptotic series. 

Euler's constant, 324 ; Stirling’s series, 329, 340, 347 ; error function integral, 
332; logarithmio integral, 334; Fresnel’s integrals, 336; sine- and cosine* 
integrals, 338 ; Bessel’s functions, 349-364, 

Elliptic Itinction series. 

Theta-funotions, 101, 117, 118; various series of fractions, 102, 103, 126, 201, 
244, 246, 306-310, 387, 519, 627. 

Integrals. 

Beta, 621. 

Diriohlet’s, 371-376, 491-494, 618. 

Elliptic, 23, 190, 621. 

Error function, 332, 388, 389, 620, 629. 

Euler's constant, 607, 

Exponential or Logarithmio, 334, 471, 487. 

Fej^r’s, 379, 469. 

Fourier’s, 619. 

Fresnel’s, 336. 

Frullani’s, 479, 626. 

Gamma, 606, 610. 

Jordan’s, 494. 

Poisson’s, 267, 381. 

Sine and cosine, 338, 387, 493; complete sine integral, 466, 466, 488, 616, 618. 

Non-convergent series. 

if - 1)" log n. 318 ; -*)“»!, 323, 336, 629. 

See also under Fourier series in general Index. 

Numerical series. 

Sl/nl, 26: 21/n, 27, 34. 49, 100, 324, 389, 469, 460; Sl/»^, (p>l), 34, 77, 
102, 219, 222, 298, 326, 388; 21/»<‘, (n complex), 236; Sllogn)"/***, 36, 460; 
2( - 1)*/», 66, 69, 76, 77, 92, 136, 181, 326 ; S( - ^)"/»^ 66, 63, 76, 77, 92, 626 ; 

2e-'^'‘V, 126. 

Double series, 2m 2(M-h«)*‘, if{om*+2bmn+en*),W. 

Series for rr, 185, 196, 326 (Ex. 8). 
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GENERAL INDEX 


Dini'fl theorems on quaei-uniform oon- 
vei^enoe, 140, 141. 

Diriohlet'a integrala, 372, 374, 491, 492, 
518. 

Diriohlet's summation of Fourier’s 
series, 371-376. 

Diriohlet’a test for convergence, 50, 243 
(of series) ; 125, 246 (uniform) ; 477, 
482 (of integrals). 

Divergent senes, 149, 150. 255, 317-348. 

Double integrals, 456 (arithmetic defini- 
tion) ; 503 (inversion of repeated). 

Double series, 79-97 (convergence) ; 
82-85 (of positive terms) ; 244 (of 
complex terms). 

Elliptic function formulae, 306-310. 

Equations, solution of (by means of 
sequences), 12-15. 

Ermakoff’s tests of convergence, 43. 

Euler’s constant, 34, 325, 507. 

summation formula, 304, 324- 
329. 

transformation, 62, 196. 

Exponential function, 172, 448 (real 
variable) ; 278 (complex variable). 

Exponential series, 170, 278. 

Fej4r’s lemma, 383. 

Fej4r’s theorem on Fourier series, 379. 

Fourier integrals, 494, 518, 519. 

Fourier series, 320, 355, 356, 519, 527- 
529 ; 371-375 (Diriohlet’s summation 
of) ; 375-379 (Stokes’s transforma- 
tion) ; 379-381 (Fej6r’s theorem); 
381 (Poisson’s integral) ; 382-387 

(approximation curves near a singu- 
larity) ; 392 (non-convergont). 

Fresnel’s integrals, 336. 

Frobenius’s theorem, 150. 

Functions, 435 (oontmuous). For 
special functions see under Elliptic, 
Gamma, Logarithmic, etc. 

Gamma function, 112 (product); 506 
(integral) ; 608 (Stirling's formula) ; 
510 (formulae for logarithm) ; 508, 
521, 525 (miscellaneous properties). 

Huygens’ zones in Optics, 65. 

Infinite integral, 461 (limit of an 
integral) ; 464 (limit of a sum) ; 467, 
476 (tests for convergence). 

Integration, 130, 144, 495, 499 (of 
series) ; 346 (of asymptotic B<3rieB) ; 
484 (of integrals). 


Inversion of repeated integrals, 457, 503. 

Irrational numbers, 395 (as decimals) ; 
403-407 (Dedekind’s definition). 

Jordan's extension of Diriohlet’s inte- 
grals, 494. 

Kummer’s tests for convergence, 37-39. 

I.agrange’s series, 168, 199, 265, 312. 

Limits, 2 ^definition) ; 3 (notation) ; 11 
(rules of combination) ; 272 (of ]^int- 
sets) ; 413, 414 (of quotients) ; 420- 
430 (miscellaneous theorems). 

IdmitB, maximum and minimum (or 
extreme), 17, 411 (of sequences) ; 434 
(of infinite sets). 

Limits, upper and lower, 15 (of 
sequences) ; 434 (of infinite sets). 

Logarithmic function, 283 (complex 
variable) ; 436-441 (real variable) ; 
442-448 (Napier’s). 

Logarithmic scale of infinity, 461. 

Maolaurin’s theorem • oonnectu^ the 
convergence of series and integrals, 
33 ; for double series, 86 ; for com- 
plex series, 235. 

Moan value of a function along a circle, 
247. 

Mertens’ theorem, 92. 

Monotonio sequences, 7 ; 409 (proof of 
convergence). 

Multiplication of series, 72, 90-94 ; 343 
(asymptotic series). 

Napier’s logarithms^ 442-448. 

Non-convergent series, 317-324 (general 
remarks) ; see also under Asymptotic 
series. 

Numbers, irrational, 395 (as decimals) ; 
403-407 (Dedekind’s definition). 

Poincare’s theory of asymptotic series, 
342-348. 

Poisson’s integral, 267, 381. 

Power-series, 145-160 (real) ; 248-267 
(complex). 

Pringsheim’s tests of convergence, 238. 

Pringsheim’s theorems on multiplication 
of series, 93, 94. 

Products, infinite, 105-112, 136, 137 
(real) ; 233, 234 (complex). 

Quasi-uniform convergence, 139, 140. 


Commonly attributed to Cauchy ; it occurs in Maclaurin’s Fluxwm^ 1742, Art. 350. 
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Kaabe^B test for ounveigeuoe, 39. 

Reciprocal of a power-series, circle of 
convergence of, 264, 

Repeated integrals, inversion of order 
of integration, 467, 603. 

Riemann*6 theorem on derangement of 
series, 74. 

Second theorem of mean value, 473. 

Singqjar points, 261, 262, 264. 

Stirling's series, 320, 340, 347, 608. 

Stirling's test for convergence of pro- 
duoto, 114 (Ex. 3). 

Stokes's asymptotic formula, 341. 

Stokes's transformation, 375-379. 

Substitution of a power-series in another 
power-series, 96, 244. 

Symbols, 00 , 6 ; ->,3; ^^, 4, 342; 

O, 0, 4; 1^, lim, 18. 

Tanneiy's theorem, 136 (series) ; 137 
(products) ; 485 (integrals) ; 490 

(extension). 

Taylor's theorem, 260, 316. 

Tests for convergence, see under Abel, 
Bendixson, Cauchy, D’Alembert, 
Diricldet, Ermakoff, Kummer, Mac- 
laurin, Mertens, Pringsheim, Eaabe, 
Stirling, Weierstrass. General re- 
marks on the tests, 41, 46, 469, 
614. 

of series, 28, 29, 30, 31, 33, 36-40, 
43, 44. 64, 68, 69. 
of double series, 86, 86, 97. 
of integrals, 468, 469, 476, 477, 
481, 482. 

of products, 106, 107, 109, 234. 


Trigonometrical formulae, 202, 203, 208, 
210, 211 (for 008 and sina^) ; 213, 
221, 294 (product for sin (?, cos 0 ) ; 
217, 222, 296, 296 (series for cot0, 
oosec 0) ; 218, 222 (series for oosec*^); 
212 (equations with roots Bin^rvln), 
cos* (fir/n), tan* (nr/w) ; 230 (de 

Moi^Te's theorem) ; 282 (definitions 
of sin a:, oo6x, when x is complex); 

I sin * I < ^( I a; |, | cos a: | < 2, when 
|x|<l, 282. 

Trigonometrical series, 354-387 ;) 366- 
359 (summed directly) ; 369-364 

(summed by integration) ; 364-366 
(recognition of discontinuities in the 
sum of) ; 366-371 (differentiation of). 

Uniform convergence, 119 (sequence) ; 
123, 138, 139, 246, 251 (series) ; 124, 
125. 141, 144, 246 (tests) ; 135 (pro- 
ducts) ; 480-482 (integrals). 

Uniform convergence of certain trigono- 
metrical series, 127. 

Uniform divergence, 255. 

Velocity -potential, 378. 

WaUis's theorem, 213. 

Weierstrass’s formula for the sine-pro- 
duct, 216. 

Weiorstrass's inequalities, 104. 

Weierstrass's tests for convergence, 124, 
246 (unifoim) ; 241 (complex series) ; 
481 (integrals). 

Weiorstrass’s theorem on double series, 
266. 

Young's test for term-by-term integra- 
tion of series, 144. 

Young’s theorem on uniform conver- 
gence, 139. 
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